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PREFACE TO THE FIRST EDITION 

designed as an elementary text-boob of 
Differential Calculus for the use of students preparing for the 
li.A. and B.Sc examinations of Indian Universities. The 
existing text-books in use in this country are good in their own 
way but they are unsuitable, under the present conditions as 
most of them are either too brief or they omit rigorous proofs 
on which greater stress is being lai«j- in our Universities than 
us d to be the case in former years. This would form sufficient 
apolo^ on the part of the authors for inflicting another text- 

tur« extensive litera- 

ture. The aim of the authors has been to give a thorough 

b ndamen; ® text-book, of the 

II ndamental principles so that the students may be enabled to 

a fun comprehension of the methods of I^Lent^ Cal 

hi, I 13 mainly based on the method of J.imita 

bu^the emp oyment of the method of inBn.tesimals (method of 
Differentials) .a indispensable for abbreviatinTso ^tmns and 
nvestigations involving mechanical and geometrical Zliof 

of infinitesimals and the cracepts 

mils and continuity have been treated at greater lentrth^as 

a clear conception of these is essential if a corfeefuse is to hi 
made of the methods of Differential Calculus ^ 

their great indebtedness to Dr 
Wthem 8 Mathematical Theory of Limits, Dr. Fowler’s Mnnn 

la Vallee Poussin’s Infinitesimal Calculus which ^ ^ 

frequently consulted in wrHing the th^rlti portTons If 
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The proof of Rolle’s Theorem under the condition that 

is continuous in the internal (a, 6) as given on page 92 has 
been'•peciiilly constnicted by Principal Hera Raj, M A'rand 
detiuction of Taylor’s Theorem from the Mean Value Theorem 
as given in the book (Art. 4, 141) is due to Professor Vidva 
Chandra, M.A. 

The authors will feel grateful for suggestions for the im¬ 
provement of the book and for notification of errors and mis- 
j rints in the book. 

It is hoped that there will be verj’ few errors in the answers. 

Lahoke : Ai'THors 

Dated 1st Dicember, 193'J, 

PREFACE TO THE FIFTH EDITION 

The book has undergone a thorough revision in the present 
edition. In the earlier chapters on real numbers, limits and 
continuity, the subject matter has been entirely re-written and 
re-arranged. The rigorous forms of demonstration which have 
been the chiefcharacteristics of this book have been maintained. 
A tentative definition of asymptotes on algebraic curves has 
been adopted in the beginning before the student is introduced 
to general treatment based on a more ligorous definition. We 
hope that this plan will appeal better to the understanding of 
the student. Numerous typical examples have been worked 
out in this book, e.specially in the chapters on partial differen¬ 
tiation, maxima minima, asymptotes, indeterminate forms and 
curvature and the different sets of exercises have been enriched 
by the inclusion of examples set in the various univesity 
examinations. 

Bold type has been used to indicate topics of every kind 
for the sake of clearness and it is lioped that this will increase 
the usefulness of the book. 

By the sad and untimely death of Principal Hem Raj we 
have been deprived of his valuable co-operation. 

The authors will feel grateful for notification of errors and 
suggestions from those who use the book. 

Delhi : 

January, 1949. 


VIDYA CHANDRA 
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DIFFERENTIAL CALCULUS 

INTRODUCTION 

REAL NUMBERS 

L Rational numbers. All positive and negative integers, 
zero and fractional numbers are embraced under the expretsion 

Rational Numbers. All such numbers can be written as — 

where p and j are integers positive or negative and q is different 
from zero (division by zero being ruled out). 

We know that the aggregate of rational numbers pofisesses 
the following two properties :— 

♦ ordered; that is to say, {i) if a and 6 are 

two different rational numbers then either a is greater than 6 
or ois leM than b, or symbolically either a>6 or a<6 ; and 
(u) if a>6 and 6>c, then a>c. 

dense; that is to say, between two rational and 

different numbers a and 6 (o</>) we can always insert oihtJS 
>oand <6 such that the difference between any two conse¬ 
cutive numbers so inserted is as small as we like. 


0 + 


For if o<6 all the numbers 
6-a ^ , 2(6--o) _ , 3i6-o) 


<*+ 


a+ 




(n-1) b-a) 


n ■ n ■ n » 

where » is any positive integer lie between a and 6. The 

difference between any two consecutive numbers is —“ . 

whioh can be made as smaU aa we like by, taking n sufficiently 

2. Need for the extension of idea of numbers. Mathe- 
matical necessity demands the introduction ol types of numbers 
diffirent from rational numbers. The roots of positive rationll 

umbem “"“C extracted by means of rational 

numbers. For instance, there is no rational number whose 
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is 2 . TIut.' is orriaitily ii«i ititp^ral inirnlmr whose 
square is oqual to 2 as Poland all other iutrgcrs have their 

stjuarcs 5=4. 'i'hus \/2 could only be a fraction ^ whore p and 

7 ari' jirime to each other. Hut if is in its lowest terms, 

«> _ - 

so is ^ ^ y- : ^ • which, tliereforc, cannot reduce to the 

\ 7 / 7 7 

whole number 2. Hence there is no rational number whose 
square U equal to 2. 'I’hus the solution of such an cquatton 
1^—2 is not possible in rational numbers. 

!t may be remarked, Imwever, that the stjuaro root of 2 
(and in fact of any positive rational number whatsoever) can 
always be found in rational numbers correct to any degree 
of anproxiniatiun required (whether in delect or in excess). 

*3. Irrational numbers The introduction of irrational 

uumbera depends on the following considerations 

Suppose that by any process whatsoever we divide all 
rational numbers into two classes: one lower clajs L ana 
another upper class R such that every number of class Lis 
Iksb than every number of class K. fcluoli a division is called 
a cut. It may be observed that if a number ‘ a belongs to 
class L then every number less than a belongs ^ the same 
class \j ; and similarly if a number ‘6' belongs to class K then 
P,ver>' number greater than h belongs to the same class K. 

There can arise only three cases. 

(i) the lower class L contains a number n which 
greatest of all numbers in that elaas : so that 

less than n is in class I, and every number greater than rtW 
in class n. « separates the two classes L and H and is tall^ 

the frontier of the two classes. We mar' say thafn corresponds 

to this cut. , . U • fU 

(n) The upper class R contains a number n which is the 
least nf all in that class; so that every number less than n 
belongs to the lower class R and every number 
n beUings to the upper class H. In this case also ” ^'P ' 
the two classes and is called the fronUer of the two Masses. 
We may say again that n corresponds to this cut. 

It may be remarked that cases (i) and (») cannot happen 
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greatest Tiumbcr n and at the saiuo time class R has a least 
mimbcl* n\ For, consider a number m wbicli is greater than 
71 and less than n': as m>'n, therefore, it belongs to class H, 
aild as 77i-<n', therefore it belongs to class L, which is impossi- 
bib Itecause a number cannot belong to both the classes 
II^ folIoVs, therefore, 'that if there is a greatest number in the 
cl^s L, then there is no least number iii class R and if there 

is a least number in class R, then there is no greatest number 
in class L. • 

Both these cuts (i) and {H) are called rational cuts. ll 
IS' very easy to mako such cuts. For example, all numbers 
less than a may be put in clase L and all numbers greater 
than )i \i\ class it ; and to produce case (t) n may be put in 
class L and to get case («) » may be’jpiit in class R. 

(m) Neither the class,. L .contains a greatest number 
nor tlie class K contains a least number. This can easily 
hdppen. For example, put all negative numlbers and those 
Pfs whose square' is less thUn 2 in class L and 
11 the rest m class H; ' Now there can be no greatest number 

M greatest number in class T, 

then another number greater than ‘a’ could always be found 

nLt Sqmufi If aquare root of 2 to a further decimal 

ia nTL r “““ber a which 

18 not a perfect square could replace 2 in the above example 

inloZ arise we say that .the out is 

irrational. There is no rational number which can serve ns 

a frontier m this ease; we introduce a new number V" 

which IS defined by the condition that it is greater than al 

nfimbem of class L and less than all numheS „f ekss p ‘ 

m new number is an irrational number. Thus evorv 
irrational cut defines an irrational number. . ^ ^ 

numbers. The aggregate '"o^ rational and 

Itre^s^nhow'thtTv^ ^ggPbgate of Real Numbers 

remains to show that this new aggregate is well ordered, 
the class L and less than Vt Cmb^“offhe‘^T"“' 
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Two irrational Humbert^ n and n' are aaid to be different 
if they rtve delined by ditlerent cutfc. It follows from this 
that between any two irvutional but different numbers n and 
n we can always insert at least one rational number (and 
consequently any number of them). For, let n' be defined 
by [L\ R'). Since L, L' are not identical, it follows that 
at l^ast one number k (and consequently any number of them) 
of L is found in R' or of L' is found in R. In any case, k is 
the required rational number lying between n and n'. 

An irrational number n’>rt if it is greater than a rational 
number of class R and n<n if it is less than a rational 
number of class L. 

Now we will show that between any two different real 
numbers n and n' we can always insert a rational number m 
and consequently any number of them. 

Let n and n be two real and different numbers. If both 
of them are rational, we have assumed the theorem known. 
If n n' are both irrational we have proved the theorem, above. 
Let n be an irrational defined by the cut (L, R) and let 
,i be a rational number ; either n' belongs to L or to R. 
if it belongs to L, then it is not the greatest number in 
that class so that there is a number m in L which is greater 
than n' and obviously less than n. Similarly if» belongs to 
R then it is not the least number in that class so that let 
m be a number in R which is less than n' and obviously 
greater than n. So that m is the number inserted between 

n and n'. 

*5 If we confine ourselves to the rational numbers only 
we liave seen above in case (Ui) that a cut effected in rational 
numbers does not always possess a frontier number, but it is 
not so with the aggregate of real numbers : this we will prove 

in the following theorem. 

Dedekind's Th*orem. // % any process whatsoever a 
cul (L, R) be made in the aggregate of real numbers, that la w 
if we divide all the real numbers into Iw) classes L am 
li .nick that every numl)er of L is less tJuin every number of tit 
there exisi .9 necessarily a frontier n {ratioml or irraliorwl) svsh 
that every nuTnbvr less than n is found in class L and every 
wanher greater fhnn n is fvund in class li. 
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Consider only the I'atioiiai numbers ooiitained in 
olassea L and R. These possess a frontier n (rational or irra¬ 
tional), so that every rational number leas than n is found in 
olaas L and every rational number greater than n is found in 
class R. We will now show that n serves the same purpose 
with respeot to the irrational numbers also. This in fact is 
obvious, because every irrational number greater than n is 
also greater than an infinity of rational numbers greater than 
n and consequently is found in class R. Similarly an irrational 
number less than n is also less than an infinity of rational 
numbers less than n and is, therefore, to be found in class L. 

Bounds. We will now consider of aggregates or 
sets (finite or infinite) of real numbers formed according to 
some definite laws ; for example, the set of all rational numbers 
between 1 and 2 (1 and 2 both excluded) or the set of ail 
positive integers or the set of all irrational numbers lying 
between 3 and 6, and so on. 

A set is said to be bounded above if a number H can be 
pointed out which is greater than every number of the set ; 

fi itself is called a rough upper bound ■ It follows that if 

IS ^eater than H, then Hi also is a rough upper bound. 
Similarly if a number h can be pointed out which is smaller 
than every number of the set then the set is said to be 
bounded below. If a set is bounded above as well as below, 
it is said to be bounded. 


Let us consider a set whioh is bounded above. With 
regard to this set all the real numbers can be divided into 

^ ^ following way : all numbers 

which are less than at least one number of the set are put in 

olw L and all the rest in class R. The frontier N of these 

two classes 18 oaUed the upper bound of the set. It is clear 

that N is the least number of the class R, because the class 
L can have no greatest number in it. For suppose that N 
U the greatest number of class L ; then by the nature of 
formation of this class there is at leat one number (say k) 

N. can be foMd 
1 ‘‘ ST***®’’ ***“ : “d as N, ie leei 

dau Ii, »bow« that N it not th. gr.ate»t nnmber of 
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Sino^ thn frontier X of the two classes is the least nuinher 
of (“lass it follows tliat there is no number in tho sot greater 
than X ami there is at least one number in the set 2 r ater 
tlian X —6, where e is positiv'* ami. however small, because 
X —e belongs to class \j. 


Let us !jow consi(l(T another set which is bounded below. 
With rei^artl to this set aU real numbers can be divided 
::it<) two ela.^-ifs L ami li in the following way : all numbers 
whirh are an'ater than at least f)nf“ number of the set are 
put in ' lass [i and all tlu' rest m class L. The frF)nticr n 
"f two classes i< callotl the lower bound of the.set. 

It is deal tluit II is tlu* viaaitt'-'t i.uinber (jf the «‘lass 
’ieeau<c th' das.s |; ean have no least jiumber in if. For 
-oppose that n is the least immher of das.s K ; then by the 
nature ot f<)rmation of this class theia* is at least one number 
fsav .(■) in the .set h ss than ?/. Now a number n, can be found 
'.\hidi is tjreater than h anti le^s than n ; and as )i is greater 
fh'ri at least one number /• ot the set. therefore, n^ belongs 
lo R which shows that n is not the least numlier of 

ehiSS It. 


Since the frontier n of the two classes is the greatest luimher 
of cla«s L, it follows that there is no number in the set 
le.ss than » and there is at least on** umuher in the set le.ss than 
where 6 i'^ positit^e and however small, he(!ause ??-f€ 
belongs to class li. 

It follows that if a set is bournled above, its upper bound 
may be definod to be a number X sueb that there is no number 
in the .set greater than X and there is at lea-^t one numjber 
in the ■-et >N—€. however sunll positive € may be. 

•Similurlv if a set is hounded below, n is dfjirn'd lo ba ih lowrr 
bound if there is no numb»*r in the set less than n and there 
is at lea.st one number in the set less than n 6. 


Oscillation If asttis houndtd below as will as above 
it possesses both the upper bound as well as the lower bouiid. 
.sav N and/?. 1’he dilfer<mce X~72 of the two bounds is called 
tlie oscillation oj the md. 

We now give a few examples : 

Ex. L* Consider the &H of all the positive integers 
from to r»3.2 is.tli - least number of the set and oil is ,tbe 
greatest. The upper bound is 53 ; there is no number in the 
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flet greater.than 53 and. there j.s at least one number (53 it¬ 
self) in the set greater than 53 - €, however small € inay be. 
The lower bound of the set is 2 ; there is no number in the 
Bet leas than 2 and there is at least one number (2 itself) in 
the set less than 2-|-€. In this example the upper and the 
lower bounds are numbers in the set and we say that thf hounds 
are attained. 

Ex. 2 Consider the s(‘t of all numbers lying between 0 
and 1, 0 and 1 not belonging to the set. 

Here the upper bound is 1. There is no number in the set 
greater than I and there is at least one number (in fact an 
infinity of them) greater than 1 —Zero is the lower bound. 

Here the upper as well as the lower bound does not belong 
to the set. 


It may be remarked that if a set consists of a finite number 
of numbers then the greatest of them is the upper bound and 
the least of them is the lower bound. But if a set is infinite, 
then it is not necessary that it should have a greate.st number 
OT a least number. If it has a greatest number, then that is 
also the upper bound but if it does not possess a greatest 
number, then the upper bound, if it exists, is not attained. 
Similarly for the lower bound. 

*7- Sequences. 

pA is a set of numbers arranged according to a 

definite law. For example if we consider the group of all 
fractions whose numerator is 1 and whose denominators are 
positive integers, we get a set. We get a sequence if we arrange 
these according to some definite law. for example as J, J. X, ^ 


i» h h tind 80 on. 

It may be remarked that a sequence may 
• a set but a set is not a sequence. 


be regarded as 


^ A sequence is said to be bounded above if a number can 
be found which is greater than every number of the set. Simi- 
My a sequence said to be bounded below if a number can 
to pointed out which is less than every number of the sequ- 

6liC6« ^ 


8. Constants and variables. 

The real numbers inay be regarded as individual numbers. 
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U*hen w© think of them individually, we may think either of 
a particular specified number such as 6, \/3. “ or of any 
number, an unspecified number, the number x. This number 
X is called the real variable and the individual numbers are 
called the value's of the variable. Thus a quantity which 
passe‘s through an infinity of real values is called a real Variable, 
whereas a q vintity which remains unchanged for any parti* 
cular problem is called a constant. 

L( t X be a real variable. Consider the assrregate «jf all the 
values which x is permitted to receive. If this agi/reg^te is 
hounded above we sav that x is bounded above; similarly if 
this agL'reyate is bounded below we say that x isboumlfd below. 
If the asgregatc is bounded above as well as below, we say 
that x is bounded and the bounds of the aggregate are called 
the bounds of X. Thus x is bounded if two numbers a and 6 
cm be pointed out such that n < x < 6. 

If X takes all the values from a to 6 then these valoes 
are called the range or the domain of the variable. Now 
this range is called a closed range- If the end-values x=a, 
x=6 are included ; it is th'm written fa, 6). But if the 
end-value x=a is excluded, while x=6 is included, it is called 
a range open at the left end. and will be denoted by [a, 6) 
if x—a is included, but x=6 is excluded, it is a range open at 
the right end, and is denoted by fa, 6| a range open at both end 
is called an open range and is denoted by fa, 6]. 

With this notation, the aggregate of real numbers is denoted 
by [—00. 00 ], the positive part of the aggregate by [0, oo] 
and the negative part by [ —oo, 0], zero being a number which 
is neither positive nor negative. 

The symbol oo may be defined by the statement that 
pb 00 ] includes every positive number, however large it may 
be. 

When the value a only is excluded, or h only is excluded 
or both of th'H If} exo'uisi, then the ranges are sometimes 
denoted respectively by 

(fl 40 , 6), (a, 6-0) and (a+0, 6—0). 

EXAMPLES I* 

Find the upper h^tind and the lower bound of the following 
sets and say whether Lhey are attained or not ; 

1. AU rational numb^s greater than 3 and lees than 5. 
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2< All rational numbers greater than 2 and leas than or 
equal to 8. 


71—1 


1 


.~r . '*• ^. n 

5, All Irrational numbers greater than 2 and less than 3. 

9. Absolute value. The numerical difference betweeen x 
and a is denoted by | x~a 1 or | a-a: | and is called the abso¬ 
lute value of the difference and is equal to x—a or a~x which 
ever is positive. The symbol | x-a | is read ^‘modulus x minus 
or “absolute value of x minus a **. Thus, 

= 16 - 10 = 6 ; 116 - 10 - 1 = 16 - 10 = 6 ; 

0 I =0. 


a 


10-16 
0 - 5 

Ex. 1 


x+y 
x-y 

x-y 1 ^ 
xy 


Prove 

(») 

Hi) 

{Hi) 

iiv) 

(v) 


Ex. 2. Show that (ij from | a \ <A(A>0) 
follows — A<a<A and conversely. 

(•*■) I “-4 I <A, |6-6| <B, 

foUows I a-e | <A+B. 

Hint: 


= 5 ; 1 6 1 

= 5 ; 

1*1 + 

12^1 

1*1 + 

y 

1 X 1 — 

y 

1 * 1 X 

y 

1*1 ^ 

\ y 1 


• • 


Ex. 3. 


—A<a—6<A and—B<6—c<B. 

-(A+B) <a-c<A-t-B. 

fa—cj <A+B. 

I a+ 6 +c-f ...-f K I is either 

• _ I • I • • I 


Ex 

then 


or< 


a I + 

«l + 


b + 
b -f 


c 

e 


+ 


4. Show that if I I <■* where « i, positive. 
(») <a<x+€ (n) a-€<»<a 4 .€. 

aram ta. tbm Ih, (i... 


num 
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LIMITS AND CONTINUITY 

1. Limit of a variable- 

Let T l)e a real variable wliioh passes successiveli/ through 
an infmitv of values followinir aiiv law whatsoever, of such a sort 
that ev(Ty value that .!■ takes can be disiiugujshe.l trom th'- 
values which prectale aiul tliose which follow and that no va ue 
of .r shall be tlie last. ^Ve say that r tends towards a de.ternnnaU 
limit if the surressive. mines of xnppronch a determinate numfier 
a, in such a wnp that the diff^'rence x-a Jinallp decrees in 
absolute mine below > rerif positive premassigned number, however, 

small. W'o .'iay tlien that x has a for the limit and write as 

Lt x->a. 

Frniu this .lefinitum. it follows that u ran/m/ tend 

.^imulfaneousln towards two diff^rtnt limits a and b {b>n) for .r -a 
and A -b cannot he >ittuiltaneously inferior in ab.solute value to 

^[b -u). 

It tnav he renuirked that il we put t, then C tends In 

✓ 

zero. 

'I'l.f. stu.lent should carefully note the following facts about 

the definition of a limit nl a variable-r ; 

1st. There must, be a value r^.sucli that , a \ id less tha 

any firc-assiLuicl positive number c. however small. 

2nd. For all .succeediiiif value.s of x, ditlerence | a — x \ must, 
retnain less than this number €. 

X„,Morc. sh.m.l be read in to the ilefinition than is stated. 
For’ instanee, w „ot Med that n is one of the values of X. 
.VL^.r may not he a vaineoiV. Tims .f . is assigned all 
-eTi^ducsTthe interval d <r<l and is n.ereasmg thrrmgh 
Tele v'dnes, Ihen U .. =1 and the limit 1 is one nf the values 
of j. AgJ'iii,' if X is assigned the values 

^34 5 _b «-f 1 .. 

.. '2 ’ ”"3 ’ 5 ’. n 

„e see that U 1. But 1 is not one of the values ol x. For 
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how^ever large w is taken, we can take a still larger value and 


• w 4” 1 

the corfesporiding’value of' is even closer to 1. 


Neither should we worry (unless explicitly stated) as to 
how the variable must approach a. 

It may approach continuously as in (hr. 1st case or it may 
jump whole groups of intervening values as in the 2nd case or it 
may approach a through values less nr greater than a. 

If the values of a; finally surpass definitely every number 
assignable, we say, by extension, that x has a limit infinite and 
tends towards -f co, 

This statement means that starting from some particular 
value, X always increases algebraically and in its increase 
ultimately takes and passes any value, greater than its initial 
value, that can be specified, however great algebraically such 
value may be. 

4 ^ 

In the same way, if r decreases definitely below every 
negative number assignable, we say that xhas for limit — c/ 5 . ' 

It may be noted that infinity is not a 7iumher at ulL Infinity 

by Itself has no meaning for us. though phrases containing the 

word have meanings because of the definitions previously ^iven 
for such phrases. j n von 


2. A variable X IS said to be Monotonic if it is constantly 
{or stationary) or if it is constantly decreasing yor 
siaiiorMry)', m the first case it is said to be monotonicallv In 
creasing and in the second monotonicaUy decTeasinr 

it ieliaTlUeZit 

*Let the variable a: be monotonicaUy increasinK and l)oiin. 

betlLnt and ultimately a:>a-€, that is the difference 

preS^ed ^ becomes and remains less than’ any 

preassigned positive number €, however small. ^ 
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Similarly it oan be shown that if x is monotoDioally 
decreasing and bounded below, then its lower bound is also its 
limit. 

If the monotonio variable x is not bounded, we say by 
extension that its limit is infinite. 

Hence we can say that the monotonic variable x has a 
limit^ finite or infinite. \Ve can also state: A monotonic sequence 
has a limit, finite or inrinit**. 

3. Functions of a real variable* Two variables .r and y 
are function.s of each other in a general sense if there is some 
kind of dependence between the two variables. We consider 
one of these variables, say x, as independent ; when a 
particular value is given to x, y is not arbitrary. We say 
y is a function of x and this is expressed by the relation 

y=/(^) 

It is not necessary that the functional relation between 
two variables may be capable of being represented by an 
analytical expression. Some functions are only partly repre¬ 
sented bv an analytical formula, while there are functions 

which are not at all so representable. For example, the num- 
ber of roid accidents in a belligerent country la a function 
ofthe war situation. But the functional relation cannot be 

expressed analytically. 

The aggregate of values of x corresponding to which definite 
finite values of t/ exist are said to form the range or domain of 
de^ition or existence of y. 

Relatively simple functions like x“, ^ 

of which simple properties are known may be called elementary 


functions. 

A function / (r) is said to be single-valued if it takes one 
and only for a given value of x, for examp e am *; 

a function is said to be many valued if it is capabb of ta g 
values for a given value of x; such a function, for 

raninll is yjx which takes two values of opposite signs for 
it,ve value of x. The functions 

w=8in'^x, y=:co8*^x, y—tan x 


are all many valued functions. 


LIMITS AND 00»TINU1TY 


A function is said to be explicit or implicit according as 
the relation between y and x is given by an equation solved 
with respect to y or not solved with respect to that function. 

A function is said to be algebraic if the relation between 
X and y can be expressed by an equation of which the two 
sides are polynomials in x and y ; all other functions are called 
transcendental functions. An algebraic function is said to be 
rational if it can be expressed as a quotient of two polynomials 
in a:, otherwise the function is irrational. The function is 
said to be rational and integral if it is a pol 3 momial in x. 

If J/=/(a!) be solved for x in terms of y, we obtain r^A(y). 
The functions /(«) and ^{y) are said to be inverse functions. 

2a!—1 2v+l 

inverse 

function. 


Let then z^^yfy; the inverse function does not 
exiet iu this ease when y is negative. 

4* Graphical Representation • 

The variation of a function can be represented geometri- 
cally with the help of the principles of analytical geometry. 
It we plot on the graph all the points showing the values of 
y for given values of x, we get a set of points. The aggre- 
gate of aU such pomte is called the graph of the function 
y—/(a!) and represents it. It may be remarked that graphi¬ 
cs representation helps to enable the reader to picture the 

^ : otherwise functions 

exist quite independently of any graphical representation. 

5« Bounds of a function* 

Let/(a:) be a function defined in the interval (n h\ 

h’ 'T" If tr:y“h ‘ 

and lower^ hoimds we caU such bounds the bounds of the 

It may be remarked that a funet nn vn.wr is x 

h «h .f. 
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hounilc< 4 . For oxainplc consider tin* following function : 

f{.c) ; ^ . for all values of x-except x=0 

and/(U)=0. ... 

For every value t>f x,/(x) has a Unite value hut no num* 
her can be jjointed out which cannot he c.vcecded by f(x). 
For, if possible, let G he such a number. 

Take x= whore Gj >tl. Th-'n ior.r=p- , /(^)=Gi, 
which is greater tlian (t. 

It may also he remarked that as in the case of aggregates 
ennsidered beforehand, some functions may attain their 
hounds, sometimes (uilj' one of the hrmiulB and sometimes 

none. 

Oscillation- Tk^ difftrenct briwren the upper hound aid 
the hover hound <>f u function is calhd the oscillation of the 

function in the interval (a, h). 

It can he easily .seen that if M and m are the bounds- of 
Ax) in (a, b) and M, and m, are the bounds of f{x) m another 
interval (c, (i) wholly contained in {a, h), then < -A) and 


6. Limit of a function. 

Definition 1. .1 function J(x) ts mid lo tend to the limit I 

/s t-^a if I I 1 becomes and remains less than any 

ore-Msiijned positive namher, however small. 

In other words : 

The funetioii /(.c) is said to tend to the limit I as .c tends to 

, if corresponding to any preassigned posK.ec 

small a small positive number e can always be chosen such that 
for all values of j; for which | .c—a 1 < S. 1 /(*) - M < ; 

Symbolically, 1 f{x)-l I <« "b™ | x-a \ <8, 

O,. Lt/(:t) = h 








II may be pointed out that 8 depends upon 6. 
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Ifc may also be remarkoi tliat | x — a \ <5 involves two 
statemenis: 

^ (®) If a:>a, then a:~a< 8 , i. c., a:<a 4 -S ; 

(u) if a:<o, then a—a:<S, i. c.; a:>a—a 

Hence x must lie between a—a and a-f 8 . 

Es. !• Let us consider the function /(a:)=x‘‘‘ — l for values 
of X near a;= 3 . 

First, let the variable x approach 3 through values less than 
3, then through values greater than 3. The following table of 
values is obtained:— 


X 


O' 


1 


1 

‘ 1*6 


•4, 


\ $ 


2 - 


-1 


0 


1-26 


i i 


2-5 


ji‘ 


2*9 

2'99 




5-25 

7-41 

7'9401 




• • • 


8 


1 X 

.C 2-1 1 

H 

1 ^ 

H 

35 1 

1 ^ 

24 1 

1 ^ 

15 1 

3*5 

11-26 I 

31 

8-61 1 

301 

8 0601 1 

3001 

80d6001 1 


•«« 1 

••• 1 

3 

8 1 


Wion increases 

ff drz“ Lr-f 

jtt. j ,uTiX"ii^S 
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* If we de3iro to find a ralueofx gueh that /(3)—/(x)<f 
where ( Is an arbitranlv small positive number say *(K)01, *. e., 
such that (3-—1) -(-f- -1)< O'JOI or 9-x*<-0001 we have only 
to choose T betwcfii .{and \/9—'0001 as tliis will ensure that 

A3) >/{a:)>/(3)- -0001. 

Thus we can find a stage in the progress ol x beyond 
which/(3)—/(x) <’0001 always, i.e., we con bring x_to a definite 
value sufticienty near to 3 where .c, = v'9—*0001 so that lor 
all values of x between Xj and 3, j / (3)—/(x) 1 < ■(jOOl. 

Henoe 5=3- \/9—’UGOl. 

Hence /(x) has the characteristic of approach to a limit, 
viz., an endless progress of z, a corresponding progress of f(x) 
and the impossibility of sHting up a barrier number 8^‘0001 
between the progressing function and its limit 8. 

Wo therefore say that Lt (x^—1)*=8 

x-*3 

Though in this case the value of /(x)=x^—1 is 8 when 
x=»3, it should be clearly understood that the conception from 
the limit of f{x) when x-*3, is a different conception from *hal 
of the value of f(x) when x = Of all values of x there is just one 
for which the corresponding value of x^—l docs not concern us, 
and that is the value 3. 

The limit 8 is also approached as x decreases to 3 through 
value8>3. 

The«e two facts are expressed by the notation 

when x->3 

or Lt(xa-1 )=.8. 

X—>3 

X®—I 

Ex. 2- Consider the function = and its be- 

haviour when x draws ever nearer to the value 1. 

The formula fails to specify a functional relation for 
X—I for which it takes the form ^ which has no meaning and is 

called indeterminate. 


LtUlT' AND fO'ITrNrTlTV’ 


IV 


has no definite vatuf for 


Now y— 


Although the functioii ^ ^ 

X -1 

a;—1, it has a definite limiting vu/ue, wh<^n . aa ia hIiowq 
hPlow : 

When ar=l*001, =.300300!. 

X—1 

1 

When a:=-999, y= - ~ ^ =:2‘997001. 

a: -1 

The figures M OOSOOl and 2 997001 point to 3 as the limit of 
the function when /->!. 

It can. however, be .shown that the limit ia :i when x~>\, 
without going into the details of numerical calculation. 

(x-n(x2+x+l) 
r-I “ ■ x-l 

Since x^\, for it is x—1 with which we are not concerned 

in the present case, /. i.e.. x-1 is other than zero 

and, as such, it can he struck out from the numerator'and 
denominator. * 

Hence for all values of x except x=l. 

a:®—! . 

This resuJt is valid so long as * is different from 1 however 
near X may be to 1. 

becomes numencally smaller and smaller. We cannot choose 
any number, however small, below which y-3 cannot go 
Hence when a:—^ 

It should be noted that in this case 

U^nxyhas a definite value, but f(l) has no meaning and 

therefore,' Lt f{x)^{(\), 

x->l 

We may also proceed thus •— 

-.S f. >... m, 

Suppose that x differs from 1 Ktt i. i u • 

. ^ve and being as small «-we pUe. * S|i“+nnd 
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We now find tfie liniitini; vjiliie of /(x), i.e.^ /(I -f 

U 1,1 (1+A)"-1 Lt ^ ^ 

X—] “ ( 1-1 /,) —1 = h-^U 

Ex. 3. Consider tin* liehaviour of the function v= • 

• X 

when X—>0. 

(i) If X (tnds to 0 tkrouqh positive values. —- is positive 

.r 

and becorncB ever greater aiul greater. There exi.'^ts no nnmlj' r 
wliieh , i e., y eai)nf>t pas.‘- in its increase : for instance, 

•C 

take the number Xj however large, then we can take 

I • . ' 

x< in order to en>ure tliat v>.r,. 

y does not, therefore, approach a limit and its behaviour is 
described as increa.'^e without limit. 'J’hough y has no tendency 
•to a limit but its jirogress has a definite tendency which 
may lie denoted l)y the symlmlic statum-nt y-^-\~oc (y->-f x 
may be taken to mean '// t^nds positively to infinity’) 

(ii) Similarly if x tends to 0 through negative values, y is 
negative and becomes mirnericalJy larger and larger. In 
this ease also y lias no limit, but its progress is denoted by 

cc. (i/—cc may be read as 'y tends negatively to infinity). 
It fhould be not(“d that neither the. function is defined for 
xs=0 nor dons it tend to a litnit when x-^0. 

We now give definitions referring to other cases. 

Definition II A fvi\cti<m /(x) is said to tend to the litnit 
I as X—; / . if corresponding to any pre assigned positive 
number €, however small, a number x„ can be found such that 
fix) —I I <€ for all values of x^-.ru. 

In this case w« write Lt f{.r)~l, 

x-^y. 

or /(x)->/ whenx-^cc. 

Definition in. A function f{x) is said to tend to -\-cc with 
X if. corresponding to any positive number G, however large, a 
number Xq can In chosen .■<vch that when 

We can give similar definitions referring to the cases in 
which (i) f{x)-e-r ^ when x-»a, (n) /{x)->—x when 
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M when .r-^- - , 

£ /vil^ when 0 .^ 0 . („,•,•,•) /(^,^ + ^ 

[tx) J(x}-^~cc when .r-»0. ’ 

Ex. 1, Sum up the infinite aeries : 

8 6 


14-^^ 

'^io‘^io2+ro3+fo4+' 


• • 




By an infinite aeries we mean a <?erinQ in t»,k- l 

lotnTt r, 1-- rvz 

re,^tV; ;arnaf nl,r:r ™htr^: oT""; "''r' 

that L‘ere T ,r '', “• 

^0 there is lio sum. to the addition and 

necessary patiencrind^7o4eWty To obtaiTtT^'"'’ 

^rticular formula as a device to fall breh^^^" "® ***^''^ 

We cannot sum an infinity of tl ^ ^ ^""e. 

tune; the process of summation isTn 

“■- “" “f •!.■ STtvXKrs 


Sn = l+4( 1-, i-U,2 


2 

« 

"“™':s?dS"r”’*' ‘■'’ .b. „,„b„ 


leas than IJ all the time. remaining however, 

.pproaohing neam ^ 't^^ ‘he only number to whioh 


less than 
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any pre assigned positive number however small, for all 
values of n greater than a certain number m (to be determined.) 

Therefore. S., has the limit This limit is called the sum 
of the intinite s*-ries. It should be obs«Tved that this usage 
of the word ‘sum’ is <iifleient fnun its ordiiiary Ai ithiuetical 

usage. 

We have incidentally proved that. l-('. = lv 

7. Theorems on Limits , 

I The limit of n sum . the hmil of a difference, the limit oj 

ft product and the limit of a quotient of variables uhich tend 
towards finite limits is equal to the sum, the difference the prfuluc , 

and the quotient of these limits reSpectivelq provided ihnl m tto 
case of the. quotient the limit of the denominator is not ■.‘■w. 

All the.se ea-ses can Ik* easily proved. As an dhisUati m 

we shall prove the ease of the (jiiotient. Let .r and // 

variables having I and /, as their limits. ^ 

and y /,!<,. it follows from the definition ot a limit that € 

and €, tend to zero. 

X I _. 

1/ l^ If f €| ^ 

i, is not zero, j**'”'*' ranbo unnle less than any 

prrassinned |iositivp nunilirr, liowever small. Hetme tln> h mt 

j. X . I . 
ot IS ^ 

H mav bo obscrveil lliat this theorem ia true for a finite 
of variables fmt is not neoessarily true when the 

number is unjimited. 

II A variable which lie.s comtanlly fllo 

.ariable^ which have the same UmU (Jirale or a.fimie) lend, also 

to constantly eyual and ij o«r «/ |tor 

tends 10 a Umit I finite or ,nf,nUe). the other car,able also lends 

to the same limit. 

1. prove that 

Lt sin» 

X 


1 


z being expressed in radian 




limits ANt) CONtlNtllTT 

Draw a circle of uniU radia whose 
centre i s O. 

Take two points A and P on the 
circle such that / AOP=x. Draw AQ x 
to OA to meet OP produced in Q. 

DrawPMlOA. 

Now area of AOMP<area of sector 
^AP <area of A OAQ (o) 

or area of A OAP<area of sector 

< area of A OAQ {fi) 


Hence, for 0<a; 


TT 

2 


i sm X cos a:<ia;<A tan x. 
or i 8inx<A x<J tan x. 

*.e., cos ;c< ^ , 

sin * ^ cos X 


1< 


^ 1) 


sin X ^co8 X 


cos X 
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from (a) 
from (/?) 


Hence cither irives 

j , ^->+0 jjina; 

Letx=-y. Then 

y U X 

‘*=->-0 sin 2 / Bill x""^‘ 

Hence ^ ? _l ^ . . lit 

sin X • ■ x ->0 

Ex. 2. Show that 

Lt cos (x4"^0““Cos X 
/4->0 ^ h = —sin X. 


sin X 


h ft 

■> Bor 2 ® + 2 ). 

k ■ T- 

h 


|)=8mx, 


i 
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and 


sin 


. U «os(x-fA)-cosx^_^.^^ 

• • /<->0 h 

Lt tail X , 

Ex. 3. VrovL* that ^ -i- 

tan i^sin .r ^ 1 , Procoediiig to the Uinit>. we get the 

X X cos X 

result. 

/ We assume the following results : - 

(.(; if Lt /(x) = «>l), then 
x~-*a 

l,t [/(^]^=«'^= [U [f{x)]\ 

x-*a x-^a 


x-^a 


A Lt X 

[b) !>t «*=« 

x~*\ 

(r) If l^t J(x) = ii>i), then 


x-~>o 


!.t Iog/U) = iog « = log Lt /(x) 

x-*a 


8. Passing to the limits. 

When there a relation between variables which la true 
for -in infinitv of values, tiien it follows from the foregoing 
".:,.,ples U.it we ca. replace in that relation the variables 

bv their limits. This is called passing to (he Umtts. 




tivc integer. . 

Kxpandinf! hv the binomial Theorem the expression 

b ,..,esaMinioi« + l terms: 

! Mn-1) 1 . Mr^-ln-r + lL 

ir«„+— 1 -) ««+ + 1.2.3...r n' ^ «” 

rt 1 
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-"^‘+‘(■ 1 -')+. 1 ) 


. 


Now every term as well as tbe Tnumber of terms increasps 
with n so that the expressioa is a» increasing functicyn. 

less than ‘«m is 

< 1 

1.2....r 2^-1 

and the whole sum therefore is less than 

1+1+2 + 20 

Hence by Art. 2 the expression has a limit- thi*j Uinif ■ 

ji, d„...d b,. „ i, 5 

(i) To deduce that ( l + ~)'=e, where 
X tends to co through positive real values. 

«+li or 


Then 


^+ i ^1+— >1-1—i— 

^ ^ X ^ ^ n+1 


•■■( ■+i r >( H i)->(,+ 


“■ <‘+rX'+i)'>(i+i)'>(i+j^)-‘ 


1 


Proceeding to the limits, we get the result. 

To show that / lj_ ^ \“ 

oo \ ^+ x/ “®' 


1 + 


1 

n +1 


ft 
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Putting x^—y, we gf‘1 

( ■-;)■'=( ‘s-.y 


( ’' * X ’' ') ’ ^ 

Nou vvIk'II t->- X, y-* i~cc and .*. z- 
Thub the result follows at once from (0 


4' • 


(jti) To |»rove that 


(1 t z )^- = c * 


Piitj*-- m (I) and {«•), and we get the result. 

z 


(ir) To prove that (1 j l^-z) —e 


1 p/'^) ( I ■ i ''") 


^ ((M w) ) > '^here u=yz. 




i /t 


I y 




, Ll log (1 1 -r) _i 

10. (.] To prove that. ^ 


Lt log (I 1-xj 
.c-»d X 


lit log(l4--<^)‘ 
^<1 


x-> 


I ♦ fl* 1 

(*») To prove that ^ =Ioga. 


LmlTS AND CONtlNUlTT 


Puta*—1—u. Then 

» log a _ log «_ 

X ?t-»0 log (1+w) Lt log (l +w) 

w->0 n 

=log a. 

As a corollary from above by taking a—c we obtain 

Lt e^-l_| 

h->0 "h 

iVote. Putting A=log (l+ equality 


we have, since == 1 + . 

n 




\ I ( ‘+ -n-)=^ 


t.e., n log ( 1+ 

»-»a» ® \ n / 


(*)" 


Lt x^ — a" 


(tii) To prove that 
Put x=a-l-az. Then 


;c^ -a^ A-1 (1+2^^ - 


=Aa 


A-1 


— =o 


x—a 


Now when a;->a, 2-^0. 

... I-t Lt l+s)^-! 

' ^ z-*a x—a z~^'J z 

Put «=(1+J)^-I,;t7^0. Then 
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1 / “ ^ • 


U loL-(l 




M->0 Iog(I-f 2 ) 


=A 


z^O 


Lt (I ;-2)^ -1 


log ( 14 - 2 ) '^* 


Lt (14-2)'^ -1 
2-»0 2 

Lt z 

2^0 log (I f- 2 ) 


= 1 . 


= 1. 


„ Lt 

Hen(;c =Aa^ 

x->a x—(i 

_ Lt a:«-l 

Cor. , , =n. 

x^l :c —I 


1 


Kvaluate 

•t-^2 x-2 


KXAMPLES II 
Lt x^ 4 


o 


;L Evaluate ^ ® 

i'-^O x^—a^ 


4. 


rK 


m, n 


5. 


7. 


Lt 1 —j: 

X’~*(Xi r* 

Lt a'-I 


6 . 


S- (0 


(ii) 


Lt r*— I 
j:-> 1 ar^-I 

Lt T"»—O' 

./■—♦a x'“—a*" 

jjositive integers. 

Lt az>‘-\bx“-^Jr .4-r 

, «ia:“'4-V''“^ + ...+r, 

Lt (3:-f-/A —sin X 
■ h 

Lt sec (x4-/i)-seo x 


h^i) 


h 


fi CL *L i Lt tan X—sin x 1 

y. Show that A - , =- 

x->o 2 

10. Find the limits of the following when x->0 

/,V\ ax\4; ^ 1 -cos 4x 

sinSx- Qin f>J' 


O') 
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Show that 


Lt sin’^g 
a;-»0 X 




Tit cosec 3;—cot X 

a:->0 jc 

_ 1 

2 ‘ 


12 . 

14. 


Lt 1—cos 0 
0->O 9 ^ 

Lt 1—cosx 
a;->0 sin* x 


15. Prove that 


Lt 

x->oo 



00s x=0. 


sin 3x cos 2x 
sin 2x 


[Use —cos x 

16. The opposite angles of a cyclic quadrilateral arc sup¬ 
plementary. Obtain a limit of this theorem when one of the 
quadrilateral moves round the circle towards coincidence with 
one of the adjacent vertices. 

17. Show that if where fr is not zero, then 

f(x) keeps the same sign in the neighbourhood of a. 

[Hint. Let €< I I : From the definition of ^limit 
f{x) —fc 1 6< for I X—a 1 < S or fc—€ </(x) < for 

X—a I <S. Now/k—e and A;+6 are of the same sign as I;.] 

181 Show that ,—>0 when n->oo through positive inte- 

I 

gral values, x being any fixed number [| ^1.2.3...also 
fn =n(n-l)(?i— 2).(n— r+l)...l. Multiplying wo got the 
values of ((«)*• I’akiug two corresponding factors we got, 

r(n—r+lHn(n—*■)+*■>(«—'■)+»■ ot n, because n~~r is 
positive and the least value of r is 1. Hence we have 


Now 


{\n_Y>n« 

x'* 


. • 

• a 


n 

n > nTT 


X 


n 


n 


o 


or 


I x'* 




' 'n^ 


As X is fixed this tends to zero i.. cause for n> | x 1*, 

^ is a proper fraction.'; 

»• 
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^ isilifi 


11- Infinitesimals 

called an infinity. 

^n inif! tc7ids to infinity. 

InhmtPsinml ami inlimtes are functions ami not numberl 
WUnts hoffcvci-:i,nail are not infin.tvsimals. The infinitesi- 
na of the Calculus is not the same as the intinitesunal of 
orflinan speech. 1 he latter coinmonlv means an excec<lindv 
small number or quantity ami is usually understood to have 
ahxed\alue. In Calculus no number liowever small can be 
an innnitevsinial unless it tends to zero. 

rrlatrd tnftnifesimaJ.'i are said to hr oftke mmr. order if 
the hmUs of thrir ratio is tinife and different from zero. tJsually 
one inhnitesimal. say a, is elected as the principal infinitesimal 
and the inhiutesimals arc (classified with reference to it. For 

example, an infinite.simal ^ is said to bo of I he first order if 

it w of the sfiiue order as a, that is to say, if limit of 
nile and different from zero. 

An infiniticsimal ft is said to be of order n if it is of the 
same order as a«. 

l>et « and ft be two infinitosiinals. If J.t ^ =0, Mien ft is 

said to be an infiniltisimal of hi^;her order tliaii a and «an 
infinitesimal of lower order than ft. 

Ex. 1. It is known that^ 

'I’hereforc if (J taken as tlic principal or standard infini¬ 
tesimal, then sill 0 is an infinilcsiraal of the first order. 

Similarly tan y is also an infinitesimal of the first order. 

Ex. 2. ‘Sliow that 1 —cos 0 infinitesimal of the second 
order with respect to $. 


Lt 1 — cos $ 
<?-^0 


o J / . e\* 

Lt Lt V 

0 ^{) 

\ 2 / 


whicli is not zero. 'J’hen fore by dctiiiitiun 1 —cos ^ is of the 
second order. 
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12. Principal part of an infinitesimal- 

When an infinite.siinal consists ol a sum ni teims which 
are inhuitesimals of diftcicnt onler. then the term ul the lowest 
order is called the principal part of the infinitesimal. 

Equivalent Infinitesimals. Two infinitesimals « and are 

said to be equivalent if Lt ^ =1. 

It follows that an infinite.sinial and its i>riiieipal pari are 
equivalent. 

>13 Theorems on Infinitesimals. 

(1) Thr finlh limit of tht' riil>u of two infinite.nnmh o ujia fi 
is not rhftiiged ivh ii t^ithfr ix n phtrfd hy any othr infiniteeirndt 

«j or/?, providfd Ihal TA - I and lA 



p- 

(2) The Hmil of the quotient of tuo infinitesimals is not 
changed when either is replaced by its principal part. Proof 
is obvious. 

14. From the theorems on infinitesimals the following 


facts easily follow : 

(t) In any sum or quotient of infinitesimals we can replace 
.each term by its principal part, that is to say, we can neglect 
all infinitesimals of higher order, without atfeeting the limits 


m any way. 

(ii) In any equation involving infinitesimals we can neglect 
all except those of the lowest order provided that at the same 
time we replace these by their principal parts. 

It is wrong to say that in any equation between infinitesi¬ 
mals of different orders, none but those of the lowest order 
need be retained. This leads us to wrong results ; in fact 
&om equations we are led to approxin ations. For example 
^ . consider the equation 

0=tan tan 0). 
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Wlien 0 tends to zero, it can bo reparded as tho principal 
infinitesimal : ft and tan 6 ar'' of the same order, whereas 
^ —t<m 0 is of the third order. If we neglect this infinitesimal 
of the higher order we got 

fl=tan 0 

a rolation, now. which is only approximately correct. 

15. Continuous functions 

A function fix) is said to he continuous for x—a if i* tends 
to a limit n.« x ttnds to a from either sidt and each of these limits 
is equal to fia). In other words, given positive and liow- 
ever small, a number S (depending on e) can he found such 
that 

7 i- .. /(«) I <« I I <S. 

It follows that f{n) — € K fix) < fia)-^- e whenever 

«—S<T<«-f8. 

If tho limit of/(xl when x tends to a throtigh values 
greater than rt is/(rt) whereas limit of fix) when x tends to 
a through values less than a is cither different from f{a) 
or does not exist, the function is said to be continuous to the 
right of a. Symbolically, if 

+ but 

or does not exist, then fix) is said to he continuous to the right 
of a. Similarly if 

0 /(*)=/f«) but 

or does not exist, then/(a;) is said to.be continuous to the left 
of^^a." 

fix) is said to be continuous in the interval ia, h) if it is 
continuous for every value of x lying between a and h and to the 
right of a and to the left of b. 

From the oorresprnding theorema on limits it follows 

that 

(i) the algebraic sum as well as the product of a finite number 
of functions of x continuous at x=a is a functio7i continuous 
at x—a. 

s 

(ii) the quotient of two functions continuous at x=a is a 
function continuous at a:=a, provided that the denominator does 
not vanish for x~a. 
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LIMIT' AUD CONTINITITY 

Ex. 1. A polynomial in x is continnons for all values 

I 

If a:-»a, where n is a positive integer, 

• x" is conlinuona for all values 


Lt 
x-^a±0 


r»=rrt”. 


of X. 

Hence the polynom al rt„x"+ . . 

continuous for all values of x. 

Ex. 2. The rational algebraic functions of x aro conti¬ 
nuous for all values of x for which they are defined. 

4 

f{x) is defined for all values of x except those which make Pg 
vanish. > 

Now Vi and Pg are everywhere continuous. 

I 

. Pi 


• • 


is continuous for all values of x except at the roots 


of P,=0 


. 3. sin x=0 and cos x=1. 

For however small €>0 is taken, there exists an arc 8>0 
of a circle of unit radius such that 

sin X I <€ and l—cos x<€ for | x [ <8. 


» ' / 

•f ..i. 


Ex. 4. sin x=sin a and cos x=cos a. 

aj^a x^a 

l*'ur, let x=a-l-€ where €, is infinitesimal. Then 
sin x=8in (a-|-6)=sin a cos €-f cos a sin 
Lt 

sin x=Lt sin a cos €4 Ltcos « sin €=sm a. 


^ Similarly^ for cos X. 

. Hence it follows that sin x and cos x ar^ continuous for 
all Ysdues of X. 
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Ab a (‘ons('<|uenre of thU 

theorem :— 

1‘he circular functions arc 
which th(]f arc defined. 

, .sin X 

ror tan ,(otT = 

fOS X 


reaiilt we have tlie fnllowinti 


continuous of evcrif foint for 


OOS X I 

. 900 X — 

Sin X cos X 


1 

cfisec x= — 

SID r ■ 

16. Discootiouous functions A function nhuh »> not 
conliniioii.H of a point is soid to be disconiinuouii at that point. 

DiscoiitiniiitieM can arise in inanv wavs. 

Tlie simplest type of diHContinuity occurs at those points 
at which the (unction has a (icHnitc limit as x tends to the 
point from the rijtht and a definite limit as x tends to the 
point from the left, iiut these two limits are different ; a 
discemtinuity also arises when these two limits are equal 
hut different from the actual value. r)i8contiDuitie8 can 
arj.se in other wavs also. 

Ex. 1 Con.'-ider the function 



(x-f-«)(x—a) 
x~n 


When X is not equal to a. then /(x) = x-f-a which is con 
tinuous for all values of x. But for x=o, f{x) is not defined. 

However /ix)=2a. The function/(x )=-^—~ is con. 


x=« 


x — u 


tinuous for all value.s of x 




except for x=fl for which 
the actual value of the 
function is not defined. 
The graph of the fuiu^tion 
can now be easily drawn. 

It may be noticed 
that the graph is not 
continuous, there being 
a break at the point P 
corresponding to ®=o. 
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However the funtion/ia:) defined as follows is continuous 
for all values of x ; 

■ z^—a^ ^ 

^ for all values of x except x=a, 

atid/(al=2a. 

The limiting value at x=a being 2a now equals the actual 
value which is by definition 2a. The graph of this function is 
the same as before with the difference that now there is no 
break at P. * 

Ex. 2. Consider the function f{x) defined as follows : 

/(x)=0 for x>l, 

/(x) = l for x<l and 
/(1)=|. When X tends 
to I from the right the 
limit of /(x) is 0 and as 
X tends to 1 from the 

left the limit is 1 and the actual value of the function for x—1 

is The graph of the function is as shown in the figure. The 

end points A and B of the thick lines at x=l are not a |)art of 
the graph. The point C which is mid.way between A and B 
corresponds to x-=l. 

Ea^3. A function/(x) is defined as follows : It is equal to 
0 for x<0 ; equal to 1 for 0<x<l and equal to 2 for x>l ; 
show that it has two points of discontinuity ; also draw the 
graph of the function. 

As X tends to zero through negative values the limit of the 

{^unction is 0, as x tends to :ero through positive values the 

limit of/jx) is 1. These limits being different the function is 

discontinuous at x=0. Also as x tends to I from the right, the 

limit of/fx) IS 2, but as X tends to I from the left the limit of 

fix) IS 1 ; as these two limits arc different, the function is dis¬ 
continuous at x=l. ’ 

The end points B 
and D of the thick Unes 
are not parts of thegraph. 

Ex. 4. Draw the 
graph of sin - — 

X * 




34 


DIFFERENTIAL CALCULUS 


If W = 


J 1 


2 /=sin 


, then w=0 when x— Whete n is. any 
X ■. rnr 

tien a:=-- and y= — \ when x —— ?- 

27»r+Y 


integer ; y=\ when a:=-- and y= — \ when x ——.— - 

27»r+Y 

The function lies between,—! and 1 and the graph of the 
function therefore lies between the two lines y=—l and y=l. 
It oscillates up and down and as. x approaches 0 it oscillates 
n ore and more rapidly and the limit of the function does not 
exist, so that the function is discontinuous at 2=0« Also the 
function is not defined for a:=0. 

The part of the graph when x 
n V is negative can be easily drawn. 


a; sin 


Ex. 5. Draw 

1 I. 


the graph of 




1 ^ ^ - It may be observed that as 

X sin- always lies between 1 and —l,the function lies between 

X' j 

X and —x and the graph therefore is 

comprised between the fines y=x and 

y~~x. As a: tends to 0 the function / 

also tends to 0 and the lactual value ‘ of 

the iunfction at a:^0 is not defined. If 

the actual value for a:—0 were defi^ed^ yj 

to be 0, the function would become con- X j 

tinuous at -^.1 /.,---- 

I Ml 2 

The function. oscillates up knd 
down an infinite number of times, the 

magnitude of these oscillations becoming ' \. 

smaller and smaller as the origin is 
approached.' V 

Ex> 6. Show that 


_- is discontinuous at x=0. 

* I 1 

+1 


t 
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■ > 



1 

Now e-^ ->-foo when (i. c., through 4-ve values) 

• H % 

. $ 

1 

and ->0 when x->—0 (♦. e , through —ve values) 

' • • * • 

I 

I 


Lt 

x-^4Q 



Lt c-"~l 


X—>+0 



Lt 

x->40 


e ^+1 



and 


Lt 

x->—0 


fix)= 


Lt e 
x->—0" 


-1 


1 

e* + l 



4 


Also for x=.0 the function is not defined. 

It may be added that even if the function is defined for 
xs=0 and assigned any value, the function could not, be made 
‘ continuous at x=0. . 


* 


17. Properties of continuous functions. 

In these theorems the intervals considered are all closed. 

$ • 

Theorem I. ■ ' 

If fix) is continuous in.the interval (a, b) and ^ is a positive 
number, given in advance, then we can divide the interval (a, b) 
into a finite number of sub-intervols in each of which the oscilla- 
Hon ff fix) is less than 

Supposie tuat it is impossible to so divide («, b) into sub- 

■ intervals such that the oscilUtion of/(x)<€ in, each of these 
aub-ntervals. Divide the interval (d, 6) into two equal parts 

’ ■ ’' b-\-a' ‘ . 

(o,-Cl) and (ci, fc), where —Then the impossibility 

• ‘ " •ill I . , 

must exist in at l^t one of these sub-intervals. Let (a^^bj) 
'denote the sub-interval in* which the impossibility exist; and 
if the impossibility exists in both the sub-inttWals'so that 

■ 'there is ] c.hoice, then we shall choose ithe le^, hand sub- 
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interval. It is clear that a, is either equal to or a ; and 6^ 

is either equal to or 6. Again subdivide the interval 
(fli, 6i) in which the impossibility exists into two equal parts 
with the help of the point and let (a,, b^) denote the Lalf 

in which the impossibility exists and, as before, in case of choice 
wc shall select the half to the left. So that either a=ai or 

2 


and 62= 


6, -}-aj 


or 61. Similarly subdivide the interval (Ug, 62) 


and carry on the process in this way. Thus we form two 

sequences of a numbers a^, _ a,,.. and . b^, . 

The sequence aj, a^, ..is monotonically increasing and 

bounded above because each of tliem is <C.h whereas the other 
secjuence is monotonically decreasing and bounded below 
because each of them is greater than a. Therefore both the 
se(iuences tend to finite limits. Also 

_6i—ai_6 a 

2 22 


, 6 —a 

6i~ai=--r- 


6 . ''I -t K/ « 

3-«2='Si —and so on ; 


. b -a 

Therefore Lt (6,1—ctid—O and therefore Lt 6„=Lt a„=c, say. 
It is obvious that the point c is contained in the interval 
(a„, 6,d which can be made as small as we please. According 
to our supposition of impossibility,dhe oscillation of the func¬ 
tion in (On, 6,,) is greater than 6 and consequently proceeding to 
the limit we see that the oscillation of /(a:) at the point c is 
greater than €• Therefore/(a:) is not continuous at c, which 
lies in [a, b). Hence w’e are led to a contradiction. Hence tha 
theorem must be true. 

Cor. In this ca,=5e it follows that if x' and x” be points in 
any one of the sub-intervals, then \ I because 

the o.'-ciliation of f{x) in any sub-interval is greater than or 
equal to | f{x')~f(x'') ] . 

^Theorem II. 1 

Iff{x) 13 continuous in {a, b); then given a posii^e 
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number hotoever small, a yiumber 8 {depending on 6) can be 
found Such that the oscillation of f{x) in any svb^interval shall he 
less than €, provided that the amplitude of the sub^interval is less 
than $. 

Divide the interval (c,6) into sub-intervaU such that in 
each of these the oscillation of f{x) is less than ^ • Det 8 be 

the amplitude of the smallest of these subdntervals. 

Now re-divide the interval (a, b) into subdntervals, each 
of which has an amplitude less than $• It is evident that 
any subinterval of the second method of division cannot 
extend over portions of more than two sub-intervals of the 
first method of division. Therefore the oscillation of/(x) in 
such a sub-interval cannot exceed the sum of oscillations of 
f(x) in two sub-intervals of the first method of division. Thus 


such an oscillation is less than 2 X 



, i.e., less than e. 


that is, 

In particular 

In the second interval 

that is, 

Drfrom (i) 

In particular 
In the third interval 

that is 

and from (ii) 
in particular 


*Tlieorem m. 

I//(^) w continuous in {a, 6) then ^(u:) is bounded in that 
interval. 

Divide {a, b) into sub-intervals such timt the oscillation 
of fix) in each of these sub-intervals is less than € ; let the 
points of such a division be x^, .Xp-i, 

Now in the first interval (a, Xj) 

1 fix) ■ fid) 1 > 6 

/(a)-€ </(.c) </(a)+€ 

/(«)--€ </ix,) </(a)+€ 

|/{x)-/(xi) I <e 

</(«) </ ia :,)+6 

/(a)-2€ <fix)<f{a)+2f 
/{a)-26 </(x 2 )</(a) 42 € 

I <6 

/(« 2 )-€</(x)</(X 2 ) + € 

/(a)-36</(x)</(a)+3€ 

/(a) - 36 </(x3)</ta)+3€. 

, , argument up to the last interval 

Vwhicn 18 the pth interval) we get 

/(a)-p€</(x)</(o)-l-p6. 


...(») 


..(u) 
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Hence it follows that fix) lies hetwe^'n an'i 

/(a)4-pe. Tlius f{xl is bouiuh'd above as well as below. 

*Tteorem IV. 

If fix] cc.nfinuons at x = r, and f{c) \s not equal to zero 
then a 5 can he found such that /,.t ) keeps the sarne sign as that 
f{^) the inUrral (:- 5. c- S). 

Sinee/(ci is not zero, select € such that 6< \ f{c) \ ; there- 
f 'ri' f(c) € and /(c)-|-6 have the same si^n, namely that 
of/(c). 


As f{x) is continuous at x~c, tlmrcfore 
Th.it is, 

/.cl - e</U-)</l^)-f€ c- S<a'<c+S- 

As/(•) — € and fc) ■ € have the same sijn as tliat of /(c\ 
therefure it b’iUAVs that/lx. has tin; same si"n as that of/(c) 
whenevd' c-'S<x<c-f6, that is, in the invcrvul (c —§, c+8). 


*Theo!em V. 

///(X) is C9H^m'/0M.s in in, 6), then f{x) attains its bounds 
at hast ourc in [a, b). 


Let I\i be the upper bound of f'-x) in (u, b) ; then it is 
known that /(x)<.M; and however small 6 may be /(^)> 
M —€ for at h ast one value of x in (a, b). 

Suppose that I\l is not attained, t hat is f^x) is not equal 
to M for any value of x in a, b). 


Consider tlie function .AI-/x): it is contirmou,s because 

/(x) is Cl n'.nm us, Co : equontlv ' V . continuous. 

Now howevrr small € may bo, is a valim of x for wuich 

/(x)>Jl —€ i nd tlicrfurc ]\I -/i.r)<€ and tliereiore 




It follows tlicreforc tha.t - - . ^ is not bounded and 

Xi --JiX) 

therefore not continuous which c intradlcts the hypothesis. 
Hence the upper bound is attained at least once in (a, 6). 
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Similarly by consideriDg the function - , wliorc 

/(X) .M 

m is the lower bound of/(.r) in (a, A), it can b-' that tlu* 

lo\v»T bound is also attained at least once in tlie internal 

(a. A) 

‘Theorem VI- 

A//h'‘) continuovs in {a^h) and if f{a) and f{h) hare oppo¬ 
site si(jn'(, thcnf{xi vanishes for at least one value rf x lying in 
that iufrrral. 

Diviilc th(‘ in*■! val (a. A) into sub«intervals such lliat the 
variation orj*i^.K) in any sub-interval is less than e. Ifthefun* 
cti'»n do-s not v.mish at one of tlio points of division, the fun¬ 
ction must change its sign somewhere between two of these 
consecutive points of division w’hcrc i^s absolute value must 

be less than €, i. e., ' f(x) 1 <€ and therefore 

fir) • ^ ' 


somewhere in (a, A). This being so, it follows that * - is not 

fi-^) 

bounded in (a, A) and therefore not continuous for at leiust 
one value of a- in (a, A) which is possible if f(r) vanbhes at 
least once in (a, A), 

Hence/(jr) must vanish at least once in (a, A). 

‘Theorem Vll. 

/f fU) is contimwicsin (a, A), t/ lahes in that interval at 
least once, every value lying between f{a)and f{b). 

h‘tA be a number lying between/(«) and/(A). Consider 
the mnetion /ix) —A which is continuous in (o. A). fTor x — a 
and x=b the function takes values fia)-A and f(b)~A which 

are of opposite sign : thercf..ro the continuous function f(x) 
A must vanish for at least on ^ value, sav r, of a; King W 
weena and A. That is to sav/(c)-A-O or/(r) = !\ ^ ^ 

non thus : .-I continuous func- 

tion tn (ff, 6) cannot pass from one raJue to another without 
through all the inUrmediatc values. 

EXAMPLES HI 

‘.teVndicltod''pUnl°^‘'''’ 

traSd^nteu'' ^ ^d ; algebraic or 
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(») 2a:y+a:+3i/-l=0 (u) y=a-"+3i. 

2. Express y explicitly in terms of x in each of the follow¬ 
ing cases. Give also the range ot values of x for which y is 
veal :— 

(t) a:*—(ii) cos y-2x=4. 

3. For each of the following functions :— 

Find the corresponding inverse functions : 

Give the range of values of y for which x is real in the 
inverse functions : 

Tell how many values of x correspond to each value of 
1 / in the inverse functions : 

(t) y=oi? (») y^sinx. 

4. Show that y=C 03 x is a transcendental function. 

[If possible, let it satisfy the irreducible equation. 

y« -t- (x}yR 2 (x)y-h... + R nl^:)=0 
where R’s are rational functions of x. 

Change x into x+2m7r (m being an integer) and remembering 
that y remain unchanged, we have 

y«+Ri(x+2m:7) y«-i + ... + RoU+2m7r)=0 

Ri{x+27n7r)—R,(x} } y" ^+--+ 

{Rn(x-f27nTr)—Rn(x) }=0. 

ysatiseesdn equation of (»-1 )th degree which is not 
an identity. Tliis contradicts the assumption. 

Hence y=cos X is transcendental.] 

5. Show that circular functions and inverse circular func¬ 
tions are transcendental. 

6. Are the following functions continuous in the intervals 

indicated ? 

(i) 3-2x -l<x<5. 


(n) 


X 


(x-}-l){x—2) 

7. Examine the following functions for continuity at the 
origin : 


—2<x^3. 


(,) /(a:)=cos —when x^T^O and/(0)—0 


X 
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{tt)/(a:)=a:sin ' - when and/(0) = 3. 


Rlfl X 

8. If f{x)— —^ when a:<4 and/(a;) = —^ where a:> 

1 X*” 4^ 

4, for what values of z is the function not defined ? 

9. A function f{x) is defined as follows : 

/ x)=0 when a:<0 : 
f(x)~\ when 0<a:'<l 
and/(a;) = 2 when x>l. 

Show that the function is discontinuous at two points and 
draw the graph ( f the function. 

10. Give an example of a function which lias a definite 
value at the origin but is discontinuous there. 

11 . Ajfunction/(a:) is defined thus :— 

f{x)=:x whenO<x<l 
f{x)=2 whena:=l 
and /(a:)=l+x when l<x<2. 

Show that it is discontinuous at x=l and draw its graph. 

12. Show that the function 

=2 when x=l 

is discontinuous at x= 1. Draw its graph. 

[Hint : Here the limit of the function at x=l is 1 but the 
. value at x=l is 2]. 

13. Show that the limit of the function at x=l 

is 2, though y is undefined for x=l. Exhibit the difference 

X*—1 

between the graphs of -=- and i/=x+l. 
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CHAI TER H 

derivatives and differentials 

1 Derivative of a funclion. 

, ,, ,, a function, Unite and single ■valued in the 

■ * 1 ', M -md let J' ho a point of this interval ; lot 5c = /i, 

" i'livo or'no -ative, be an inere.nent (or dijj,rr.ncc) given to .r ; 

ir . .o.nhne inoreinent (or dij/ercftcc) Stf cf the iuiu tion 

+ /o') 

*• * ,uU to a limit, liaite or iiifiniU', when h tends 

..hatsover, that limit ,s called the 
towards . /the point .c. This derivative is denoted 

derivative of/U) 

l.y/'(x). l>/^.*}«rl>Jl-0or 

1 - tin tends to a limit when A tends to 0 through 

^ this limit is culiid the derivative to the right, 

positive values. ■ wlieii h tends 

In the same wa. d ^ limit is call, d the derivative 

to 0 through n.-g^'t (inivatives are c(iual, the fuection 

“> iinl ue ihXtive at the point x or simply a deriva- 

tivt^which we have derivative at ever\ point 

within tlio we say it is derivable in the inter- 

dc-iiv-itive to viu 

valla, b). , derivalive for a <jo:en 

Lt it follows that if we put 

Sinee I^^{) h 

;(r + /-)^/f) _/'(..0==.. there t.nds to 0 as A tends to 0. 

h 


# 9 

Cotrsi iiuently h,-S(x) = h {/'(x)+6} 
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80 that 

Hence/(a:) is continuous. 

Ex. 1. Find the derivative of/t.i-) when (t) J{.r)=c, a con¬ 
stant, (u) when /(.r) —.r. 

. Lt f(x^h)-f{z) _ U r -c _ 

i*)h-^0 h h~ ' 

. Lt (a-+/(} X _ Lt h 

The derivative of a constant is zero arul fhr derivative of x 

w 1 . 

Ex. 2. Find the derivative of x'‘ with regard to*a:. 

J.t 

/i—^O k 






Ex. 3. Find tho derivative of v = /jr. 
dy _ Lt ■/ x-\- h--y'x _ Lt (x-\-h)~x 1 

A-.0 A A^o - A 

= I't I ^ y 

2/r ’ 

Ex. 4. Find the derivative at x=0 oif{z) wlien 

I 

gX_ I 

f{x)~z -- for all values of z except 0 and/{0)=0. 


‘ ^ n 


Hence Lt c»>_i 

A-»0 h - 

■ ^** + 1 


« 1 and when'At‘dsto «>iB limit 

tends to zero through negative values this limit 


CHAITER 11 

DERiVATiVES AND DIFFERENTULS 

1. Derivative of a funclion 

let (,.r. 1.(‘u fiinctiui., linite and single valued in the 
interval (-/, h) an.l let x he a point of this interval: let 5r = A, 
Dusitive or negative, be an inertinent (or dijftrence) guen t) x , 

threorre^p(en!u.gincrenMun,(ord#rc«^^ i>^/ of the f.nuta.n 

ij. -/^x) and the ratio of the increnients (or ihfftrence 

8x"" h 

.. ♦r.iuU to a limit, finite or infinite, whentends 

‘ whatsover, tl.at li.n.l ,s call-.l ihe 

‘rXir; Jof f U) the ,K,i,.t.t. This clerivalive is deneted 


du 


derivative of/the ,.o, 
hy/ (r), l )/(.0 or I) J e) or 

,■ tin tends to a limit when ft tends to 0 through 
If tins latiJ J J„;„a,ive to the right. 

positive values. tends 

1„ the same this limit is call, d the derivative 

to d llirungh m-ga ^ driivalives are e<iual, the fui-etion 

an c ue .U 

possesses a 1 1 j:,j, ,i above. . 

tivo. wldch weha%c derivative at evers point 

If the fmi taon o ^^^j^^^tive to the right at a and a 

within the inte^a • .j. in the inter- 

deiivAtivp to i-m 

u.ction uhicn has o finite derinalive for a .jiren 

, Continuous for that valne. 

raluc of xi '>^ 

Lt + -p'f ^j'(x)/\tfo\\o\rs that if we put 

Since h 

/(x-r/O'/e) _/T.r<=*. thene t.nds to 0 as ft tends to 0. 
h 

Consequently j^x-\-h)-f{x)=^ {/'U‘)+^} 
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SO that {fi^+h)-f(x)}^^^h[f\z)-\-^\=0. 

Hence/{a:) is continuous. 

Ex. 1. Fiticl the derivative of/(x) wiicn (t) /{,r)=c, a con¬ 
stant, (fi) when/(.r) —X. 

Lt /l.r-f/i)-/(x) ^ M c-c _ 


.... Lt (x-\-h) X 
("> A-^O* h 


Lt h 

/i->0 h 


= 1. 


»■« 1. 


The derivative of a constant is z^to utul the derivative x 


Ex. 2. Find the derivative of x'* with rf'^^ard to x. 
Lt {x-\-hy>~x' 
h^O k 


==m4o 10x 2^2-j-r>xA^_f./,i), 


=5xL 


Ex. 3. Find the derivative of// = y^x. 

^y.=, _ Lt (xfA)-x 1 

/x+/, + /a: • A 

_ Lt I 2 

^%J.V ‘ 

Ex. 4. Find the derivative at x=0 of/(x) wlten 

1 

C*_I 

J{x)—x~ for all values of x except 0 aiid/(0)=0. 

e*+l 

• 1 ! .• 

Hence /(!>+*)-/(O) U e^-^^ 

A^O A “ — 

is 1 and when^ftlends through positive values, this limit 
a When h tends to zero through negative values this limit 
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is — 1 . The derivative therefore does not exist. The right- 
hand derivative is I and the left-hand derivative is —1. 

£x. 5- l^ind the derivative at a:=0 of f{x) where 


1 


for all values of x except 0 and /i0)=0. 


Lt J{0 {-h) f(0) _ Lt J , which does not exist. 


Note Tt is easy to see that the functions in examples 4 
and 5 are* continuous at x=0. These are examples of functions 
which are continuous for a particular value of x but the deri¬ 
vative there does not exist. A continuous function does not 
necessarily possess a derivative. 

In fact, Weierstrass has given an example of a function 
which is continuous and yet has no derivative for any value 
of X. Tlie function is 


00 


f{x)— € 6" cos(a"T x). 

71=0 

wher» b U a positive constant less than 1 and a is an odd m- 
"eger' The proof is difficult and beyond the scope of this 

book. 

2. Differentiah 

Let y=f 12-) have a finite derivative/' (x) 


Lt 8y 


• ^f'{x)-^^ where is an infinitesimal. 

*' \ ’ ...( 1 ) 

'■'■’Now^^Sr'^ir artnfiffiUHmal ; the principal part of &y viz. 

called the differential of /(*), »•«•. of y. and 
denoted by dy or df (x). 

Thus d^=/'(^) , f'(v\^\ 

In the particular case where /(x) reduces to a,/ (x)»l 

and equation ( 2 ) reduce to 
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Therefore the differential of the independent variable a: is 
identical with its increment or difference 8x, Which is generally 
arbitrary. 

The formula (2) can now be replaced by 

dy~f'{x) dx 



the differential of 



X differential of z 



derivative /' (*) ie the co-efficient of dx, in 
the differential of fix). It is therefore also called the 
differential co-efficient of/(a;). 

If we divide by dx, we get 

t-r»- 

Differentiability. 

differentiable at the point 
X if It IS defined and is finite in the vicinity of that point*^and 
if given an arbitrary increment Hx tn \ fh ^ ^ . 

increment By can be expressed in the form corresponding 

where A is independent of Sx and e tends to zero with Sr. 

^^From the equation 8y=A8x-h€Sx, it follows that 

=A-f€ and proceeding to the limit when Sx tends to zero, 
we get, 

/'(x) = A. 

a finite der^ati^e^^ differentiable, then it possesses 

^htferfrom ^ 

The symbol ^ thus acquires a double meaning but (1) holds 
whichever meaning we choose. 
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3. General Rules of Differentiation. 

The process by which we find the derivative or differential 
co-efficient of a function is called derivation, or moic commonly 

differentiation. 

In the following rules we shall assume, that u, v, te...are 
all functions of a: and that they possess finite derivatives for 
ihe values of x concerned. 

1. Derivative of a sum. 

I^et y = an algebraic sum of a finite number 

of functions. 

1 et Sa* be an increment given to x and let By, Bu, 5^, 
be the corresponding increments of the functions. VA e have 

+ . 

or . 

Therefore 

8?/_8«_Sy Stf . 

Bx-^Bx Bx^Bx 


Procecling to the limit when 8^- tends to zero, we get 

dw 

+'jr+. 


dy du __dv dw 


so 


dx~"dx dx ' dx , 

Therefore the derivative of an algebraic sunt of functions is 
the sum of the aerivatives. 

Multiplying both sides by da, we get. 

dy=:du—dv-t<l^-i- .. . 

that the rule is true about differentials also. 

u. Derivative of a product. 

Let y^uv be a product of two functions. 

We have 

By lu±BuHi>-h8v)-"i' 

8.C 

o ■ Bu 8v 
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Proceeding to the limit when Sx tends to 0, we get 

(»+8t>)+uLt 
du , dv 

Multiplying both sides by dx, we get 

dy^^viu^udv. 

As a particular case if w is a constant, say c, then its deriva¬ 
tive is zero and consequently when y=cu, 

di ‘^2'='=^“- 

I 

This is stated by saying that a constant factor can be taken 

outside the sign of differentiation. 

By applying this rule, for y=uvw, we get 


dw 

dx 


dy du ■ d , , 

du , dv dw 
■^vw , +tt«; 4 - uv . • 

ax dz ' ■ dx 

4 

( du dv dw 

dx dx dx ) 

— 4^ Z-jfzZ' 
u^ V ^ w 

4 

Similarly this can be extended to any number of factors. 
• > • 


If yi^uvw . 

t f 

»«• to 

n factbre, 

$ 


dv 'dw 

dy 

( dx 

, dx dx 


w 



••■da: \ „ T ^ +V+ ‘I. 

, If we put u=v=w=^i .we get ^—u”y 


and 


A M\ - ■ 

^ — .j« li dx\ tt\du 

- / W . 


^ P®*^icular, if ti=af then j/=x“ and 


I a 




dx 
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If we multiply the equations with da: we get the corresijon- 

ding formulae for differentials. 

ni. Derivative of a quotient. 

Let y ' we have w-f-sw—^ 


and 8y= 


or 


V 

u 

t’-r5r V 

m4-5?/ u 
Sr r+Sr”r 


S« §1^ 

i? - - ~u ■ 

S-r 8x 


Sx Sx v(v-l-Si) 

and passing to the limit when tends to zero, we get 


du 


dv 


d.v 


dx " dx 

,.2 


In the particular case when n is constant, say c, 

c , df/ c dv 

ij=-. and -j- = — 0 , ■ 

'' V dx dx 

IV. Derivative of an inverse function. 


Let y=J{x) and x=<f, (y) be inverse functions. 

If one of these functions possesses a derivative which is not 
zero, the other function also possesses a derivative. 

Suppo.se that the derivative of ^(//), i.c., ^'(y) is known, 
and is not zero. 

Then - = - - ; but I.t - = w-hich is not zero. 

Sx* 8x , oy ■ 

Sy 

Proceeding to the limit. 

^ =T— as < 1 * (y) Of — is ool zero 
ax dx dy 

dy • ' 
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Therefore the derivative of y considered as a function of 
a: is the reciprocal of the derivative of x considered as a function 
of y. 


V. Derivative of a function of a function. 

Let y^j>{u) and «=/{x) so that y=^{/{x)}. Xe say that 
y is a function of a function of x. We assume that <l>{u) and 
f(x) have finite derivatives (») and /' (x) respectively. Let 
Sx be an increment in x and let Su and 8y be the corresponding 
increments in u and y. Let tend towards zero without 
actually taking the value zero ; then and 8y tend towards 
zero (and might even actually be zero). 

As and f'{x) exist and are finite, it follows that 
S*/=[^'(w)+e] sm, 
and Sw=[r(x)+€'] Sx 
where e and e' tend towards zero with gr. 

Therefore Sy=f^'(u)+6]r/'(x)+€'j8x 

or ||=(<^'{u)+€][/'(a:) + e']. 

Proceeding to the limit, we get 

xf'ix), 

that is to say, 

dx du dx 


If we multiply both the t ides by dx, we get 
dy=<f>' {u)f'{x)dx=tl>' {u)du. 


The form of dy is, the same as if u 
variable. 


were an independent 


k- u already suggested methods by mean-^ of 

which the derivatives of familiar functions mav a 

But since the structure of the Differential Calculus 

for Its applications upon the ‘ concept of rate of changl^Tls 
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dSes^of:tat'ard“ ^ 070 ^/ 

5. Differentiation of elementary functions. 

I- x" where n is a real number. 

Let y=a;". 


(l+ 


Then if+S)«-x« _ a: f 

8x 


-I 


8a? 


=a:« il±^^ 

XU 


(f-) 


When Sa:-»0, m-» 0. We have proved that 
Lt n+w)«—1 

tt—>0 7 / 


=n^ 


Thus (*«)= 


^ — 1 

wa; provided that is defined. 


Ex. 1. Show that ■^(ai-f“5)"=na(aa:-f-5)""*. 


dx 

Let y= 2 ” where z^ax-\-b 
• ^dy dz 


• • 


dx dz 


dx 


=712"“L a=na(aa;+8)*'- 


Ex. 2. If ^(a:)=a„a:"+a,5:''-i+...+a„, find 4>'{x). 
Let y=’l‘{x). Then 

(flo*’'+a3:"-'+ .a”) 


= + . + 


dx 


(a«) 






derivatives and differentials 
n From definition of derivative, when 

dy ^ Lt b__. 

dz 

X 

Put fill—j —2 so that A=Iog{l+ 2 ). 

As k tends to zero, z also tends to zero. 

Lt e»*-l ^ Lt 2 

k 2-^0 log(l^) 

1 I 
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r. 


Lt V ,, V 

2=0 ^Og(*+2) 


Joge 




Hence = —6''= 

dz 


Cor. Ify=a^then w=e^^oga , 
of function of a function we get, * applying the rule 

a: Jog a 

dx ^da;(®*oga) 

__ a; log a 

m , “ Xloga=a'^loga. 

• log.*. Let 2,=Iog e*. Then x~e 

But if 

dy 


Sincei^ — 1 

dx dj^ 
dy 

Another method. 


• « 


dy _ 1 
dx z 


^ l2l(5±^log *_ Lt 

<te A=o I 




a- 
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But 


Lt 

h^O 


log(l+ - ) , 

-A =A^0'°<'+ J 


X 

h \ h 


f] 


=log e = l. 

dy _ 1 
dz X 

Ex- 1. Find the derivative of a:" where a:>0 and w is^ a 
real number. 

Let y=x". 

Then y=e” ^=e'* where log x. 

fjy dy du , dy „ du n 

dx du dx 

dy 


du 


dx 


dx 


-=nx 


K-l 


Ex. 2. DiflFerentiate log log x. 

Lety=log logx-. where x is so large that log log -c 
defined. 

Let «=log X. Then i/=log w. 

dy _ dy du _ ^ =:__V . 

Hence ' u' x xlogx' 

By the repeated application of this result we have 


is 


a j . 

(log log.log — 


1 


\-“o -“c- ' dx ' ^ xl^xl^X-f’dji^—iX 

where („ means that log is repeated m times. 


Ex. 3. Differentiate (log x) 

1-A 


1-A 


, A=7^L 


l-A 


Let 2/=(logxl 

Let ii=log X. Then y^u 
dy _ dy du __ 1—A J_ 
au * dx ' * 


1-A 


U' 


x(loga;) 


f 






5h'- 


Ex. 4. Find the different’ia|^pp/eriicier\t'yjJ, ^ ^ 

(V) grtxm ^ (n) log (a:-f-^14-a:>” *•'"=■ 


(t) Let y=e®, where w—aa:"^ 


- V _ ‘ 

(n) Let i/=log 1 /, where v^l+ar*. Then 

dy ^ dy du 1 /. 2x 

dx du 




I 


X+Vl+JtfdT_^4 M'r»T V v1-^J {\*) 

^^+7r+^’ V j.[ v> 

EXAMPLES 


Find the derivatives of ^ C v ^ 


1 


Jil 1 •- 


1 . . 


X' 


2. x+'/l+x' 


3. 


1 


<• 


njB 


■/ l4-a:*+x* 

* 1 X 


__ „ a^bx 


1—x+x 


,2 


%'1+x—X^* 

Find the differential co-efficient of: 


8. log 


6x • 

X 018— (x *oo) , smlT 

XU 


A—T nofiTy^2a;4)H#= v ('kife 2x 

9. log «• 

9„ e *1 n 0 <~i\ -1.1) 

12. 6^^ 13,, («L< . . (t«) x«c«logx. 

14. log,o(l^®T\lv+i^v.orPi%PB‘'ate lb1?Vl+x+a;*. 


IV. Circular Functions. ^ 


•tJ 


To find the derivatives (dff'(1)^11^*^)' cos x (m) tan x 
(tv) oosec X (v) sec x (vtj cot x, , . . 

—- " At * A tA niH . Y 

(<) L^s«asin(i.H-iq|W^^-^s<,o^^‘'r 


8in(r+ft)—sin a. f, 

dx “^-^0 S 3^*8—(x Ofil) 


ib 
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=Lt 


2cos(r+ - ^si 


h\ , k 
sin “ 


=Lt cos(x4- Lt 


sin 


h 

2 


= COS X. 


Thus y- (sin x)=co8 x, 

dx 

(n) Let y=co3 x. Then 

_ Lt cos(.r-f-/i) —cos X 
dx h-^0 h 


= -Lt 


2 sin ^x4- ) sin ^ 


Lt 

h->0 


sin (x+ ^ 


. h 

r Sin y 

h\ U 2 


A->0 A 
2 


- sin X 


Thus j - (cos x)=—sin x 


{Hi) Lety- 
dy 
dx 


tan X. Then 

Lt tan(x+A)—tan^ 

'h^O h 


. .sin(x+/t) cos x-cos(x+A) sin x 
— Lt- 


=Lt 


=Lt 


h cos X cos (x+A) 
sin h 


h cos X cos(x+^) 
sin . 1 


k 


Lt 


1 


1 


. Lt — 


cos X 


cos(x+A) cos^x 


Hence ^ (tan x)—sec^x- 
dx 
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Or 

Sin ^ 

^~'c^x ' Quotient Theorem. 

(tV) Let y=cot X. Then 

rfy _ Lt cot(x+A)-cot X 
dx h-^0 h 

—Lt X—sin (x+A) cos x 

A sin X sin (x+A) 

T^sinA Tx I 1 


A sinxsin(x4A) 


sin®x 


Hence x) =—cosec^x. 


Or 


COS 

x* Quotient Theorem 


(v) Let 2 /sscosec x. Then 

-- Lt cos ec(x+A)~ cosec x 
dx A—>0 A 

8in(x-j-A)—sin x 
A sin(x+A)sin x 


^^ 2sin " co3 (^+^) 

A 8m(x+Aj sill X 
. A 

= — Lt -—— , Lt cos(^x+ 


cosec X cosec (x-f A) = -cot x oosec x 


dx 


(cosec x)=—col X cosec x. 

' . 0 . 


*'~sina:' Quotient Theorem. 



'. I 
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(W) Let y=sec x. Then 

dy _ Lt secfx+A)—sec ar 
-Jiuu'-'rfi r Lni; f STTul TlqqA . 


■s ni3 


X SOD 


=\i 


_j^^ cos 3--C 0P(3-+A)g,^-(q^ (V,) 

A cos(a:+A) cos a:, 

X JOD “ :i\—'.'i.vi jj _ \ib 

2 sin sin ("a:-^ \ 0^^ xb 

T. , 2 . ' . 2 J sm a: , 

= .Lft.w y -U. lH - . - -r —.tan .T 3(‘C X. 

cos(a--|-«) cos X , cos^a: jj = 

v' • >.. ni-t X iUri 


d ■ '' 

Herice , (sec x)^t8D x x.A nis ^, 

,. 1 , Ja — = 

^ -tUff iA ■*- '-MC'. ■'- iti-; A 


Or 


, fc 


y ——*- . Apply («) an§“§^iiotient 


cos X 

;n v!£:jjjl sin‘'^jpiqqA —V 

\ 111" 


iO 


Let y=€'’-*' sin bx. Then 


dy 

dx 


a‘?'.t,T .t D?-?0D=s\s ?dJ ' V 


—e^'^a. sin cos hx.b .■.'^ 1)0 rj _ \i\) 

’■' I’^A xi> 

=e'^-*'{a sin 6x'4-6 cos6x). 

' ' yy-. .‘ — xiai-. r 

• • t 

V. Inverse Circular Functions. *' 

To find ike derivative of : \ ^ • r- 

(i) sin“’a; (it) cos"^a:, (in) tan”^a: (iiiVlcot=*x (v) sec"^.? 

(vt) cosec 

.(1) 

.( 2 ) 


(i) Let y—sin^.^ar 


an 


—V jJ , “ -;J- = 


Then a:=lsiti y 

dx ^ dy 1 ' 1 

— =cos. y, %.€., . - s=- = ±--p==^ 

dy-=y^' dx V. cosy Vl-a:®. 


The Qmbipouus sign ;^'febeiew»e-a8= cos y,*i.e., of 

coe(sin“^a;). For the principal branch, viz., for^^e interval 

—<y <-2 cosy is positive; hence the positive sign of the 

radical r ^='? 
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A I ^ TT ('/O 

•'• ■£ 2^^®'"v. io1=a ■ Mo,i'i' 

The other branc^s bf sin-^xbrnav be d^jded'bto^t^^ 
classes nameb'i The 


I Vi—.r^. ^ 

/-. TX -1,. =rvj ooa«x'Icflt 0%-$.'-003=^^ .lo.i (■•) 

(n) Lt y=cos-^f:j;o.j 

Then a:—cost/. \v ni^ \\\ 

, 1 —--»,\/x±f=V oee V nc)= „ .-= . 

. d£_ . / dy^ _ X v/^>l V> 

lo "io j'/ZdiaB efe ‘jflT 

The ambiguous sign is the same as that of si4'^'iv<e./JflJf 
sin (cos*“^x). o'^dia odrioU 

Por the principal branch, t.e., for the range^^y^Tr, sin y 

is positive. r 7 ‘ — boB {"i-'i-li ^ >'I. “OO8_^0 

. . xr* -yjp^^for 0<cos^ia(^j 

Othe^® tl?,YS„ii,q oJJ lol, - =(*' 09*) !; .•. 

- TT . 1 JtuxV* dy *“ I 

V=cos ia:=s-r--sin”’a: ana therefore -^=-- 

^ 2 (fir Vl—ra 

-{it) • *” 307 ^ 

for the principal branch. ^ 

• 2 • 1 I- . T ,• X 

.. In) 

—- - 

Tan y assumesUll posftivi^anBlSegatiVe ^v^ueFa^y Mnges 

Ji Z 

lethgiifaugeaieoq ^d-J eoood ■ ovitieoq ai \t too J —>-1 li -^— 

d 1 ^ 

1“ (tan”^x)=5, , .nedat a<J teum ffioibin fldi 

dx' ' l+x*. 
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iiv) Let ?/=cot”-a:. 

Then .i:=cot y 

. dx <, • . dq I 

-r-= —cosec^w, —^ 

dy dx cosec^t/ 


1 

iWx^. 


Hence for the principal range 0<cot and all other 

d r .-1 I ^ 

ranges ^^(cot '*) = -X:p^. 


(v) Let y=&ec-^x so that x=sec y= 


I 


cos w* 


dx^sin 1/ _tan y_j_ 2 .y_j. 2 _l 

dy cos*y 

The ambiguous sign is the same as that of tan y, i.e., of 
tan (sec”‘x). 

For the principal range 

0 ^sec“^x<C if x> 1 and tt^^scc *x<~ “2 

tan y is positive; hence the positive sign of the 
radical must be taken. 

• (sec“ix)=for the principal range. 

Or y=cos-i Apply (it) 

Note that sec -^x is not dehned for values of x between -1 

and -|-1. 

(vi) Let y=cosec"*x, then x=cosec y 

• cosecy cot y=—a:{±V=r“-0- 

" * dy 

The ambiguous sign is the same as that of cot y. 

For the principal range 0<y<Y ^ 

_!L ifj:<-l,cot»/i8 positive - hence the positive sign of 

2 

the radical must be taken. 
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• 4 


dy _ 1 

dx ~ xVx*—1 


for the principal range. 


Note that cosec“^ar is not defined for values of x between 
1 and -f-1- 

Ex. 2. Show that rtan"‘ (i tan xy]= - . 

dx 4—3 BinV 

Let y=tan“^ {4 tan x). Then 

dy ] . ^ 2 2 


dx tan^u; 


4 sec*a;— 


4 cos^x+sin^r 4—3 sin^x 


EXAMPLES V 


Differentiate : 

1. sin^x. 


2. cos mx. 


3. sin X. 4. 


tan X 

^111 I 

1+tanx 


- 1+feex 
5.-* 6 . cos’"x, 


sec x 


7, sin"’x co9”x. $. Sin x”. 


9. cos (sin x). 10. sinV^:. 
13. logtan(”+-|-)' 


11 . COS (log x). 12 . c 

14. log )an(- 2 —^)- 


flit? 2x 


15. 


18. 


21 . 


I og tan • 16. tan x. 17. ''•'^sin bx. 

, <z+6 tan X , 1+x* ' a-\-x 

a-’6 t^* T^' 20. tan-i ^ 

tan“^ (sec x+tan x). 22. tan“^(-j tan x ^ 

23. 24. x 2 =e^.r. 25. a: sin ?/=i/tan x. 

26. (tan x)*'^ (tan y)**. 

27. Show by differentiation that each of the following 
functions is independent of x :— 


(i) tan”'x-btan 


-i 


X 


(ii) sin-'x+cos'^x. 
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e.i -CA ucTinraviflsa 


/•••. X 1 2j •_. , ^ 2x I yb . 

n2J/*T^iff^reBtidtetkd bivmfe <iiroufeir’'funQtftSns^^W? 

first principles. ■* r 1^“^' ' 

[y=tan-^ y+^pi^T? vjod^ .S .x-3 

x=tan*ir ^’F-f^8.i'=tan (y+S*/) and'''^c=tan (y l-Sy)-tan y. 

n^.'IT Jj n/;i ,^) '-flfi = V. 

r. • - --i _ \ s \\ - 

^ ' ddx, taa(yf|Sy)7-=£an. 8y 

Lt 8y cos 8y cos (y + 8y) 

= g„ 


, X l+^meoD .S .x^'nle .1 

^mitirly the other circular functions can be treate^.^ 

Vlv fiByp*bolife'Euiit?»i<ms..V .3 ^ 


.1 nie°4^ X l+?^m too .S 


: sJfiiJaatDlUO 


•1. 00« 


•,Tor^find the derivatives of (t) sinft j; («) cos/t a: (m) tanA ^ 

(H,) cot * X (S)tseo(A ¥^f<e6sedl x.xV'i^ -01 .(■• n‘«) 8°’ « 
(t) ([.^t74sW®fe!4£>L i^t-e-^) ■( o + ,. )<'^’' !^o‘ 

. I .ri nis’ ■ ,£t =ft{)sA p S" ' 

dx- 2 ^ ^ ' 

1+ J0S“4p=^ K.ih«'-'4l •;', ” 20i . PI 

*^.D“ 1 i7 ' 1 

Y =4“ (e^—e"-')=siaA x. 

Y viinJ XS ( 1 . r-^.j+-(. 90«) -fS 

' sin/^ X 

(*■) Let ,=tan^ = ^ ,p 

•- '^=V" '^cosi ^'..co4T-sin;fL in^+>ip;i"‘: 

” co^ ,•(^1 iicJ) .3S 


dy 

dx 


gniKoIlrd 4yjo^>^&M 


dx 

Lt si 


sk x. cosk x—sinfi X 

cos^ ■•(yi nBJ)=*‘('t (liiJ) XS 

vd wod« -TS 

-^O _;Ai.'lo Inobfioqobni ii enoitcinid 

S.+,^),eos* a;HgsAIg+jL ' ’ " 
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Lt sinA h _1_ 

“ A-»0 h cosA X cosA (x-j-A) 


=secA^x. 


(/v) Let y—toik x=~,- . Then—cosec A ^x. 


sinA X* 


dx 


{v) Let y^sech x. Then - tanA x secA x 


(tn) Let y=cosecA x= ; 


1 


SinA X 




Then 1^=—cotA x cosecA x. 
ox 

VQ. Inverse Hyperbolic Functions. 

To find the derivatives of (t) sinA“^x (it) cosA-’x [iii] tanA”^x 
(tv) cotA”*x (v) secA“^x (a) cosecA"^x. 

(t) Let y=sinA“^x so that x = 8inAy 

. dx , . ^ 1 

=cosA y, t.e., y~ = 


- dy dx“cosAy~V r+x2 

There is no ambiguity of sign as cosA y is positive. 

^ dy _ Lt sinA"^ (x+A)— s!dA~^x 
^ dx~ A->0 (x+A)—X 


1 


_ Lt fy+6y)-y _1_ 

—8y->0 sinA (y+S)—sinA y ~cosAy“VJ-f^ 

(u) Let y=cosA”^x, or x^cosAy. 


• • 

• • 


dx 


dy 


=sinA y = diV”®*"! whence ^ 


1 


dy ' ’ ■ dr ^V(i*-1) 

For any given value of x>l, there are two values of y and 

for these values ^ has opposite signs, 

(in) Let y=tanA“^ X, or x=tanA y,/x/< 1 , 

J=seoAV=l-^ 


• • 


• • 


dy 1 
<ix ~1—X* 
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{iv) Let a;, or x=cotk y, /x/>l 

■ ■ dx X*—1 

(v) Let ^=sec^“^ x, or x=secA y 

^y__ 

dx x's/i-- 

(w) Let y=cosecA“' x, or x=cosec/i y 

dy 1 . 

dx x^x^-tl 

Note. It should be noted that sinA x, cosA x, tan^ x, are 
continuous for all values of x and sinA"^ x is defined for all 
real values of x and is one* valued ; cosA“^ x is defined only for 
x>laDdi8, in general, two valued; tauA'^ x is defined for 
— l<x<l and is one valued. 

EXAMPLES VI 


1. Prove that each of the functions sec * (cosA x), 
tan-* {sinA x), cos“* (secA x), has the derivative secA x. 

2. Prove that each of the functions 2 tanA *^tan 
cosA-* (sec x) has the derivative sec x. 

Find the derivatives of the following functions : 

^ COSA X + CO'* X ionA-l — 

3. . tanA , 0 ^ 2 ’ 

sinA x+sin X 1+dx 




4. log cosA X, log tanA x, log cosecA x, a 

5. sinA x+^ sinA^x, sinA-* I- 

6. log-^-^;- ,l0g -- 


sinA X,. 


x^—I 

7. tanA-* , log tanA x. 


8. log (xV^^+® J 


If2/= 


8in“* X 




, prove that {l-x2) y^=xy+l 


9. 
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6. Logarithmic Differentiation. 

The method of logarithmic differentiation can Bometimes 
be employed. This method rests on the assumption that 

^ exists. 
ax 


This method is applied to the differentiation of a function 

tt’a, vs, are all functions of x. 

Let y^uy 
Then log y=sv log u. 

Therefore i i 

y dx dx dx ^ 


or 


. /V dll , dv 


( V au av \ 

Ex. l- Differentiate j£±I)!jf!±3)Hi»T-7)’, 

y/x[yJx+2)^ 

log(.’+7)-J log* 

1 5 2* 


» ft 


L 

y dx \ 


. - _L 21a'^ 1 

x-i-l "^3 -ar^+S 

2 1 


3 V^(V^+2) 


^is gives — • 

da: 

(w) Let y==^u^. Then 
log y=~u log 

i ,i dv 

y dx u 

I • dy du /7„ • 

• • S +“' •°g “ t 
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Ex. 2. Differentiate x^. 

Let y = x^, then log y-=x log a: 

^ ‘^^-=loga;+l=log«^- 

y X 


• • 


dx 


s log ex. 


\loff..u / 


{Hi) Let y=(logvW)^ = 

log y^u, log [ '°:f I =» log log '“g '°= ” 

1 dw , 1 

y L dx log « dx 


div 


w 


dv 


-logiog «d^-jn 3 r« 


This gives dyjdx. 


EXAMPLES VIT 


gin X 


Differentiate the following with respect to x : 

' 1 . log sin X. z. X . 

(x+ll(^4-2)(^±3)(ltll . . 4. VWsinx Vlog^ . 

^ (.r-lT(x-2)(x-3)(a:-4) 

^ ,, ,cotx 6. (sma;) . /• x 

10 Find when (tan x).^—(tan y)^. 
dx 

dy __y_ 

11. Ifx-y'=(a:+3/r-^” prove that^^-^ * 

EXAMPLES OF DIFFERENT TYPES 

E,. 1 , Difterentiate tan-3-.^boing constant.. 

Let ^ and put *=tan 0. “ =tan A. 


i 
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m, . tan X+tan 0. 

Then y=tan- an-'- tan (A+«)=A+J 

dy d$ , I 

dx=^=rf^(‘“" '*)= - - 


l+a:* 


Ez. 2. Find 


dy 


when 2 /= 8 in-' {^/x-ax-^/a~ax). 

Put V‘^=sin 9. Va=sm a. Then 

y=sin-* [sin 9 cos a-cos0 sin a] 

=sin-* [sin (^—a)]=0—a 
• ^ 1 

dx ~dx 2 V-*: 0 ~ 

Ex. 3. Differentiate x* with regard to x*. 

Now ^=9x*, ^=4^. 
aa: dx 

, dw dv da: « „ 

Ex. 4. Differentiate tan"'with regard to 

j tan~i "/l-f 1 

X 

Let j,=tan->.f^ and a=tan->-;^I±^-l 


X 


We.have to find-^ 


dz 


Now.j,=tan i ^^=tan-i (tan 2e), (wjiere jr=tan 9 ) 


V H : ^ i . . , 


Zss 





d ) 


:tan"i 


-m f ■ 

Bin 6 


®=‘an. 


=.= tan->(tin -|-)=} tan-J*. 


and 
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y= 42 , whence 4 ^= 4 . 


Ex. 5 . Fi«d 4 “ x=a(l—C 09 0 ], y=a{0 f sm f)- 

( U u 

„ dx dif de^dy dx 

dx df'dx de I de 

But =asm $ and =a{l+CM fl), 

dy _ a(l +COS e)_ ^ 
dx a sin (9 2 sin y cos 

=cot Id 

Ex. 6. /(x)=.r* sin-'- when and/(0)=0, find / (x). 

Can we deduce /'(O) ? 

Let ,v=/\x). 

1 1 

j-j dy 2x sin ——cos - for x:/:0. 


Now ^^;‘o 

Again ^rom th? 1 st principles 

/'(Ol=Lt-g-=j,''V""i'='’ 

"'( 0 )= 0 . 

Hence we cannot deduce /'(O) from / v^)* 

The student should note carefully that 

/'(a)= only when/'(x) is continuous at a. 

Ex. 7 . Fi^d the derivative of &pm first principles, 

du Lt -/sin (x+A)—V^i5_£ 

Here ^ -A ->0 h 


.1 


l.n 


Lt fsin fx+A)—sin x 


=A->0 


{h y 0\n(x -j-Aj + -/sin x} 


lU.I 
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... I vr' 

^ 2 co3{x-f sin H 

AO-* A{ysin(x-}-A)-f*V"sin x] 

cos(xH-^A) sin 

V^sinx * 

_coa X ^ It sin 0 ^ 

2'/smx • L • $~^0 Q 

miscellaneous examples 


Differentiate the following 


1. x4- 


l 


2 . 


a+hr 


■' c+dx 
5. {»') sin X®. (u) sec x*. 




i' I 


9* (»') tan~i 


Vi+^ 

1 


3. sin v^x. 4. sin(fl-|-6x«) 

V ■ 

6. sinPx**. 

(»} sin 


7. sin-'x=*. 

X* 


/x*-l 


(h) tan”^ 


■/x*+a* • 
X sin c 

1-i^JOS 


(in) tan-^(sin e-^). 

10. tan~i{tanA x). 

11. fin-. 

0 ’\-a cos X 

12. (<) with regard to ,?. (ii) sin i with regard 'to eos' *. 

13. x+ain x with regard to log x, 

x*-l 


/ 


/ I 


14. tanA-^ regard bo log a:. 


15. tan 


3x-xs ., . 


^ . with regard to 

} I --- ^ 


t 


t . 


f I 


16. Di£fereatiate «) tan'.'^^i with respect' to 


fcan-J*. 


.1 




2z 

ri !.i. (ii) tan7fj^ witid^speot tii 


l+«* 
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17. Find dy 'dx in the following cases : 

(i) x=a cos 0, y=h sin 0 {ii) x^a cos®<^, y=b sin^ <p, 

(iit) x=o(cos (+log tan-^), y=a sin t. 

18. cos-* (4x’-3i). *9- 


20 . 


+sin x-t-Vl—Sin X 

21. cot"^ ^- , 

VI-}-sin X—V I—sin x 


22. tan-. VL+J-V‘-i 

Vl+x2+Vl-3:2 • 

yi + x^yf-x^ 


23. log 




j 24 tan~' 


Vi+x-vi-* 

X 






+sin 


2 tan 


-1 


i=f] 

+x > 


^ I V 

25. Investigate a method of finding the derivative with 
respect to X of [/(x)]^^*^ and apply it to differentiate 


(sin x) 


sec X 


rt- , . .cos z , , .sin X 
26. (sin x) -}-(cos x) 


{ 


27. If*/ 


-V _ 
1+V 
1+V * 


show tliat 


28. 


1-fetc, ad infinitum, 

dy _ ^ 


XXX 


a-}- 6+ o+ 6-f* 

, 1 1 1 ' 
29. 2/=^+^-+ a;+ 


dz 2V^cV^+^V^* 

r-^ .ad inf. 


..] 


(' 


^ * 

. J 




30. a;-l-Vtan x+Vtan x fV.....adiaf. 
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(cos -...ad inf. 


31. y=(cosa:) 

32* y^z .♦.••.a 1 infinitum. 


33.' If Vsin x4- \/ • - - 

Vsin *+v.in x+Vetc. to co"’ 


show that-^1 ='=“ * . 

dx '2y~l 

34. Find when 

dx y ®^uals x. 


Diflferentiate : 

2g tan“*a; 

~V 

37. ,o,( ) 

39. c'** cos (6 tan-H) 


36. log(e-/*-2j| 

I ' x+2 f 

38. iogy®+''-i 

>^i+r- 


I 


f 

40. If «=sm->.^2 ^ ^ 

1+a:* 6 ~Y~^ -» prov 

that . ^= 1 +^. 
du dv 

41. Find the derivative to the right and to the left 

-Oofthefitnction/,.)=.tan-..; for ^0 and/.O, =0 ‘ 

•i.oea nqt «iBt. ^ “ * “ ®- ^ <»• Prove that /'(( 

at a point. '‘li‘‘the'ftnot'ior*“‘ “‘® '""‘“"itj' of a funotioi 


1.: 


.f 


'7 7'V.i 

• to • •} , , 

• * »i' j r. 1 


/( o )«0 


Al 
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continuous and differentiable at x=a ? Give your answer with 
reasons. 


44. Find from first principles the derivatives of: 
(i) sin ^ 


(in) (•») log sin a:. 



7- Geometrical significance of the derivative. 

LetP(.t,i/)andQ(.r+Sx, y+8y) be points on the curve 

y=f{x). Draw PM,QN perpendi¬ 
culars to the x*axis and PL 1 QN. 

Then PL=8a:, LQ=8y. 

If the secant PQ makes an 
angle $ with the r-axis, then 

By ^ ^ 

Bx PL 

Thus the incremental ratio is 

the tangent of the angle which the 
yy ^ secant makes with the a;-axis. 

Suppose now that y is continuous in a small interval about 
»•. WhL Sx-*0, Q approaches the fixed point? 
side and if the secant PQ tends to a limit position PB, we say 
that PB is the tangent to the curve at P. 

Let the tangent at P make anangle ^ with the ar-axis, then 

if/'(x) is finite, 

Hence fix) rerresent ihe slope of the tar,geni to the curve at 

the point P. 

8. Properties of the derivative. 

We consider a function which has a derivative eon-' 
tinuous in a given interval (a, 6). 

Meaning of the Sign of the Der^tive. 

(«lTf,i'W>OforaUvaluesofa:in^ 

incrmin^ function of a: throughout th e interval. 


=Lt tan 0=tan f 
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( 6 ) If «/>'(x )<0 for all values of x in the interval, <f>(x) is 
a decreasing function of x throughout the interval. 

(c) If <^(x) is increasing in the interval, 5 0. 

(d) If ^(x) is decreasing in the interval, <l>'(x) < 0. 

We note that the existence of <#>'(x) in the interval implies 
that ^(x) is continuous in the interval. 


We have 


Sx 


=^'(x) + a. 


where a tends to 0 with 

(a) If </)'(x)>0, then since a-»0, we can lake gx so small 
that ( a I <^' (x) 80 that ^'(x)-l-o>0. 


Thus we can find € such that Sy will have the same sign 
as gx for all | gx i <€. 


This is true for all points in the range. i 

Hence <f>(x) is increasing in the interval. 

(6) If ^'(x)<0, we have similarly ^'(x)+a<0. 

Thus gy will have the opposite sign to gx for all | gx j <€. 
This is true for all points in the range. 

Hence ^(x) is decreasing in the range. 

(c) If ^(x) is inoreasing in the interval, then $y has the 
same sign as gx, 



Hence Lt ^0,». e-, ^'(x) ^0, 

(d) If ^(x) is decreasing in the interval, then gy has the 
opposite sign to gx. 


t • : 


sx 


< 0 . 




Sx 


< 0 . e.. *'(x)4:0. 


Hence Lt 
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Cor. 1. If ^'(a:)>0 throughout the interval (a, 6) and 
then ^(r)>0 throughout the interval. 

Cor. 2. If throughout the interval (a, 6) and 

tji{a) 2 0, then ^(a;)<0 throughout the interval. 

Ex. Show that ^(.r)=x® is increasing in the interval 
{ —1, -|-1) and ^(x) -^O at .c=0. 

It follows that if the derivative of/(x) is not zero at a 
point x = rtthe function always takes, in the immediate neigh* 
bourhood of that ])oint, values greater tlian as well as loss than 
the value/(w) it takes at that point. For example it takes greater 
values to the right of x=a if the function U increasing and to 
the left of .T=a if the function is decreasing ; similarly it takes 
less values to the leftof ;r=a if the function is increasing and 
to the right of x=n if the function is decreasing. C<)nsequent!y 
if /'(a) exists and is not zero, then/(a) is neither the greatest 
nor the least value of fix) in the immediate neighbourhood 
of .r=a, that is in the interval (a—S, a-1-8), however small 8 Diay 
be. 


II. RoUe's Theorem. 


// the function f{z) is continuous in (a, h) and possesses a 
derivative in the open interval (a, 6) that is the derivatms at a 
and b may not exist and J{a) =0, and f{b) =0, then there must 
be at least one value of x between a and b for which f'{x)=(i. 

It is given that /(a)-0, /(6)=0. If the function is 0 
throughout the interval, then it is constant in that interval 
and consequendy its derivative is 0 througliout and the 
theorem is proved. 


If the function is not zero throughout, then at least one of its 

bounds is different from 0. Let its upper bound (or its lower 

bound as the case may be) be different from zero. This bound 
is attained for at least one value ofx, say x=c, so that/(c) is 
its upper bound (or lower bound ns the case may be). Then 
/'{c)=0. For if/'(c) is not zero, then / (x) is either increasing 
or decreasing at x=c and in either case it takes values greater 
than as well as less than the value/(c) in the immediate neigh¬ 
bourhood of x—c\ and consequently /(c) cannot be its upper 
bound (or lower bound as the case may be). 
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Cor. If/■(a) =/{ft)and the function possesses a derivative m 
(ff, h) then there is at least one value of x between a and 6 for 
which f'(x)=0. 

Consider the function </>(.r) £./{•*■)—/{«}• 

<i(a)=0 and <^(6)=:0 and consequently there is at least one 
value of X, say r, for which ^'lc)=0. Bxit {x) and 

consequently /'(c) =0. 

Geometrical Illustration. Draw the graph of the function 
f{x) from x=o to .r=6. The graph is a continuous curve 
bavins; a tangent everywhere in the intervals. Ihe theorem 
says that there must be some point P on tlie curve tlie tangent 

at which is parallel to the'x-axis. 




IIIv Mean Value Theorem. 

Letf{x)be afunnUon continuou.9 in {a, b) and possessing a 
derivative in the open interval [Oyh); there exists a point c between 
a and b such that 

f{b)—f{a) — [b - a) /' (c), where a<c<6. 


Consider the function 

-/(«)} - -/(«)}• 


From the given conditions it follows that ^(x) is conti- 
mupus in (a, 6), po^esses a derivative and ^(a)=0 and ^(b)=s 
0. Tlierefoi;e (jy RoUe’e Theorem there exists a value of 
a:(say c) between a and 6 such that <f>' (c) =0. ‘ 


But <^'(^)=(6-aj/'(x)-{/(6)-/(a)} 

Therefore ^'(c}=i0 gives us > . 

(6-a)/'(c)-{A6)-/io)}=0. 
or/(A)-/(a)=(6-a)f(c), a<c<5. 

irll 

The relation is commonly written as follows ' 

* C HI ooiioH 
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Let h—a^h or t=o+A ; then since c lies between a and 
6, that is, between a and o-j-A, c—(i-\-9h where 0 is a positive 
proper fraction (orO<0<l). 

Thus the above relation becomes 

/(a+A)=/(a)+A/'(a+5A)»0<d<l. 

Note- The geometrical meaning of the theorem is as 
follows : 



Let QPR be the graph 
of f[x) in the interval 

(a, 6). 

Let the chord RQ 
make an angle 0 with the 
X-axis. 

OA=a, OB=6. 


. MOR niA-m 

tan 9 =tan NQR— , 

The theorem asserts that there is some P°‘“* f 
O and R where the tangent to the curve y ^( ) P 

^ ^ np Ip if a curve has a continuous tangent at 

For, if X. and be any two values of a: m the interval. 

)Jl7-/(x.) = (-»--i)/'«=). 

because the derivative is given to be zero. 

Therefore/(x2)=/(a:i). 

Hence f{x) is a constant. 
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."SLiriS- 

For Ih. 'i“"*“’J"4!te*“o”Sr“l B^rfoS’lho ^o™' 
-«f)'{x) is zero throughout the jntervai 

tion /(x)-<#'(x) is a constant in that interval. 

V. Cauchy’s Theorem. - 

T 4 Ai \ fix) be functione coniinuous tn (a,6) 

be not zero in the interval. Then 

J{b ) where a<c<fc. 

It may be observed that ■#. (6) is not equal t° ' 

m=m then fW=0 for some value of x lying between 

a and 6, which is contrary to the hypothesis. 

Consider the function 

F(;r) L {.#.(6) - .(.(a)} {%)"/(“)) " 

F(x) is obviously continuous in the interval and possesses 
a finite derivative ; and also F(o)=0, F(6)-0. 

Therefore by Eolle’s Theorem F'{c)=0 for a<c<b. 

But F'(ir)={-(>(6)- 4‘{a)}f'(x) - {Rb)-f(a))<l>'{x) 
and therefore F'(c)=0 becomes 

{.j>(6)-</'(a)}/\c)={/(6)-/(a)}<?''W- 
Dividing by (c) and we get 

fib)-!{a) /'(c) 

4 ,(b)-Ha) </>'(c)- 




■ 

Show that ^^^cohtinually decreases in the interval 


(«. i)- 


Let 4»(a;)= 


sin X 




« 
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Then 4>'{x) = ^ £(_^_- tan x) ^ 

Since ^(r) and ^'{x) are continuous and ^'(j:)< 0 (x<tanx) 
in the interval [o, ^ J . 

<l>{x) is decreasing. 


Ex. 2. If .c>0. prove that x—logll+a:)> 


if!. 

i+x 


X* 


Let ^(x)=x-Iog(l-fx)-i - 

1 


• • 


-j 


^x 

(l+x)2.c-x2_ X* 

(“l W 


> 0 . 


1*. (-i') is positive in the interval (0, oc). 

(x) is increasing in the interval. 

But ^ (U)=0. Hence ^(.f)>0. 

EXAMPLES VIII 

1. In the theorem f{b)—fia)~(b—a)f'{c), if/(x)=x2—3x—I, 
a=l, 6=3, find c. 


2. Show that 


tan X 


X 


continually increases in the interval 


3. If y=2jr^—!)x*+12x—6, find the range of values of x 

for which y is increasing and that for which it is decreasing. 

% 

4. Verify the Mean Value Theorem for ^(,r)s=x^ in the 
interval (3,4). 

5. Show that e-^ (x—2)-|-x+9 is positive for all positive 
values of X. 

6. Prove that (x-f 2) log (l-hx)>2x for x>0. 

7. Show that x*—6x*d-l5x4-3 is always positive if x be 
positive. 


x^ 

8. Show that sin x lies between x— and x- 

6 


“6 120 
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Show that log(14-^) lies between x—~^ and x— 


.'or a;>0, 

10. Show that 


«—l>loga;> 


*—1 

X 


and a:*—l>2x log ar>4(a;—1)—2 log x for *>1. 

11. If '^(a:)=0 has two equal roots, show that ^'(a:)=0 

has one root equal to either, 

12. Show that if a root a is repeated r times in the 

cquation/(a:)=0, theniti6 repeated (r-1) times in /'(a:)=0. 

13. Determine a, y, 8, so that the curve 

i/=ax^4 /32;*4*yx4 5 

may pass through the point (—1)4)» touch the x-axis at the 
point (3,0) and have its tangent parallel to the x-axis at the 
point for which x= 1. 

14. Find a point on the curve y=x* at which the tangent 
is parallel to the chord through the point (1, 1), (2, 8). 

15. Differentiate a determinant of the third order whose 
constituents are differentiable functions of x. 

[Differentiate the constituents of each row (or cohimn) and 
leave those of the other rows (or columns) untouched and then add 
all the determinants so obtained.] 


16. Determine the constants A and B such that 
A/(x)4B ^(x) has the same value for x=ia and x=sa4^. Hence 
show that under certain conditions 


f(aH)-f(a) J'ia-^-e h) . • 

' >(a4A)-<^(a) ^>4^^* 

' 1?. Show that if/'(x) exists in the open interval (a, 6), 
then 


* ■ /(ar4A)-4/(a:-A)-2/(x)=A*' r(x+eh), 

number between —1 and 1. 

.»*** 

18. Discuss the applicability of Bolle's 

to. tfo fonction f{x)=2+[x- 1)1. Illustrate 
rqugh sketch. 


^ .0 


when $ is some 

Theorem in (0, 2) 
your answer by 
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CHAPTER in 

4 

SUCCESSIVE DIFFERENTIATION 

1. Successive Derivatives. Let y=/{x) be a function 
of X having a derivative in an interval. If that new function, 
y'—f (x), possesses a derivative at a point x, that new deri¬ 
vative is called the second derivative of y and is represented by 

orDV- la the same way, the third 
dx^ 

derivative of y is the derivative of y" and is denoted by 
2/"> 2/3./"(3:) / 3 (-r)or D^. Continuing, the nth derivative (or the 

dx^ ’ 

derivative of order »)of y is the derivative of that of order (n -1) 
and is denoted by 0 y„. /” (x). /”(*) or D-'y. 

It may be observed that the existence of the derivative of 
brder n at a point x requires that the derivative of order n - 1- 
must exist and be finite in the vicinity) of the point x and must 
be continuous at that point, and consequently all the deri¬ 
vatives of lower order must be continuous at and in the vicinity 

of that point. 

Ex. 1. If ^3. y* . 

Here 

y^=4.3.2.1, ys=0==yi=y^= • 

Ex. 2. If sin X, find y^. 

Here —cot x, ya = ” ® osec^x, 
and y 3 ”d"^ cosec^x cotx, 

9 Successive Differentials. If the differdntW.dy of Iths 

r is differentiable then the differential .of 

rftTcaUed the second differential of y=/{x) and is. denoted 

by d^y ^ 

This new differential depends on the relation which ws 
ihis new^u ttie variable x and its diff^renp# 

wish to the same for aU values ofx an^w^^ 

iL the same for each successive differentiation, we mhy regard 


ilir 
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as a constant and then we have 

dy=S'(A 

d^=d[f' (x)dx]={f’(x) dx]dx=f’{x)dx» 
=<J[/'(*)^**] = {/"(*) dx^}dx=f'’(x,dx». 

d»y=d[f'‘-^{x)dx’‘-^]={f''{x)dx«-^}dx=f’'{x)dx'’. 

From these equations it follows that 


. 




d"y 


dx 


dx^ 


dx’^ 


.1 


Therefore the nth derivative of a function is the quotient 
of the nth diTerential of fhe function by the nth power of the 
differential of the variable. 

3. Standard Results. The determination of a derivative 
of any order for a function does not present any difficulty, 
except that the calculations may be lengthy.^ But the pro¬ 
blem of finding the nth derivative ot a finctioh, n being 
arbitrary, is more difficult. However, fpr elementary func¬ 
tions, the solution is quite easy, 

.it . r ' • 


I. Find the nth derivative of (ax-j-b)®. 
Here y=(ax+6)‘“ 

y,=ni(jn—1) 


1 


/ '. 1' I n', 


yn=m(m—1).(m-^+l)a'*(ax+jW®”'*^ 

Suppose m is a positive' integer ; tnis derivative reduces 

to the constantly if n^m, and, that is zero if n>m.^ Tl^ere- 

fore the nth derivative of a polynomial of degree less than 
n is identically zero. 

H • * ^ • I 

IL Find the nth derivative of log (ax+b). 

Here y=log (or-f 6) T . ‘ ^ x, 

y,=(-]l)a»{ax+6)-* , 

i\S} . .t • . . .U‘) Ml- / 


fM 


•I 


7 


jittH 
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y3=(- l)(“2)a3(aa;+6)-3 


yn = (“l)(-2).(-n-l-l)a«(ar+ft)"» 

n—1 


(-1)” ,n 


i-e., y„-( 


1 


Cor. If y=ax+b 


2'”=(a7+6)--“’’ 


III. Find the nth derivative of a-^. 


Here y 

vr- 

Vr 


log a 
(log a)* 


yi»=a-^(loga)«. 

Cor. If 

IV. Find the nth derivative of^sin (ax+b). 
Here y=:sin {ax-\-h) 

y^—a cos [ax-\-b)=a sin^tzar+ft-f- x) 


yj=a*cos ( 0x4-6+ g) 
=a* sin{ax+6+2 ) 

' * * w . 


• » 


{ . 


Therefore yn=a” sin ( ax+b+n g)' 

Similarly if y=co» (ax+b), . , , 

« a ) . • « i 

y«=a“ COS ( ax+b+n p*'. ' 

V. Find the nth derivative of sin (bx+e). 
Here y=e<^ sin (6x+c), , ^ 

gin (6x+c)+6e'*^ cob (6x+c). 
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—e"^[a sin {bx-\-c)-\-b cos (6x-i-c)] 

Let o=r cos 6=rsin(9 
so that f 2 =a^-f .62 and tan $=bja. 

Therefore y^^=re'^^ sin {6a;+c+0). 

Similarly (6a:+c-|-i!0), 

and generally yn^r^.e^-' sin (bx+c+n^). 

It may be shown in tlie same way that if 

cos(bx4-c), y<t=r” cos(bx+c-f-n0). 

It may be remarked that the reader who is acquainted 
with the Intearal Calculus will observe that in the above 
examples if we take n= —1, we get the integral of the function 
concerned. 

4. Sometimes preliminary simplifications render the 
problem of finding the nth derivative of a function quite 
easy. 

Ex. 1. If y=s8in®x cos*x, find y„. 

Here sin®^ 2 sin x 

1 /I—cos 4a;\ . 

=t( - *, -)“■"* 

= “ (sin X—sin x cos 4x) 

o 

~ 1 6 a:—sin Sx+sin 3x) 

[ 2 sin (x+n ~)-5« sin (5x+|^ 

+3« 

Ex 2. If y=€-*^ sin^x, find y^. 

Here y=^e- 

4 

s Bin X — T smZz 

4 4 

/. 2^e* sin^ ) 
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— 1 - 10 ' e*" sin (^c-\-n 

EXAMPLES 7X 

Find the nth derivative in the following cases :_ 

1- , 2 3 -1 • 

1-fa; 1—a: a—bx 

V-t i-fT. 6. sin a: sin 

7. cos X cos 2x cos 3a:. 8. cos^a: 9. cos^a:, 

10 . sin a: sin 2a:. 11 - £2*'sin^x cos^x. 

12. Find and when y= 2 ^ log x. 

13. Show that the equation 

(ih ds , , 


a—bx 

6 . sin X sin 2.(:. 


“ V' 


is satisfied by s=Ap. - cos (ai+6), for all values of A and li 
provided that a2=rt2—JR 


14. If y=(a-f 6^6show that 

15. If y=(A+Bx) cos ifcx+(C+Dx) sin fr, prove that 


dx* 




k 

—-r“X 


16. y=e - (A cos nx-f B sin nv). prove that 

2+‘S+(-+l‘->- 


17. If y=Xe 


cos show that^H" 21:^ -\-n^y~^0 


where n^=p^-\‘k^. 
18. If j sin qx, show that 

^12/ 2of^-+(aH6%=0. 

dx^ dx 
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19. If piovethat 

dx d^y dy d^x 

’ dt*, 

dx^ ~ 

^dt) 

d^y 

20. Find when x=a f^-sin $), y^a (1-cos $). 

% 

21. ' If x=2 cos /—cos 2/ and y=2 sin t —sin 2/, 6nd 

22. Tfx=sin/, y — ^\npi, prove that 

23 '^iaj^-{-2hxy-\-hy^-\2gx-\-2Jy-\-c—{iy show that 

^ ^abc-V'^fgh—ap~hg^~~ch^ 
tfx*"' {hx-\-by-\-ff 

ax-^-hy^-g . 


f-V. 

rfx* 


[Hint. , 

C/a: /ia;+6y4/ 


-- > 


^^__(a6-A2j{o^_j.^^2_^2Aa:y4-2px+2/y-f c) - A 

{Ax-il6y+/)8 

A 

(hx-\-by 

• I 

Observe (hnt x{ax-\-hy-\g)^y{hx-{:hy-\-J)-\^gx~\-Jy-\.c 

=axH6yH2A®^+2j?x+2/2/-fc.] 

24. If y=sin mx+cos rwx, prove that 

2 ,„=m" sin 2mx}-. 

5^ Use of Partial fractions. Assuming the decompo¬ 
sition of a rational function into partial fractions to4)e possible' 
its nth derivative can be easily found by first spUttinc it im a 
partial fractions. ' ‘‘ 




• i 


Ex. 1. Find the nth derivative of 

X 

x*- 3 x +2 Ti . 

% 

Here V- 


.i. 
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Let 


X _A B 

(a:—2 )(j:-1)^x-2 "•“x-T* 


Therefore x=AU—1)+B{x—2). 

In this identity, putting x=l and x^2 successively, wc sjb 
B= —1 and A=2. 

2 1 


Therefore 


X—2 x—\ 

and n {^ 


— > 


1 


) 


(x-2)"+i 

Ex- 2- Find the nth derivative of 

2x+l 

^“(x+^(x-3)2’ 

2x4-1 A B C . 

(x+2Kx-3)“a:i-2 + x-3 ■*"(x-3)2 


Let 


Therefore 2x-M =A(x-3)*-f B(x-3)(x+2)-{-C(x+2). 
Putting x=3 and x= -2 in succession, we get 


2 

C=i 0“'^ A=- 25‘ 

Also comparing co-efficients of x* on both sides, we get 

0=A+B; 

3 

therefore B=—• 

zo 

The nth derivative is therefore 

3(-l)"t» 3 (-1)” 


n 


25 (x-|-2)«+i "^25 (x-3)"+* 

7 

+ 5 (*-3)“+* 

6. Use of DeMoivre’s Theorem. W hen the denominator 
of a given algebraic fraction does not break up 1““ 
linear factors, the method of partial fractions can still be 
used by resolving the denominator into linear factors real 

imaginary. 

1 


Ex. If 
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(—1)?^| n 8m{n+l)^ 


L. y«= 


7/+2 


where x=a cot 6. 


Here y = 


Vn 

Now let X 

Vn 


•_ ^ _ 1 ) 

(X—i'a) 2ia n x—ia x+m' 

1 


(x-f ia){x—m) 

(-irM« /___ 1 

2ia [ {x-iay‘*'^ 


(x-f 

r cos ^ and a=r sin $; then 
(—1)“ I n / 

= (,(cos0-i8m^)-<«^i) 


“(cos $-\-i sin 


4 

But by DeMoivre’s Theorem 

(cos e—i sin 0)-"-i=cos (n-f l)^-f t sin (n+l)0 
and (cos $-{-i sin tf)-«-’=co3 (nf sin (n-i-l)^. 

rru f sin(n+\)0 

Iherefore y,i=-— 


ar«+i 

(-ir I n 

=—Sin«+10. 

This result is often wanted and the student should be able 
to obtain it immediately. 

Note. If the denominator contains some imaginary linear 

factors, the nth derivative of the fr=«ction may be reduced to 

real form by the aid of a form of DeMoivre’s Theorem namelv 
that * j> 

(cos 0-\-i sin 0)«=cos n^+i sin no, 
where n is a positive or negative integer. 

EXAMPLES X 


Find the nth derivative of the following ; 

1 - . 2 ** 

A* f At d It! 


(x-2)(x+l) 

1 

(9x*-l)' 


(a:-3)(x+l)' 

5. «H4x+I 


TT. 3. 


1 


2-x-»* 


1 
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7. 


Id 


13. 


15. 


1 


1 

1 

ar^’ + l ’ 


X 


18. tan ^ 


X 


8 . 


11 


14. 


16 


x^—a* 


1 


x^-x-rl 

1 


9. 


12 . 






(a:+l)(xHI) 

X 

a^+x^ * 


17. 


a 


19. tan“^ 


‘Jx 


J-aj2 


20. tan 


-1 


1 

(a2+a:V* 
X sin a 


1 -X cos a 


x~\ 

21. If y=x log prove that 

, ^'/ x~n 

y,. =(-!)» h-2( — 


a:4-n 


1)« / 


.{x-iy^ ■ (x+l) 

7. Leibnitz’s Theorem. The nth derivative of the 
product of two functions of x. U ^ Junctions of x 

having doriratires of any desired order, then, 

f (u t;)=’«Co « V» + "C| «1 >'ii-i + ”C2 ^2 

aar” 

+.-f-”Cr'Ur Vn. r-h ■ ...+"Cn'WHV. 

This theorem can be -easily proved by the method of 
Induction. 

Let US assume that the theorem holds for a ,particular 
number n, so that 

^ U D" u+”Cr u V 

.^ -f-.+y D" at. 

Then diEfeientiating both sides of this equation, we get 

D"+' (u f)=« D''« »+(l+"C.) D « D- a 

, ,,«c 4.«C.) D'u D"-'•*■“ «+. +aD'+-u 

+.tlnD"«uA'C.D.uD"« 

_l_ .. .,.+«+iCr !)'■ 'n t' +.V tt. 

Therefore, .if Leibnitz's Theorem iholds .for .anyj)aFticular 
inumber at, it also holde .for n+1. 
iBut 'by dftrivation, 
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D (« v)=U Vi+V «!, 
and {u v)=u 2 w** 

Hence the theorem holds for n=2 and therefore for n- = 
and therefore for n = 4 and so on ; and hence the theorem is 

generally true 

Ex. 1. Find the ?ith derivative of 
Here let u=7? and v=t"^, 

by Leibnitz’s Theorem, we get 

D»(x3 e^)=:^ a'‘ 

+«C2 (Cj) e''-"+"C3 (G) a« -» 

=st'»-t a"-® a* a;^+3n (n—l)a’a 

+n{n—I)(n -2)}. 

E*. 2. Find the nth derivative ofsin qx. 

Here let and v=sin ax. 

Then D« {u v)=a:*a» sin (ax + "g-) 

+"Ci 2x.a«-^ Bin( ax+—~- tt ) 

-f 2.a"“* sin ax-\r —g- 

= 0 " a:*6in( ar++2naa«-' sin(aa:+»-f 

Ex. 3 Differentiate n times the equation 

(1- c*) 2/2— 

D« [(l-a:*)!/2l=(I-->-’)y,,+2+ni-2®)y„+,+"*”^- (-2)y„ 

D"(3*2/i) — +*w+i 

D«(m®2/) = 
therefore the result is 

(1-a^) y,»+2-(2»+l) 2/«=0. 

8. Sometimes the general value of the nth derivative of 
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a ftinotion cannot be easily obtained ; but we may be able to 
find its value for x=:0. 

Ex. Find the value of the rith derivative of 

[log 

for a:=:0) 

Let y={Iog (ar-f-V )* 


Then 2 1oM*+Vl-r.^) 

and (1+a:*) 

Differentiating again, and dividing by 2yi, (provided that 
it is not zero) we get 

Differentiating this n times by Leibnitz’s Theore^n, we 
have 

( 1 + a :=^)?/;;+2 + 2n:c ^/.+i-hn(n-l)i/^-hxi/,,^i+ni/„±0, 

or (l+a:')y„+ 2 +( 2 »+l)x y;;+i+n’^ 2 /«= 0 . 

Kow in this equation let z tend to 0. We get 

Also as z tends to 0, we have 

Hence (uV) gives 
and 


(Hi) 


Observe that the process is valid only when the deriva¬ 
tives are all continuous at x=0. 

9, The Operator D. Let D be a symbol which stands for 
differentiation, say with respect to x on the function that 
follows it. That is to say, let 

Dy=/-(y) or Dy=g. 



StTCCESSlVE DIFPBSBNTIATION 



Tr»n 

It follows therefore that the result of ths operation 

which D stands taken n mes in succession will be • 

ax’* 

Also let the operations which consist of the ooeration D 
lepeated two, three. n times in succession be denoted by 

D^, so that D'*y stands for^ and not() 

ax’* \ dz ' ‘ 

From the abope it follows that D{a?/) =afDw) provided that 
a is a constant. 

<^"+D")y=s;3^a+-S=(^"+i>"')s' 

and 

It follows that D"* T>'*y='D”*'^'^y. 

* . 

If a is a constant, the following equations dehne the mean¬ 
ing of D-ba, <i-f D, Da and oD, regarded as operators : 

(D+a)y=Dy4-ay=(a+D)y, (Da)y=D(ay)=aDy=(oD)y. 

Hence if a, b are constants, 

(D i-a)(D+6Vv==(D+a»(Dy+6y)=D2y-f-6Du+aDu+o6v 

= {DH(a+6)D+a6)y. ^ 

Ifa=6, then (DH-a)®y={D*+2aD-fa*)y. 

Thus so far as addition, subiraction and multiplication are 
concerned the operator D combines with itself and with constatU 
according to the laws of Algebra. 

Ex. 1. Evaluate (D*-f a*)tan x. 

(D»+a«) tan a:=DHan tan x=~^-[Un i)+o* tan a:. 

=2 sec** tan *-l-a* tan *. 
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Ex 2. Evaluate (D—a}^ sin x. 

As a is a constant, therefore (D -a)^=D^—3aD*-J-3a^D—o^. 

Hence (D—a)^ sin x 

={1>^-*3«D2+3q’D— a^) sin x 

=1)^ sin x—3ai)‘' sin a:-)-3a-D sin x—sin x 

= —cos x*f3a sin x-fSa- cos x—u^ sin x. 

Ex. 3- Prove that (D—Ian x/(x*sec x)=2 sec x. 

Hence tan x is not a constant, therefore we proceed as 
kiows: 

{D—tan Xj(x2 sec x)=D(x“ sec x)—x^ sec x tan x 

=2x sec x+x^sec x tan x— x-sec x tan x 
=2x sec X. 

(D-tan x)^ x^sec x=tD—tan x){(D-tan x){z^ sec x)} 

=(D—tan X)[2x sec x) 

=i)(2 X sec x)— 2x sec x tan x 

=:2 sec x4-2x sec x tan x—2x sec x tan x 

=::2 see X. 

It should be observed that (D—tan x)^ does not here stand 
for D- —2 tan xD+tan-x because tan x is not a constant. 


EXAMPLES XI 
Find the nth derivative of: 

1 . xV. 2. 3. cos x. 4- log x. 

5. log X. 6. tan-'x. 7. x sin hx. 
g jf y_^rt.cX, where X is a function of x, show that 

+naX ^|2 ^ a^X^ 


^ J y 

9. Find the value of ( 


sin^x cos X 
25b"' 


)• 


10 


^ prove that y„=(-I)«^a"-isin"+^^eos(n+l)^ 




where (?=ian '{x—x+ai ^ 

11 Tf«=A(x-l-V^'^-n"+®(^~V'^^-l)" prove that 

“■ ^ (x2-I)i/2+a:yi-»V=0. 

Differentiate the latter equation n times by Leibnitz’s Theorem. 


SrcCESSIVE DIFFEREKTIATION 


01 


12. If a:=cos ^ - log prove that 


1) ?/24-3'yi-m*y=0, 

and {z ^-1 )y^ 2 ++1 )^y„ + 1 + 

13. If y—sin(m sin~^x), prove that 

(l-a:2)y2=:ryi —mV, 

and (1 -*,)^ 2 =( 2 n +1 ^ I+(»’“- 

XJse the latter equation to 6nd the value of y,^ for ar=0. 

14. If y=e^ X, show that 

n—a;*)y«+2-(2n+l)a:y„+,-(n2+rt2)y„=0. 

15. If y=(sin“^j-)2 show that (1 —^/A —2=0 and 

deduce that (1-a’’) -.t=^"l=3. 


16. Tfy=(sin *«)* .; prove that^^Q^-'’*'^ 

1/ft 


Sin 


17. If prove that for x=0, 

18. Tf y=(a:+Vl-j-a:2)'«, find (y„)a:=0. 

19. If y=a cos(lo 2 a:)+6 sin(log x) show that 
*^ 2 -f-^yi+y= 0 , and 

20. Ify=e*'®^ X show that 

(l+;r>)y2+(2x-IV,=0,(l+x%^24-{2(n+:l)x-13»^^^ 

+n(nd-l;)r/„=0. 

21. Show that (D- tan x)^(.c®sec x).=6 aec.x 

22. If 2>*=a* c03V+^'^ sin-^, prove that 

p2 

23. For -4^^-+4y=0,.findnand.a. 

24. If.XTf;y = l, show that 

d«, 

.da:« =My'" -.(nci) V" rh{nc.)V"-?.c*+.... H-.f -aj)«x«}] 
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25. If 2 /=1 prove that 

i—z 


D"w« = 


z:^\ ^1^ 12.2* ^ ^./ 


(1 


26. Prove that 

j)„/>og^N_ (-1)" 




•;i4 


’ \n /, ,11 1 \ 

__(iogx-i-2---. 


7. If log .r, prove that 1. 

28. Show that 

P sin( ‘T^+”J)+Q cos ( ^+*20 

\ it 


.«tx 


andD<--) = 


P cos( 3:+^)“^ ( ^"1" 2 ) 


.«+! 


X / 

where ^=x’*—n{n — \)x"~^-^n{n—l)(n~2){n—Z)x'* ■ ••• a-n 

Q=nj:«-‘-(7i-l)(n-2ja:"-*+. 

29 If In=^''"^c '» prove by the method of Induction that 

1 

—f—)» - . (Halphen) 

* x«+i^ 

30. l(y=zh'‘. show that 

^ n{n-l) f^-n(«-2) + ~[n-l){n-2)y 


da:« 2 
31. Prove that if ac'^h^ 


dx 




dx 


'-C+ 26 x+cx^)__ 

Xcos( (n+1) tan-^ ) 


64-cx 

32. Show that the nth derivative of (e-*^-c'^) sin a: 

for the value of x=:0 unless n is of the form 4m -2 when 
value ifl (-l)«+*2« 
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Prove that 


the 


value when x=0 of 


d» 

dx'^ 


tan”‘a: is 0, 


jn-1, —(ra—1 according as n is of the form 2m, 4m+l> 
4m+3, m being an inleger. 

34. Find the nth derivative of 

that for a:==0, it is 0 when n is of the form 4p+2 or 4p-h3 and 
it is |n or — in according as n is of the form 4;> or 4p+l. 

35. Show that the nth derivative of sin x sinA x vanishes 
for x=0 unless n be of the form 4m+2 when its value is 


3 ^ 

36. Prove that the value of nth derivative of-,., forx=0 
is zero if x is even and is — [n if x is odd and greater than 1. 

37. From the identity x'", x^':^ x'"'” prove by Leibnitz’s 
Theorem that 

nir+Cimr_jni+rC 2 »ir_ 2 ^ 2 +.+nr=(ni+n)r, where 

l)(ni—2).(m—r-j-l). 

38* By finding in different ways the nth derivative of x 
prove that 



n 


i+^ + 


> , n»(n-I)» n*(n-l)*(ji-2)* 


+ 


R28 ' 1*.2*.3* ^. 

Prove by induction or otherwise that if D stands for 


CO8®0 


d$^ 


then tin 20)=(- I)'* 


n (cos 0)'*+^ cos 


{c+l) (i -. ) i ■ 




CHAPl'ERIV ... • 

PARTIAL DIFFERENTIATION 

1. Although in this elementary work we are concerned 
mainly with functions of a single independent variable, it will 
occasionally be useful to have an idea of functions of two or 
more idependent variables, a thorough treatment of such func¬ 
tions is difficult and we will restrict the discussion to simpler 
properties only- 


2- Functions of Several Variables. If the values, the vari¬ 
able M takes, depend on the values, attributed to the variables 

X, y... .then u is sa:d to be a function of these variables 

and is usually written as u^J {x, y... 

If w e consider only two independent variables x and y a 
])articular pair cf valu< s of x and y can be represented geometri¬ 
cally by a point P in a plane, whose rectangular co-oidinates 
arc X and y. The simultaneous variaMon of the two 
variables is then represent- d by the displacement of tho point P 
in the plain. When we can give to x and y all the systems 
of values, corresponding to the point P lying anywhere in a 
j)orM6n D of the plane bounded by a closed contour 
C, 'and on the contour itself then x and y are said to vaiy or 
lie in the domain D, the curve C is called the frontier of the 
domain. In pai ticuiar, if x and y vary respectively between ix^,X 2 ) 
and (yj, y?) then they are said to lie in the rectangular 

domain bounded by these values. 

The variation of three independent variables x, y and z can 
also be represented geometrically by the variation ot the point 
P in si>ace, whose rectangular co-ordinates are x, y and z. If the 
point P can take up all positions in certain volume D bounded 
by a closed surface S and on the surface itself, then x, y and z 

are said to vary in the domain Band S is the frontier of the 

domain. Ifx, y, 2 vary respectiveh between (Xj, Xg), (yi, 2 / 2 ) 
and (z,, Zo), then the domain is said to be rectangular. 

In’the case of more than three variables our geometrical 
intuition fails to provide us with a picture of a region in more 
than three-dimensional space but, we say by analogy with two 
• three dimensional space that the variables vary in hyptr sp^ce 
' extend the above terminology to the general case. In 


'1 
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particular, if x, t .vary respectively hetwoen X 2 ), 

WitVa). ih* ^ 2 ) .the domain is said to be rect¬ 

angular. 

3 . Dafinition of Limit- Let f{x, y) be defined at all points 
in the neighbourhood of a point (a, 6) except at tlie point itself 
(it may be defined at the point, but this fact is quite irrelevent 
in the definitioni. Then /(x, y) is said to tend to a limit c when 
x->a, if, corresponding to a pre-assigued positive 

number €, however small, we can find a positive number B such 
that 

\fi3^,y)~c I <€ 
for ! z-a I <S, 1 2/-6 I <5 

The definition may be illustrated geometrically as follows:— 

Represent the function by a surface 2 =/ix, ?/). Draw the 
planes 

2=rC+€, 2 = c-6 .(i) 

x=a—S> y=6 4*5, t/=6-S. .(ii) 

These six planes form a rectangular parallelopiped. 

To say that f{x, yt tends to c as its limit is merely to say 
that those points (x, y, 2 ) of the locus 2 =/(x, y» for which (x, y) 
lies in the square (ti) of the xy-plane—the centre (a, 6 ) being 
omitted—are all continued within this parallelopiped. 

It should not be supposed that 

Lt f Lt •, V ) • 1 I ^ 

*_»o i y -»6 i 

y^b { /(®' 1 

For example 

Lt C Lt y—r , Lt. —* , , 

x->0 \ y-^Oy+r) ~ x->0 x ~ 

Lt c Lt y—Lt y 

y ->0 I x ->0 ) - y^Ousually these two 

limits are equal. This study of double limits is very stiff and 
beyond the scope of this book. 

The function f{x, y) is said to be continuous at the point 
. ,ft),If/te y) is defined at every point in'the neighbourhood 

01 (o, 0 ) and has for limit /(a, 6) when ax and y tend respectively 
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towards a and h in any manner whatsoever, that ifl to say, given 
€, a 5(6) can be found such that 

I M »/)-/(«. I <€ 

whenever 1 x—a \ <8 and j y—6 [ <5. 

If (a, 6) lies on the boundary of the region, only such points 
[x, y) are considered as lying in the domain. 

This definition can be easily extended to a function of 
any number of variables. 

4. Partial Derivatives. Let z=J,x, y) be a continuous 
function of two independent variables x and y. If we give to 
y a constant value and Jet x vary, z becomes a continuous func¬ 
tion of x alone ; if it possesses a derivative, that derivative is 
called partial der-vative of z with respect to x. This partial 
derivative is, therefore, by definition, the limit of the ratio 


f(z+&x, y)-^. yl 
6x 

and is usually denoted by/r, /x(^> V)* 


ox 


2z 


or -f- to distinguish it from the differential co-efficient 
obtained by making the remaining variable y an arbitrary 

dx * 

functin of r and differentiating by the theorem on dlfferentiatton 
of function of function. 

Similarly, regarding X as a constant and y as the variable, 

we define the partial derivative of z with respect to y as the 
limit of the laiio, 

My±_sy)TM 5 ^0. 

sy 

We represent this by the symbols fj, f\(x, y), D,/(x, y) 

?? or — ■ 

' 3y 3y 


5. Partial Differentials, y Bx and By are defined as 


/- 8x and 

?x By 

partial differentials, where Bx and 8y are arbitrary increments 
of X and y respectively. 
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?z ?z 

It may be remarked that ir— and .— are symbolic ex- 

3a; dy 

pre^sioTis and cannot be decomposed as quotient of two differentials. 

Geometrical interpretation. 

The partial derivatives and can be easily interpret¬ 
ed geometrically. Let P be the point (x, y, z) on the surface 
given by z=f(x, y) and let DPF and APB be sections made by 
planes through P parallel to the planes YOZ and ZOX respec¬ 
tively. 

For points on the curve 
APB, y is constant. 

<z 

Hence is the gradient 

at P of the curve APB, that is, 
the tangent of the angle which 
the tangent at P to the curve 
APB makes with the x-axis. 

Similarly is the gradient at 
cx 

P of the curve DPF. 

Ex. 1. Find ^ » Yy 3aa:y. 



?z 


Here ^ =Z3^—^y and =32/*—3ax. 

Ex. 2. If/(a:,y)=sin(c''^+e^.>'), 6nd 

Here ^ae^ cos {e°^-\-e^y) 

<x 

and cos 

cy 

Ex. 3. If «=tan-i show that 

x—y 

.ft 

* ^^ 

x-y 


It 

ly 
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?U 


‘ 

cx 


=x. 


1 


1 


\x~y/ 


X 


( a^-y)x3a:^— (x^-t- -tf) >^1 

{^-yY 


)l 


X X (2x®— ^xhj —j 

{x~yf-\-[3^-\-y^Y 


?« 


=yx 


(x-y) 32/2 -(x5 +2 /^)X-I 



{^-yY 


yx (3i/2ar—2^^+x3) 


{x-yY-\-{^^fY 


cu 


, .X ^ 


, cu i>(ar*—y^ —x^M+xw®) 
2(x3+y3)(x—y) 


Again, sin 2i/ = 


2 tan u 


(x--y)2+(x3+y3j2 

0 


x-y 


l+tan^ u 


1+( 

^ x-y' 

2(x3+y3){x-y) 


{x-yY-\-[^-\-i/Y 


_ • 


Hence the result. 


6. Paitiai derivatives of the second order may be defined 
in a similar manner. The partial derivatives f'x^x, y) and 
/'^.(x, y) are themselves functions of the two variables x and y 
and might therefore possess partial derivatives. The derivative 
/r {x, y) with respect to x is denoted by /, y) or 

^2f 

^ , , and that with respect to y is denoted by the symbols of 
ex'* 


cycx 


f^y> f ,rj>ix, y)t 

In the same way, the partial derivatives of fy (x, y) with 
respect to x and y are respectively denoted ^by the sj-mbol as 

fyxJ^'j'x or and Z,.^,/ix, y), or • 
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Similarly, partial derivativef of higher orders can be easily 
defined and are denoted by corresponding symbols. 

Definitions, similar to those given above, hold in the case 
of three or more independent variables. 

Ex. 1. y)=a:"’y'*, find all the partial derivatives 

up to the second order and shoiV that 
case. 

Here = mx"-' y’>, 

Ar 


and 




cx 

}y- 

^yex 

, ^^-n(n-l)y«-V«. 

=nmw"-^ 

3x3y 


so that 


av a*/ : 


2xdy 3x3y 


in this case. 


Ex. 2. Find and 

3x3y 


in the following cases and 

v-.,, ?yBx 
show that they are equal: — (») sin nx 

(«) log (c^+e>'). 




3*u 


(t) -ip =e”*-^n cos nx, —■ =nm e'^>' cos nx 


and 


3x 3y3x 

3u o*a 

=m sin nx, ^ =fnn cos nx 


ay 


3x3y 

therefore in this case. 

dxdy 3y3x 

_e^ ^ 3*« - e* ©y 


.... 3u 

(«) 


cx e-^+a?' 

3u ey 


3y3x 

3tt 


ey.$* 


3y e*+c>' 3x3y 


Hence 


3*« 3*n 
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In fact it can be proved that under certain conditions 

the order io which the successive differentiations are perfor* 
med is immaterial. 

7. Theorem.* If a continuous function u=f{x, y) 
possesses Jifst and second partial derivatives continuous in the 
neighbourhood'of a point (x, y), then at that point 






and 


8y?x ?x3y 




are defined by the equations : 


/Sy. 


dycx 

^f __ Lt Lt ( f{x+Bx,y~\-Sy)—f{x,y+Sy) 

dycx~ Sy->0 8.i->0 I Sr 

fix-\-Sx, y)—f{x, y) ■) 

8x ' ' ■* 

?*/ Lt Lt f f(x-\-8x, y^ ^u] —f{x-\- Sx, y) 

2xdy^ Sy^O I Sy 

y-{'Sy)-f(x, y) ) 

By ^ ' 

The expressions on the right are identically equal to 
{f{x+Bx, y-\-By)-f{x, y-\-By)-f{x+Bx, y) 

y)]lBxBy=i'(Bx, syh 

Applying the Mean Value Theorem to the function 

y)=f{x, y-\-By)~f{x, y) 

in which y and 8y are regarded as constant and x variable, 
we have 

a 

cx 


<l>{x-\-Bx, y)—*h{x, y)—Bx ^ J>{x-\-$i Bx, y) 


=83^ ( ^ /(a^+fli8*, y+Sy)- Sx, y)) 

^ qX 

(Apply the Mean Value Theorem to this difference also) 

=By -r~ Sa;, sy)- 
?y dx 

where Oo are positive proper fractions. 


rl^isx, By)=~^;—^ fi^+^i y+My)» 

cy c* 
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Similarly ^ {Sx, Sy)= 2'+^* 

Let and By tend to zero in any order, 4> represents the 
same value independently of the order. 

2y cx dx Zy 

The theorem holds under more general conditions, and is 
beyond the scope of this book. 

EXAMPLES XTI 

1. Find the first partial derivatives of 

_1 _ 

Zu c^u 


u—- 


Find 


- I ^ and 4^' in tke following ; 

Zx Z^ cy By* 


X 


2. ii=stan“^ — 

y 


3. 4. t4=e>'si 


sin X* 


Show that in the following cases 


cxZy ZyZx' 


5. /(*.y)=y2+y- 


6* /(a:, y) cos ny. 


7 . /(x, y)=sin (e^+e->'). 8. /(x, y)=8in-i.^' 

1 


Va:*4'y*+2*’ 

verify 1 

that 

3u 

, Zu 

, Zu 

®ax 


* 

ar®-h6y*-{-C2*, 

verify 

that 

Zu 

, Zu 

, Zu 


+ 

+ % 


—O, 


11. Find S' where 

3x 3x* ZxZy 
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«=x2tan-'^--2/2 tau-i y* 

it being assumed that x and y are both different from zero 
12. If . show that 

A ^ a 


a% , _Q 


13. If u=sin-' - +taa-‘ show that 

y 

aw . 

ax ^ ^cy 

14 If 0=(”e find n such that 

J.2 \ It f cl 

15. If P''®''® 

-2^ O0 

c * J_ ft ^ - —-t-• 

-Tf + ' ^ 

16. If u=fl.xHf). pro'^® 

=. : y- 

ax ?s/ ^ 

17 Verify that if s=3xy-2/^+(*/®-2x)' 

?22 ^ 3^2 dh / a^g V 

18. Show that if z=*^ (4) ,+ V ^ ) 

?22 C^Z , 2^^^ __0 

then x 2^^2 +^^^3a:ay ^ 32/* 


19. Ifw 


• -1 I 


show that 


a*« 


__a^ 

a — 
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8. Differentiation of Composite Functions. 

T.t y) be a function of the variables x and y, 

possessing continuous partial derivatives, 

TTurther let a: = >(>(t', be single valued functions of t 

V. t-\ F A' tt\ and if/ (() exist and are continuous. 

t is a composite funct on of ( which possesses a 

derivative given by tlie equation 

du a/ dx , cj^ . dy 


yyw v'j I • 

~dT^^ dt 


that is 


du 

dt 


dx ?w 


dji_ 

dl 


.(A) 


For by hypothesis, to each value of t eorrrsponds a unique 

point (J, y) and to this point (x, y; a v i 

mav be regarded as a function oi t. 

When ( takes an increment Ut x. y and consequently u 

take the corresponding increments 5x, Sy. and gu. 

Then8a=/(*+Sr, y+Si/i-Myl 

■ 8a=[/(*+s*. y+^y)-f^’ y+si')] 

+[/(*. 

We apply Mean Value Theorem to these differences. 

The first difference , , , „ . , . , 

Hx+Bx, y+Sy)-f(x, y-Hy)=^Sxff{ Wx, y+By) 

[regarding /(*. 3 /+ 8 y) as a function of * alone and letting * 

range in the interval (i, i+S)*] 

and the 2 nd difference , „ „ . 

[regarding/*, y) as a function of y alone in the interval 
(w V+8V)1, where 0, and 0, are positive proper fractions. Hence 
iu=fx[x+0i Bx, y+By) Bx+fy(x, y+e^ By) Sy...(l). 

Now we may write 

/^(x+l9i8a:, y-\-Zy)=h{Xy y)+a 

and/y(x, y)+P . ^ u * j * 

where Lt a=0, Lt p==0 when gx and hy both tend to zero. 

' Thus gu= ^ Sx+|-Sy+aSx+^Sy.(2) 

dx dy 


have 


Dividing throughout by Si and letting g(-»0 as its limit we 


Lt 

8(^0 


gu 

Si 


Lt a/ 8*, 1 

St-»0 3* 8 t 61 


Lt 


3/ 8 g 

3y St 
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But 

Lt 

_dx 

~at" 

Lt 

St 

dy 

dt‘ 

Thus 

dtt 

* 


dx 
^ — 


dy 

dt 

dx 

dt 

dy 

dt 

or 

du 

— du 

dx 

du 

dy 

dt 

dx 


dy 

dt 


• •• 


(A) 


Note 1. In the same way it can be shown that if 
y» 2 ) where x, 2 are function of I, then 

du dx , dv . dz 

~Tx 


dt 


dx 

dt^dy 


dt 02 


dt 


This can be generalised for any number of variables x, y, z 
... .all functions of t. 

Note 2. In the above work, if we assume that that 

is x—t, then y) and equation (A) becomes 

dy 


_du _ 3Wj_ 

dt dt dy dt 


Here 


d’l . 

dr 


dll 

Jt 


have different meanings. 


The derivative -r— is formed on the supposition that 


dt 


^ is the limit of ~ 
at oi 


an explicitly named variable t alone varies ; on the other hand 

where S« is the change in u due (t) to 

the change 8t in the explicitly named variable t and (»i) the 
change Zy which is itself due to the change 5^. 

Note.3. liu^f{x,y,z -) where x=i^(^ r,..) y=0,r...) 

then it follows from (A) that 

d'l 

dx- 

du 


cu 


dt 

du 

dr 


dt cy 


dy j^du 


dt 


dx . du 

Yr dy 


dz 

du 


dt ^ 


4-__ 

dr dz 


+ 
ir ^ 


+(B) 


and so on for other variables 5 etc. 
Ex. 1. If u=x^^+y\ then 


du 


dx 


=2x and ; 

dy 


if 
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x=szat^ and y—2aJ, then 

dll 

dt 


^ ?ti dz . du dy 

3a: di 3y (i7 
=2a;.2a/+3y,2a 
=^4aH^+SaH, 


If we directly takeii=a-^+4a*i*, we again get 

^J^=4aH^+SaH. 

cLt 

Ex. 2. If «=/(<, where y itself is a function 

of say y=:/*+l, find by the above ruleand verify the 
result. 


Here 


du _ 3m , 3tt dy 

dt 3^ 3y * dt 


=2t+2y2t 
=2t-{-4t(tHl) 

=4tH6/. 

Also directly «=t»+(t*+l)*=t*-|-3t*+l 

du 

and — ^4t3+6t. 
dt 


9. Difierentlable Functions and Total Differentials- 

Letti=/(a;, y) be a function of two variables and let 5u be 
the increment in u corresponding to the arbitrary increments 
8a; and 8y given to x and y. u=f(x, y) is said to be differ- 
satiable if we can write 

S'^=A8x+BSy+a-Sa:-fje8y (1) 

where A and B are independent of 8a; and 8y and a and /? tend to 
zero as 8a; and Sy tend to zero in any manner whatsoever. As 
particular oases 

A, B, o, jS may be zero 

The part ASr+BSy is defined as the total differential of u 
and is denoted by du. 

If we take 8y=0 and then let 8« tend to zero, we get 

Lt 8tt _ 3 m _ » 

3* 



V 
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Therefore 


du= 8:r+ 


..•(2) 


If we take u=j or u—y in (2), we get 

f/x—5x and dy=By, 

and therefore replacing 8a: and hy by Jx and dy in (.) we get 

» •V 




...(3) 


Tt mav he remarked that equation (3) is more general than 
equatlor('2, bVcause in ,2), x and y are independent variables 
whereas equation (3) is free from such restrictions. 

Thus we have , , , , j 

du=^f,xdx-{’fjdy 




H) 


Equation (3) may also be symbolically written as 

d,==(lda: + -^)/. 

Similarly for three (or more) independent vaiiables 

,„^lf,l.+ lldy+^dx. 
cx cy 


The reader is reminded that wheri u f(x, ^ j \jiffer- 

one variable, then if the the derivative 

..tiable, and if the_function is Variables, the,, 

xists. ISutwhen w derivatives exist but 

then J(X, y) is differentiable. 

it“'”'i " "■ ■ 

determined by applying the above rule. 

■ . ,^'i^dx+^-^dy 

d*u^d{du)~‘ 2 x 2y 
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.dxdy+ 


ax* Zx?y c^y 

which may be symbolically written as 



More generally, it can be shown that with tha same 
symbolism 

dx+^y) f 

11. OifferentiatiOD of ImpUcit Functions- 

We shall now show how to find out when /{x, y)=0. 


Let f.x, y)=0 where 



exist and are continuous 

ay 


and is not zero. 

ay 

Since /jx, y)=0, therefore f{x-\-^x, yd-8y)=0. 

Thus 0=/(x+8x, y-l-ay)-/{x, y) . „ 

=f/(^4-Sx, y+5y)-M y-\-8y)]-\-\f{x, y+8y)-/(a:, y)] 

Applying the Mean Value Theorem to each difference, we 
get 


/x(«+0i hx, y+8y) 8«-f/y i^y y+9t Sy) 8y=0, 

where and are positive proper fractions. 


Thus . 

Sx fy[x, y+y^sy) 

Proceeding to the limit we have 

dx iy 


This is justified only vphen 

3f . , 

IS not zero. 

iy 



I 


iy 


(i) 


arc continuous and 
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Thus under the conditions stated above if /(a*, y)=0, then, 

^2'=o. 

cx ^ dx 

Differentiating this again with respect to x by the same 
rule, we get 

^ vlf ,IL 


cx ' eij ax 

ay . JVL , lf_ 

-2 "i r 


or 


or 


cx^ ' cycx dx cy ax^ 

,(J!L+lL<!iVy=o 

^\3xcy dx /dx 

'^■f Jll ^ , iV3/ 

‘ dxey dx cy^ Vx / 'ey dx^ 

We thus get, after has been replaced by its value, 

dx 

(i)’ 


dy 

dx* 


?x* \du /ax a?/ aa:?? 


ax av cxcy'^cy ^^cx 

:/.3 


(f) 


Similarly the higher derivatives can be found. 
Ex. If/{x, 2/)=x5+2/®-5a=*xy=0.find^ • 

Here =5(x^—a®y), =ofy*—a*x) 

cX ry 




dy _ X*—g^ y , 

dx ~~y*—a^x 

EXAMPLES Xlir 


dv 't d^y j 
1. Given that/(*. 2,)=*H/-»*=0. And ^ and and 

verify the result by finding y in terms of a: and then differen- 

Given that/!*, y)=x^+f-Saxy=0, find 

and 2 ■ 
dx dxr 
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dB 

3. Find the value of for a triangle whose angles A, B, 

C are such that sin B sin C-|-sin C sin A-f-^in A sin B=A. 

4. Assuming the formula for total differentiation 
du }.u dx dudy . , dv . , d^w 

in terms of x, y when /(x, i/)=0 and prove that 


4 

5. If X, y, 2 are connected by two equations of the form 
fix, y, 2)=0, <^(x, y, 2)=0, determine the expression for ^ • 

6. Ux^+y^-3z-{.a=0, z^~2y^-x^b=0 ; find 

dy . dz ’ 

'7.' Given the equations 

^+^+2^=3xy2 and x-j-y+z—0, 

find and — • 
dx dx 


8. If^x—r cos $, y=r sin Q, find the values of 

)f constant (§1)^ constant 
result geometrically. 


9^’‘'^ay** 



I J 

PM=f 8 j=PN, neglecting infinitesimals of higher order. 



no 
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PN 

PQ 


^=BiD aNQP or -^=8in [e+B 0), 

• 0 X 


Therefore in the limiting case 

26 1 • /, y 1 

9. If x=r cos 6, y=r sin $, show tha t 


<••)(!) 


I ^ 

'0 constant V ex*y constant 

constant 2x constant 

Yx^-^2?=7^\2i}^\2y) 

06serraii(ww on Examples 8 and 9. 


= —sin d> 


\i 


\J03€TVCU%i/ltC V#fr w vp#*w 

1 It is often necessary to change from cartesian to polar 
co-ordinates or vice versa. In this operation we use the equations 

x=r cos sin ^ .vU 

^Or their equivalents r=-\/x^+y* and 9=tan-'-|-) 

. These four variables y. r, & are cooneeted by two rela- 

tioDS (1). so that any one of them can be expressed m terms of 

two others Thus « may be expressed in terms ol 

(i) or (ii) r X or {Hi) 0. x. Similar remarks apply to 

the other variables. 


2 . In such transformations: 

9 /_L\ — means 

means V- 3 ,const.; cy 


i 


( 

\cy fx constant, 


means 


-(gf const.; 90 ( 3 ^ )r constant. 

\ Much confusion can be avoided if we express:*: and y 

in teL ^"polar co-ordinates tefore fimlin, the four partial 
■ 1 ffl.jpnfq ^ — Similarly, it is desir- 

differencial co-efficients 3^. 

able to express r and 0 in terms of x and y before find, g 
3 r 3 r to find f and ^ , it is more eon- 

ix’^y ix dy- 3* 



PARTIAL DIFFERENTIATION 


111 


voaient to use the relation 0 =taD-i | whence we easily get 


(-) 

^cx /y 


const. 


1 


'i ^2 I m.2 


x^+y' 


YTT y J)/?\ 

We can also get by differentiating y=r sin ^ 'keeping 
y constant, but it is very inconvenient as is shown below : 

^ {s") > wh jnce 


sin B X 
qosO^T ^ r 


y 

tan 0 


s 

y 


■"^X'y \dX y 

10. If «=F(a:-y, y-z, z^x), 6nd the value of 
9u 


, du 2u 

dx 2y~^ 9z 


[Put y— y^ 2 —t 2 and z—x^L 
?« 

9a; 


?? ^ . in ^^2, 9w 94 

» I r 


94 9a:'^94 9x‘^3t^ ^x 
944 94 


2«i^3y+a<,^3y+3r,><djr 

^ ' 9* , du An '* 

-5;x-'+s;x'+|« 

^ ' 

94*^ 94 

$ .a^, 3« at, 

« ati aa+5t, cs+^^ai- 


• ••^ »(1) 


I « 


» ; 


J 




.( 2 ) 



CO 
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...(3) 


that 


5i£ 

Adding (1), (2) and (3), we g,t^ +|^ + 3 “ =0.] 

n. Ifz=/{x-c0+<#>(a:-|-c0, show that ~= c*• 

12. If show (without assuming any formula) 

du~2x <fx+2y dy. 

13. Ifu=^tan-i , prove that (ia={x(iy—y (ix)-f(x2+/). 

X 

® p 

14. If py=jfc0 (fc constant), show that dp=-^ dv-\- -dS. 

15. If a:=r cos 5, y=r sin 0, r and $ being independent, 

show that , 

dj;=:COS 0 dr^rsinOde ; dy=siD e dr^-r cos $ dd 

and X dy—y dx—rH9- 

Also prove that dH^aoi 9d^r~2 sin edv d0--r cos $ d$K 
and d^y=&in Q dV-i-2 cos edr d9~r sin 9 

16. Given x=r cos 2 /=r sin where r and ^ are func¬ 
tions of t, prove that 

dx dr - A 

-^=~,-cos^—r sin ^ ;j 7 
dt dt dt 


dv dr d9 

ir-s * if 




di^ L dt^ 


di^~ldt^ V/^V 

, . dv dx ^d9 

Prove also ^til 

VU If z=xyf ), show that * 


dr d9 , . 


^ +y |?=2z. 

"^x ^ Tiv 
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Show that if 2 is constant, then 

/'(f-) ^ (^+4) . 

si^fv (y-^1) 

*18. If/(x, !/)= ,—-for x^O, y^O and /^O, 0)=0. 

show that/{z,^) does not possess a first differential at tlio 
origin 

*19. Explain why the theorem of the total differen/iul 
does not hold for the function 


2 =x sin ^4 tan~^ ^ ^ where 2=0 for x=0, y=0. 


at the 


origin. 

12. Application to small errors. It has already been 
shown that if y=/(v, y) where u and v are independent vari. 
ables, 

Sy=-T“ 5«'i-'^'2y+ei cM+f2 Sf. 


where Cj and approach zero with and gy. Consequently 
the above equation can be approxim'dely written as 



so that if 5u and <i:y arc small errors in u and v the error 
in hy is approximately 



Es. 1. A quantity y is derived from measurement cf a 
quantity x bv means of a relation y—J{x, t) where f is a para¬ 
meter connecicd with x by the relation ^(®, <)=0. Show that 
if an error ?x is made in the e.>timation of x, then the resulting 
error 8y in the mputed value of y is given approximately by 
the formula 
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?/ 


8y=- 


ex 


Here 6y=* s"' 

vX 


it 


dt 


cx 


d4> 

dt' 


8x. 




St 



St—0, approsimatelj^ 


Therefore Sy— 


?/ 

ix 


c<}> :J 
ct 


c4 

?X 


Sx, approximately, 


V 

Ex. 2. The luminosity L of a star is connected with its 
mass M by the relation L=a M(i -j0), where ^ is a positive 
number less than unity onnected with M by the relation 
1 —^5 s:6/?^AP, a and 6 being given con tants. 

If p is the percentage error made in the estimate of .^l, 
xpress the resultint; percentage error in the calculated lumi¬ 
nosity in terms of p and /? and show that it lies between p 
and 3p. 


Here SL=a(l—/?) SM—a Mc'i/S 
and -Sj!?=4m/3as;3+26)8'M6i\I 


or -S)8(l+46/?W)-26iS‘M8M. 


Therefore sL=:a(l—/3)8M + aM 


26^‘M8M 


~U4b0\^ 


S Ma 


44^>^\M2) +2(1- /g )oM/) 
(r4-'4h)83M2) 100 

Whence percentage error in L is given by 

(l-i3)(34 4Ay3'>M‘^). 

Pi- (i+ 46 j 8 W) L 
(1—ap'I 
= (14 46^3^2) aM(l - j8j* 
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which clearly lies between p and 3p. 

Ex. 3. A triangle ABC is determined from observed valnee 
of 6, c ard A. but it is afterwards found tlmt Lliare are small 
errors lb. tc and 8A in these quantities. Prove that the oonse 
quent error in R, the radius of the circle ABC is given approxi¬ 
mately by 

SR cos C . 86+cos B . 8c cos B cos C . 

_ — --+ " \ 

R a * am A 

We know that 


n 

a*=6*+f'-26r cos A and * 

62_pc2-26c cos A 

• p2__ Z. _ —-- — • - • 

• • 4 sins A 4 sin* A 

Taking logarithms of both sides 

2 log R=log (6*-fc*—26c cos A)—log 4—2 log sin A. 

If 6, c. A change to 6+56, c+8c, A+5A, the oonpequent 
change in R is given approximately on differentiating this 
equation totally. We thus get 

. SR 26.86+2c.rc—2c cos A. 86 —26 cos .A8c + 26c sin A.SA 

2 R ^ 6*+c*—26c cos A 


cos A 

-2 -r-. 

sin A 



• 9 


SR (6—c cos A) 86+fc—6 cos A)Sc+6c sin A . SA 


n* 
cos A 
sin A 

a cos C . 86+a cos B . 8c 


. 5A 


, /6c sin A cos A \ 

+ I ~ii — "—t- ) . 8A 

' O* Rin A / 


a* ■ \ a* sin A 


cos C . S6+C08 B . 8c /sin B sin C cos A\ 
“ a sin A sinA'^ ' 

But sin B sin C—cos A=8in B sin C+cos (B+C) 

=COB B cos C. 
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Sli cos C . 56 +cos B . Sc cos B cos C 

+-—r—. 5A 


K 


a ' sin A 

EXAMPLES XIV 


1. The error in the area A of an ellins^ clue to small errors 
in the lengths of the seiD-axos a, 6 is given by 

SA . 56 
A ■" n 6 

2. Two sides a, h of a triansle and the included angle C 
are measured ; find tlie error in the computed length of the third 
side c due to small errors To, S6, tC in the observed values of 
two sides and the included angle. 

3 . Tf the area of a triangle be calculat'^d hv measuring the 
side a and the angles B and C, show that the piopnrtional error 
in the area, due to small errors in the ni'^asiiremcnt is given by 

5A 5a c SB 6 50 

—O - I I • 

A “a ~^a sin B~^a sin C 

4. The area of a triangle ABC is ( alcniated by measuring 
a, b and C ; show that the relative error in area is gi\en by 

+cot c 5 c. 

A ‘0^6 

5. A triangle ABC is determined from a, b, A ; prove that 
if A receive an increment 5A, the area S receives an increment 
5S, where 

5S _ 


8A. 


sin A cos B 

6 The side a and the opposite angle A of a triangle ABC 

remain constant ; show that when the other sides and angles 
arc slightly varied, 

^ = 0 . 

cos B'^cos C 

7. If a triangle ABC is slightly altered but so as to remair- 
inscribed in the same < ircle, prove that 

^ ‘L _L A^-4. -=0. 

cos a"* cos B cos (' 
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S In measuring two sides of a triangle which include an 

angle of 30 °, one side is found to be 27 inches with a possible 
error 0-10 inch, and the other 13 inches with a possible error 
of 0.06 inch. What is an approximate value for the largest 
possible error in the area of the triangle due to the errors in 
measuring the sides 1 

9. The sides of an acute-angled triangle are measured. 
Prove that the increment in A due to small increments in 
the sides a, b, c U given by the equation 

6c sin A 8 A=—a(cos C Bb-^cos B Sc—So). 

Supposing that the limits of error in the length of any 
side are per cent., where p is small, prove that the limits 
of error in A are approximately 

pa* , 

±1*15.—;—T-degrees. 
be sin A ® 


10. The area of a triangle whose sides are a, 6, c is A. 
Prove that the error in the area corresponding to error Sa, S6, 
Sc in the sides is approximately given by 

2A SA=«*Sp—aSg—a6c S«, 
where 2s=a-t'6+c 

2p=o*+6*+c* 

11. If the density p of a body be calculated from its 
weights W, fc in air and in water respectively, show that the 
relative error in p due to errors 8 W, 8 w in W and w is 
given by 

8 t —tc SW 8 ic 
~W—u; W W—tt> 


12. In a tangent galvanometer, the tangent of the 
deflection of the needle is proportional to the current: show 
that the relative error in the value of current due to an 
error in the reading of the deflection is least when the 
deflection is 45°. 


. ® points, a feet apart, on a horizontal plane 

in line with the base C of a tower. The elevations n, p of 
the top of the tower are observed at A and B (/5>a). ^ 
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If X is the distance of C from the middle point of AB 
prove that the increment 6 z due to small increments S a, 8 ^ 
in a, ft is given by 

8.C, sin 2ft 8 a —sin 2a 8 ft 
X ~ sin(ft-ra) sin{ft—a) 


13. Euler's Theorem on Homogeneous Functions. 

A function /(x, y) is said to be homogeneous and of 
order n if f(iz, ty)=t''f{x, y), whatever t may be. This 
definiti(3n can be easily extended to a function of any number 
of varibles, _ 

Ifu=f{x,y) be a homogeneous function of order n and 
possess continuous partial derivatives, then 

ax ^ ^ 2y 

Since fix, y) is homogeneous and of order n, therefore 
whatever t may be 

f{tx, <y)=(« ;(x, y). 

Let tx—u and ty=v, so thst 

/*(«, (x. y). 


Differentiating both sides with respect to t, we get 


or 


?f du ?! dv ,, , 

x|-^ + y^'^=nr'~^f(x, y), 

?u ^ CV 


As this is true whatever t may be, let t 

?u, du 

equation becomes x ^ 

cW Cy 


.( 1 ) 

1 ; so that this 
.( 2 ) 


This theorem can be similarly proved for any number 
of variables and is called Euler s Theorem on Homogeneous 


Functions. 

Differentiating (I) again with regard to t and then putting 
1=1 we can show that _ 



=n(n—l)/(x, y]. 
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which can be symbolically put as 

(f y'>- 

\ cy f 

More generally, it can be shown that 

i ')™/=n(n-l)-..(»-m+l)/(j:, y). 

\ dx cy' 

The converse of Euler’s Theorem is also true, that is to 


a/ 


f 


eay. if a function /(a:, y) satisfies the equation x y ^- 

=ni{x, y), then it must be homogeneous and of order n. 
For proof the reader is referred to Forsyth’s Differential 
Equations, 


Note. It may be remarked that by / x— + y ~ \ we 

' cx cy/ 

do not here mean that the operator / + y^ \ is re- 

^ cx cy / 


peated n times but it stands for x” 






+ 


2" 


+ V" 

cy"- 


£z. 1. Verify Euler’s Theoreih for the function 

«=x*log— 

»'‘+y/, 

i 1 X X ' 

«t=x* log=x* log (x^—yi)—X* log (i;^+y^) 


x*-\-y 


3 * 


a i 1 ’ 

4r> log (af- y*) +x* -- -i4i» log (*?.+ 




% 








r; 


xi+yi 
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• ■ 


X 


du 


_A _i 

= 4 a^ *og 

I 1 






=4x* log 


(I) 


?u 



(2) 


and y ~=~ix*y^ 


■ ' ‘ - - o . _ • » • 

x--y- 

Adding (1) and (2) we get 

a: 4- y =4-^ iog^i::^-^4fi. 

?y xi+yi 

Ex. 2- If « = verify that 

x-y 

8u , . o 

x^ +w —=8in2«. 

?x ^ 

We have tan u—, which shows that tan w is a 

x—y 

homogeneous function of the second degree. Applying 
Euler’s Theorem to tan, we get 

X ^ (tan «) + y ? (t*au w)=2 tan u. 

ex dy 


t.e,t 


x^ feo*a+ y sec*u—2 tan u. 

2 x cy 

?u ?t/ 2 tan u . « 

X-— -f y - —-r o — =8«n 2«. 

3ar 3tf 8PC*a 
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EXAMPLES XV 

?u 


1. If v=r(aje^—bt/^)^, verify that X— + y 

2. If prove that 


-32 


= u. 


J. + ' s 


xy 




3- If 2 - "^ --, verify that + y ^-^=2 


?2 

'^y 


3*2 


and + 2 ^. 3 , 


+ 4^=0. 




4. If z = {ax^-\-by^)^ verify that 


.3*2 > I * A 

5. If f verify that w is of order —1. 

6, If tt=tan~*verify by the converse of Euler's 

Theorem that the order of u is 0 ; also verify that 

dht 3*u _ 


c** ■ 


• _L • 

7. Verify that the order of is l-n 

8. If 2 =x* tan-i(-|-) - y* tan-i(— prove that 


3*2 X*—y* 


3x cy a:*+ 3 /* 

9. If tt=(l—2a:y+y*) ^ prove that 


d 

?x 




10. 
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11. H w = /(*■)» w*^®**® sbow that 

cr 

12. liu^f{x-Jr y^+z^h prove thAt 


f y ff - 

“- + 5^=/''(r)+ i/',(r). 


a/ 32' 

13. If U=I"/ 

S +2*^ a/aj/ +!''a»2 =”<’*-*>“■ 

14. Given the equations : *u=+ye»=./, y«».-r.==-V. 

, a« aw an ^ . 

ax’ 

[Differentiating these equations with respeet to x and y . 


„a+2wxg+3p.' g-V'=0 
2 x «^“+ w '+ 3 t '' j / J - 2*!'=0 

3„.,3“-u2_2xe|-2xi,=0 


3u 




„s+3„2y- -2xeg^ 


;*=*0 


. (0 


..(it) 
...(m) 
. [iv) 


(i) and (Hi) give j-“, and and (ii) and (if) give 

15. ’Given the equations ; a:’+a:y=y, *^+2/“=^' 

?w • 

iT !-/(H.)whereH„isa homogeneous -‘f 

,grle;l-uppose that we get from this equation 

2 U aw F(“) . 

hen show that x — 


nd 


« 

CHAPTER V 

TAYLOR’S THEOREM 

* 1. Tjetf{x) and its derivatives up to a certain order n—1 he 

continuous functions of x for all values of x lying between a and 
a-\-h and let the ntk derivative exist. The formula of Taylor has 
for its object to expand f{a~\-h) in ascending powers ofh up toorder 
n and the expansion has the form 

/(aH-A)=/(a)+Ar(a)+-^r («) 

I ^ 







where M is defined by this equatipn and > is a function of ^ 
supposed different from zero. ».!• . ' ^ 

2. Lagrange’s Form of Remainder. The last term ;— M 


of the formula (t) is called the remainder after n terms and is 

usually denoted by Ro- fVe shall now find some expression 
for Ra 

Consider the function - ■ 

i{x)~f{a+h) —f{x)-{a-\-h-x)f\x) — ~ ^ (a:)-... 


(a+A—a:)””' 


f"”' (x)— 


(a+A—ar)**' 


M, 


where M is defined by {»). 

Now f (o)=/(o+A)-/(a)-A/’ (a)_. 




hn * ‘ P* ■ 


Uenoe by RoUes Theorem ^'(a+^A)=0» 0<fl<l. 


. : )- 


> a 
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therefore (a-fflA)=0, gives 

{h-ehr-' / or 

n — 1 ' 


M=/"(a+SA). 


/ 


Therefore (t) take^ the form 
]ia~rh)=fla)^ /'(a)+^/Ma) 


A«-i 


A" 


+ . /«'* (a)+ —yMa+^') 

n — 1 ^ 


...d) 


This is called Taylor’s Theorem with Lagrange’s Form of 

the Remainder. 

3 Cauchy’s Form of Remainder. On the other hand 
if the expansion of/(a 4-A) be taken in the form 


A2 


> /(a 4 .A)=/(a)+A/'(a)+ ,g / (a) 

+ /»-■(»)+AM, 


(») 


where M is defined by this equation, then M can be found in a 
different form 


Consider the function 


fn 


la-t-ft —-w fft /-.) 


^-i-A—5}"_ yM-i(x)—(ff+A—x} M. 

iw— 1 


Here ^(a)=0 because of (if), an^^ 

substitution therefore by Kolle s inouic ^ 


But (f>'(x) 


y„ (x)4-M; 

(»—1 
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therefore gives 


M= 


(i_^) 




71 — 1 


/" (■J+eA). 


Substituting this value of il in (n), we get 
f{a+h)=f(a)+hr{a)-\- ^ f{a) 


in-l hH 

+.+ , , f’-'{a)+~ {\-ny‘-^f"{a+eh) .(2) 

| 72“1 \7l — 1 

This is called Taylor’s Theorem with Cauchy’s Form of the 
Remainder. 

4. It has already been shown tliat if 0(3-) is continuous 
for all values of x lying between a and* a-f A, and if ^'(a;) exists, 
then 

^(a-}-ft)=^(a) {a-\-Qh)y .(3) 

(Mean Value Theorem) 

Let iix) =f^) + (a+ h-x)f'{x) + fix) 


+ . 


Then ^(a+A)=/(a+A) 
and 


na)+ 


ln-\ 

|w— 1 


(a) 


Also ^'(a:)=: -y« (a:), other terms cancelling, 

(0+97,)=-^^=^"- /"(o+eA). 

ITI— 1 

Therefore (3) takes the form 
/(a+A)=/(a)+A/'(a) + . 


+ 


A«-i 




prj /«-> (a)+ 


(4) 
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As before, the last term 

jg Cauchy’s Form of the 

-v» __ 1 


R„ = 

is indefinitely derivable, we can take a as large 
as we like La send back R„ as far as we like and if te" l9 

to zero when n tends to infinity, we can . 

indefinitely, the last term disappearing in the limit and we get 
the expansion olf[a+h) as an infinite senes, namely 

/(o+A)=/(a)+*/'(“) + .. 


get 


5. Maclaurin’s Formula. If in (D take a=0, h=z, we 

/(a:)=/i 0 )+.r/'( 0 )+ 


+ 


+,fI^/«-i(0) + 

► Tit I 




Similarly from (4) we get 


n^l 


Mex) 


/(X)-/(*')-l-3:r(0i + -j^. "(0) + 


When the derivalives of f x) are tends to 

as 


a r tioos l e-f Let /(ri=e^ be required to be expanded 

,we?s of X. "(.r) and /»fni -L , form of the 




^"^^re^r^ M^S^n^Xi^la :ith Lagrange’s form of the 
Remainder gives ^ 


1 +X+ “12 + 


+.+ 


X 




m-l 




where R« — 


X 


n 


fix 


n 
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Now whatever X may be. tends to zero when n tends 

i.u infinity and consequently R« also tends to zero. Hence we 
g *■ 

,^=l+^+^+,3 +. 

II. a'^. If we change x into x log a in the preceding 
formula, we get 


=1-{-a: log a+ 


(X log a 


+ 


III. sin X. 


Ify(a:)=sm a:, we have/"(.r)=sin(ar+n 



the values of/(') and its successive derivatives 
form a periodic suite of four terms 0 , J, 0 , — 1 ; 0, 1, tJ, —1 , 
.If we take n=2m + l, 

2 '«+i =sin [^x-|-(2m + l; ^ ] =f- 1) costfr. 


By Maclaurin’s Theorem with Lagrange’s Form of the 
Remainder, we get 


X 

sm 


+ In 


~2«-l 

.+(-ir-\o_ -+(~ir 


!2m—1 


i2m r I 


cos 0x. 


As in the 'case of €•*, the remainder approaches zero as 
n approaches infinity and therefore sin x can be expanded in 
powers of x to infinity. 

X® X* 

Bin x=x—.. 

o jc 

IV. cos X. Similarly it can he shown that cos x can be 
expanded in powers of x : 


4 


cos x=l — 


X‘ 

"2 
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V. lo-? {1+x^. Taking/(x}=log (l+.c), we get 
.-. log (l+;r) = i:- f -.+ (-1)"-“ 


71 — 1 


4F 




/ 1 

where by Lagrange's Formula R,,=:( —1)"“^ - ■ 

and by Candle's Formula R,; = ( — 

Jn tlicse formulae it is assumed that .r> 1, for otlieni’ise 

the function and tlie d^i ivatives shall not be determinate in tlie 
interval ( 0 , x) and tlie f .^nmla of Maclaurin will not be appli¬ 
cable. Ifxisposi iveanl <1, the formula of Lagrange shows 

that , R„ I is loss Iban ' . [f a: is negative but greater than a 

fixed number - r(-r beinr > -1), the formula of Cauchy shows 

I 

that I R,/ I ^ 2 “^- 

Therefore in botli the e-^ses, the remainder R„ approaches 
vero as n appro-.cl.es infinity. Hence log (1 + a) can be expanded 

in powers of x to intiniiy and we get 


X' 




log (l-l-x) —X— 2 3 4 

If we putx=l,wc have 

log2=l-V+^' 4 ^ 5 

VI. (l-!-x)"'- Binomisl Theorem. 

Taking/(x)=(l-xr. weget 

.(m-n+l)(l+^) 

We have therefore 

7W f"/ — 1 ) 

(i4-xr=i+"^^+ 


m-n 


-X 


4-.. + 


77? 


(m-l).. 14 -R,^ 

U. ^1 
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By Cauchy’s Formula 
^ m(m—l)(m—w4-l) ^ 

K„= - ^ '(H-fl')"'-" 

-(1+9.T) 


where U„ stands for ^ 

?n—1 


»+l) 


rr’ 


It is needless to remark that if m is a positive integer the 

expansion stops at the statre wlien n=m }~l, because the" fiotor 
m-n-f-1 is zero. If m is fractional or negative, then the 
expansion does not .stop. If.r is negative it must be > —1 for 

otherwise the derivative f%v) will not be continuous in ’ the 
interval (0, a;) when n>m. 

Now when | a: | <1, when it is clear that 0< I—(?< i 

and consequently ia a proper fraction and ^ 

I “pVJJ 

must remain less than unity, however largo n may be. 

Therefore | R„ | < | (I+fl.r)’"-i | X | V;„ | . 

But It IS known that when | * | <1, U„ tends to zero 
When n tends to infinity. Hence R,, tends to zero when n tends 
w intinity. Hence the exjinnsion to infinity is justified when 
® < 1 . 


cultv^'in *•'« nth derivative. The practical dilTi- 

he nth derivative can bo expressed in a controllable form • and 
consecjiiently the discussion of the remainder R offers creat 
ifflculties In particular cases, however, we can find /«(0)^and 
the expansion then can bo put down. •' ^ ' 


In this connection Leibnitz’s Theorem ia very useful 
As an illustration let us take, 

Ex. 1. jr=/(a;)=Esin {m sin ’a?) 


lYl-r 


cos (m sin-^r) 


(0 


(«) 
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m' 






(Hi) 


or il-x^)yi^=m^l-y^). 

Differentiating again, we get 
^ViVzi I - »') - 2x) = - 2m^ 

or (I -x 2 )r (x)-x/'(x)= 

By putting ar-~0 in (t), (tt) and (m), we get 

diLTirti^ii^ri^O^« times by Leibnitz’s Theorem 

WG llftVG 

/"+2(.i)(i-i"-)+«/''+’(')(-2*)+ "*7^"' 

,_„/'>{*)=-m«/"W 

Or (1 -i^)/"+=(*) - (2n +1 {^) - 

and therefore when x=0 

Y,-• rtj : 

the derivatives above the second for ®=0, because 
the first two. 

/4(0)=(22-m*)f(0)=0 
/6(0)=(42-m®)/''{0)=0, 
and so on ; thus all even derivatives are zero. 

Again /3(0)=(l*-m")/l0)=m(l*-m ) 

and so on, the general value being 

/2«-i(0)=m(l*-7n2)(3*—.{( 2 n-d) rn 

Hence sin (m sin-^x)^rnx+ —j-g ^ 


+ 




|5 


. 


u is clear that if is to 

ends after a certam 30 that x=siii 0, we get 

sinm0=w sm 0+ 1 ^ 

m(l*-m«)(3^::^ gin® 5+. 

+- 
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Cor. 2. 

oos md 


Similarly we can get 




As a second illustration, let us take 


Ex. 2. y—/(*)=e 
yi=/'(*)=« 


a sin"** 


a sm*^ X 


a 


ay 


w 

(»•) 


' • y 

• • 


iin) 


yi—X* yi—x* 
yi®(l -x2)=oV- 

Differentiating, we get 2yiyj(l—x*)—2xyi*»=2ayyi 
ory,{l-x*)-xyi=a2t/ 

».e., /'(x)( I -x2)—x/'(x)=aV(x). 

Setting x=0 in (t), (ii) and (ni), we get 

/(0)=e‘'-l,f{0)-a,r(0)=a« 

Differentiating (iu) n times by Leibnitz’s Theorem, we get 

Putting x=0, we have /”'‘’*(0)=(n*+a*)/«{0). 

Therefore putting n=l, 2. 3.we get 

/»(0)-(l*+aa)a 

/M0)=(2«+aV(0)=:{2»+a*)o« 
m=(3»+a»)f{0)=a(l»+a*)(3*+«*>), and so on. 

Hence *=!+„,+ 

, °*(2»+a») ^ 

•f* I J T 


Remarks. It may be noticed that e® * can also be 
expanded as 


o sin”^ X 


l+(a sin-^ »)+ (ojin^ 


12 


(3 


• • • • 


Comparing the powers of a, a* in both the 

Bin-«*=,+J^ . 


expansions we get 


(i ' [6 

(sin-i X)* X* 2* 

12 

and soon 


='2+14 »*+ W •'+ 
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EXA:\rPLES XVI 


Assuming the possibility of expansion, prove the following 
results .— 

1 . h xli^ 

1. [x ". 

2. Bin~*(^H-ft) = 

. , , h ^ X n\ 1+2x2 h\ 

g,n-ix+ ^ + .. 

V> (1-xr ^ 

3 log sin (x+/0”l‘^JJ ^in x-\-h cot x 

/i2 , cos X 

o-coscc^ .r + ' . :r +.. • • 

“ Q 3 sim X 


4. sin m(x+/i)=e'*'^[sin mr-l-/i{a"+)rt-) X 

sin (Hi.r+</))+ (a2-|-»ip sin (mx+3</.)+ . ] 


ffV 

where tan — * 

5. tan-i x=.r— ^ —- 

-j3 2.r* 

6 . tan ^=0:+ j3+j3y +. 

sin a: , , , a:2 3x^ _ 

7 . « = 1 +*+ 1 . 2 “ 1 . 2 . 3.4 

gJ 2 x* , 4 r* 

8. - =l+a:+ + + ••• 

r*ns T Z i ^ 


COS X 


■xd''" '■ 

^ f;' ^ 

. V-^V 


9. cos 6x=l + ax+ 


.2.L. + 


- -^'3 


x« cos (h tan“i +■••.. 
I n ' ^ 
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sbowiog that the expansion is always valid. 


V-j; 


10. ein bx=bx-\‘abx ^-\— 


‘ia^b-b^ 


11 . 

12 . 


(a2+6*)2 . / b\ 

+ ,....+-—1 -x”8in(ntan'^ -W 

1^ \ a / * 

/ 2x 

Expand sin""^ powers of x. 

Prove that/{ma:)=/(a:)+(w—1) xj*{x) 

{m-\Yx^ (m-lj3x3 

+ I o - / w+ —, Q- 1 (a;) 4 -... 


13. Expand sin (e^-1) up to and including the term in rt* 

14. Show by Maclaurin’s Theorem that the first five terms’ 
in the power series for log (1 +8in *) are 


, I® x^ ^ 

^“2 ■*‘6 “ 12+14 


15. Show that log tan +x)=2a:-f 

16. Show that log (l+e*)=:Iog 

17. ' Expand cos x and e^' sin x in powers of r d^A +v. 
nth term and show that the expansions hold for all valu^ (S’» 

18. If y=^(8in~*a:)*=ao+aiXd-ag * 

i 3 

show that an+ 2 ~n\t= 0 . Hence expand y. 

19. H y=tan->a; show that y,( 1 +.r-) := i ; uso the result to 
find an expansion for tan“^ x. 

20. If s/=8in ~^v=ao+a^x-^a^^-\-a^a^~\. . 

prove that 

(*) ( 1 —(»») («+l)(n+2)o„.,=„2a„ 

/:i:\ -•_Li„ .1 . i 3 


(m) sin“^x=.T+ 

r'V 


2 3+2*46 


21. Prove that'(x+y{ld-x*)n=i+ftj._|. 
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, n(n2-12) ^ , n2(«2_22, ^ . 

+ 3 :*:•+ —j x-\- ^ x»+...., 

and deduce the expansions of 

log {x+Vl + *"F {*og (3:+V^^+l) )*- 

22. Show that 

Hiog (i+x)P=^-(i+i)^- (i+i+J)4-- 

x“ an , 

23. Show that if e-^ sinx=a(,+aiX+aa --2 + ...+-p^«T 

then Oi„=0, aj„+i=(—1)"4'*. 

24. Prove that 

ar"- 2x^ 

log (l-a:+a:-) = -x+-y+~ +" 4 " “ "^"T ’' 

25" By means of the expansion of c* and log (1+a:) prove 

that 

/, 1 x'" /. 1 11 , \ 

(*+ n) ( ■2r+24n2"l6»>+-‘'V 

when n is large. 


26. 


T> fv. , sinfl (l + l=)aini_^ 

Provethai _^ = l + --j- + - -j-- 

+ (i± 2 ').«_+(i±i!)(L+i!) 3 in-«+... 

3 ^ 14 


27. Given that f-ij+x=0 ; by developing y in powers of 
X by Maclaurin’s Theorem, show that y is equal to 

x-|-x3+3r'+12x’d-..- 

8 x2 X 3x* ^, 

-—-.....or -1 -^ 4 .g J 0 +... 


X 3 x 2 

O'’ 1 “ 2 “ 8^ 


28. If ?/-6xy-8=0, show that 

1 X3 X* 


v=2+x- ~ ^;3+i;4 +. 

29 Can sin 1 'i or log * or cot a; be expanded in ascend¬ 
ing powers of fby Maclaufin’s Theorem 1 Give reasons. 
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A* 


30- Given that/{x-f A)=/(x)+A/'{:i:)+ ^ I r{x-\-0h), and 
j{x)=7^, find Q. 


31. Given that /(a:)=/(0)4-^/'(^a:), O<0<1 ; deduce 
Maolaurin’s Theorem. 

. ji 

32. I Given that ^(a+A)=</)(a)4-A^(fl+^A) where 0<^?<1, 
prove that the limiting value of when h is diminished inde¬ 
finitely is 


[/(a -f A) =/(a)+A/'(a -f (9A) 0 < < 1, 

also f{a + A) =/(o)++ g^.gh) 


• • 1 


/'(a+0A)=/';a)H- {r(a-he^.ffh) 

e= when A->0. [See Ex. 31] 


because Lt /‘'(ai-0,oh)=> Lt f"(a-l-0,.eh)-\ 

A->0 ^0 J 

33. In the equation/(o+A)=/((i)+Ay'(o) 

+^r(a)+.+ (a)+~f(a+ffh). 

i*i/(»+l‘ 9 as A is indefinitely diminished 


r /(a+h)=f(a)+hf'(a) +.+ /«(o+J„A) 

al 80 /(o+J)+/(o)=A/' (o)+. 


A'* A«+i 

+ /”+(“+<»«+. A). 

where and lie between 0 and 1. 
Equating 
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Therefore f"[a) f =/"(a) 

e,r^\aMh)^ --VT'i 

- when A-^O 

nrl 


• • 


because Lt /“+>(« <-<?•»«*)= Lt /"«(«+«,;+ife) 1 

/i -»0 

34. In the l'onnula/(j;)=7'(f) ^-■>/'(0) + p2 ’+ '' 

+ "■"'! /” >(0)+ /’W- 

' ,n— 1 ' ^ 


*» 


— 1 . 


where 0 is a positive proper fraction, show that when 

/(r) = (l- x)-2 andx==—1, 

1 

/4n+4\w+2 

•?<; ExnaiKl in the above form and prove that 

as Jends^o'uS the val^ in fW tend to the lunrt 

{47t+l)/(2n+l)®. 


CHAFTEH VI 

maxima and minima 

c Tot /■(rlbea function of the variable a: 

quantity 5, however small, such th.it 

nc+hxho 

for all the values of A lying between -8 and +8, then /(c) is 

said to be a maximum of/(a:). 

- 1 vlv if > {(c) for all values of h lying between 

_s and d-S/then /(o) is said to be a mimmum of J(x). 
mum and minimum values arc ^ 
also called extremum or tinn¬ 
ing or stationary values. 
rruiricalhj, if we construct the 
curve the niaximum 

and minimum values ot J(x) 

correspond to points e^eh as r 

and Q of the curve and the 
ordinate MP is the greatest and 
the ordinate NQ is the least of 
the ordinates in sumciontly 
small neighbourhoods of these 
ordinates. 

Tfc follows from the definitions that if, as x increases and 
oasse^ through the value c, the function/(.r) increases, attains tIm 
Xe/lh at^=o and then decreases, then f(x)^ a maximum 
at 1=0 ; similarly if f(x) decreases, attains the value /(c) at 
X^c, and then increases, /(x) has a minimum at x-c. 

It is important to remark that by definition ^ 

or a minimum value of/(x) is not necessarily the greatest or 
least value of the function in every interval in which x varies 
but solely a greatest or a least value in interval sufficiently small 
containiL the value c. Conseiiuently a function may have 
several maximum and minimum values in any given interval 
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Therefore f"[a) ■\^0,jfj’‘'*'^{a0.0„k)=f"{a) 

0 „= T when h-*0 

DM 

beeaute Lt ^0*0jt)^ Lt "I 

h-^{) J 


9 • 


34. In the toimula/(.i-) = /(f) 4-</'(0) + j ^ 7''(0;+ ■ 


• • 






+ „_1 /“’(0)+/-m 


where /? is a |)ositive proper fraction, show that when 

f(x)—{\ — x)~^ and 

35. Expand (1—x)”'*'" in the above form and prove 
as X tends to unity the value of $ in f'‘{0x) tend to the 

(in+l)l{2n+\)^. 


that 

limit 


CHAPTER VI 

MAXIMA AND MINIMA 

1. Deanilions- Let/(.r)bea function of the variable x 
and .c a particular value ofx. If wo can assign a positive 
quantity 8, however small, such that 

for all the values of A lying between —5 and +8, then f{c) is 
said to be a maximum of/(x). 

Similarly if/(c+A) > /(c) for all values of A lying between 
—8 and +8, then/(c) is said to be a minimum of /(x). Maxi¬ 
mum and minimum values are 
also called extx'emum or turn** 
log or stationary values. Geo- 
melrically, if wo construct the 
curve y—/{*) maximum 

and minimum values 'of /(x) 
correspond to points such as P 
and Q of the curve and the 
ordinate MP is the greatest and 
the ordinate NQ is the least of 
the ordinates in sufficiently 
small neighbourhoods of these 
ordinates. 

It follows from the definitions that if, as x increases and 
passes through the value c, the function/(.r) increases, attains the 
value/(c) at x=c and then decreases, then /(x) has a maximum 
at x=c : similarly if /(x) decreases, attains the value /(c) at 
x=c, and then increases,/(x) has a minimum at x=c. 

It is important to remark that by definition a maximum 
or a minimum value of /(x) is not necessarily the greatest or the 
least value of the Junction in every inUrial in which x varies, 
but solely a greatest or a least value in interval sufficiently small 
containing the value e. Consequently a function may have 
several maximum and minimum values in any given interval 
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and a minimum value may be actually greater than a maximum 
value. 

2. Theorem. The only points where f{x) can have exire^ 
mum values are those at which the derivative is zero or does not 
exist. 

For if the derivative exists and is not zero, the function 
f{x) is increasing or decreasing at the point according as the 
derivative is positive or negative and consequently acquires 
in the vicinity of that point values greater as well as smaller 
than that at the point and therefore f{x) cannot be extremum 
at the point. Thus the condition is necessary (though not 
sufficient). 

It may be remarked that the points where fix) is zero are 
those where the tangent to the curve y=f{x) is parallel to the axis 
of X like the points P and Q in the figure. 

As an illustration, let us consider 

f{x)^ax~x* 

we have f{x)=a—2z ; 

the derivative f{x) is zero for x=a!2 and it changes sign 
positive to negative when x increases from a\2 —8 to a/2 -fS ; 
therefore at first the function is increasing and then decreasing 
and consequently the function passes through a maximum 
value when x=ia, the maximum value being Ja*. 

3. Distincrion between Maxima and Minima. Suppose 
we are required to find the maximum and minimum values of 
a function f{x) which possesses the first derivative. It has just 
been shown that the only values for which f{x) is extremum are 

the roots of the equation/'(a;)=0. > , 

Let c be one of these roots, so that ,f(c)=0. Then by 
Taylor’s Theorem with remainder after two terms 

f(c+h)-m=^ nc+eh), 


0<^<1 
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where € tends to zero as h tends to zero provided «>at / W 
is continuous at x=c. If /"(r) U not equal to ^^o then H 
can be so selected that the absolute value of « is less tbM 
that of/'(c) so that the expression on the right hand 

the sanie sign as that of/'(c). / /'(c) .a f 

/(c) ani the%fore /(e) is a maximum-, */ / (c) t« positive, then 

f{c+h)>f{c) and therefore f{<^ is a rMnimum. 


But if/'"(c) is zero, then it requires further consideration. 
More generally, let us assume that the first derivatire which 
is not zero is of order n. Then by Taylor s Theorem. 


/(c+A)—/(e)== 






/”(c)±€ 


If n be even, the right-hand side keeps the same sign a* 
thatof/”(c)forsuflaciently small values of k. Hence if /'(c 
is positive, then/(c+/t>/(c) and /(c) is a minimum; and if 
/"(c) is negative, then /(c+A)</"(c) and therefore /(c) is a 

maximum. 

If n he odd, then the right-hand side changes sign with 
h and consequently/(c) is neither a maximum nor a minimum. 


Hence we have the following rule : For finding thA turning 
values of a continuous function f(z ) in an interval where the 
derivative exists and is finite, we study the roots of f'{x) =0. Let 
c be one of these roots. We substitute x—c in aU the successive 
derivatives off(x) tiU we find one which is not zero for x=c. If 
thatderivfUiveis of odd order then t\ere is neither muxima nor 
minima at z~c; but if that derivative is of even order then /(c). •> 
maximum if this derivativ e is negative and minimum if it is 
positive. In a similar manner we can treat the other roots of 

/(»)=o. 


Note. The student should note a few other properties of 
maxima and minima values of a continuous function. 


1. Between two equal values of a function at least one 
maximum or one minimum must lie. 

2. Between two maxima at least one minimum must He ; 
and between two minima at least one maximum must lie. In 
other words maximum and minimum values must occur alter¬ 
nately. 
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3. In the immediate neighbourhood of a maximum or 
niimnuim value, the function haa two values equal, one on each 

Ex. iind the maximum and minimum values of tho 
function ar’— 

llere/(a.-)=.f^— 

f{x)=5.v' iOx^ and i‘'{x)=2i)x^—:i0zK 

Ihe roots of the equation/'(.r)= 0 , or of 5 j:^(x~ 2)=0 are 2 

and 0. 

t^'iihstituting x=2 in/"{,(:), we lind that it is equal to 40, 
80 that J'\x) is positive. 

'Iherefore/{j:), is minimum for x—2, the minimum value 
being —3. 

I'or .r—0, and differentiating further, we find 

y"'(a)-ti0x*--60x 
/'''(x) = 12Uj:-(J0 

and for.c=:0,/'"(.r)=0, wherea3/‘'(.r) = —60. 

Therefore for z—{},f{x) is maximum, the maximum value 
being 5. 

4. Rule when exists in the vicinity of x=c but may' 
not exist at x=c. l^et'(.r) be a function having a derivative 
/ (:r) in the vicinity of the point 2 :=c(the derivative at ic=c 
might or might not exist); suppose further that /'{xj has, in the 
vicinity of the point a:=c a unique sign for x<C.c and a unique 
sign for .r>c. Let x pass through the value c while increasing. 

If f'{x) changes sign from ne^'ativo to positive, then f{x) is 
minimum for x -c ; and if f'{x) changes sign from po.sitive 
to negative, then f{x) is maximum for x~c. And if 
f'{z) does not change sign, then f{x) is neither maximum nor 
minimum at x—c. 

For wo know that f(x) is increasing or decreasing according 
as the sign of f'ix) is positive or negative. In the first case 
when f'{x) changes sign from negative to positive, tLen f{x) 
decreases and attains tho value /(c) and increases afterwards 
80 that/(c) is a minimum. In tho second ease when/'(a:) 
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ohaDgessign from positive to negative, the function/(x) increnses 
and attains tne value/(c). and then decreases so that /(c) is 
maximum. la the last ease, when f'{x) does not ohang** sign, 
/(x) continues to increase or continues to decrease when x 
passes through the value c, so that /'(c) is neither a maximum 
nor a minimum. 

It may be remarked that sometimes this rule gives the 
result more easily than any other. 

Ex. 1. If /'(x)=(x-a)2" and n being positive 

integers, show that x—a gives neither a maximum nor a 
minimum of/(a:), but x=b gives a minimum. 

When X passas through the value a, /'(x) keeps the 
same sign in a small vicinity, so that x—a gives neither a 
maximum nor a minimum. When x passes through 5,/ (x) 
changes from negative to positive and therefore x—b makes 
f(x), a minimum. 

Ex. 2. Consider the function/(x) who.so graphs is as shown 
in the figure. Then (i) at the point Q the ordinate NQ is 



minimum even though the derivative at Q does not'exist f («) at 
the point P, the ordinate MP is maximum even though the 
derivative at P does not exist; and (iii) at the point R, the 
ordinate LR is neither maximum non minimum even though 
/ (x)=sO at the point R. because f'{x) does not change sign as 
X pa^es through R. Thisillustrates tho fact that maxtmium and 
ramimum values, may occur at points where the derivative 
fix) does not exist and these may not occur at points where 
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p™"*® Of the function 

^ 6x'+5r< + l and examine for which of them the function 
IS a maximum. •'ucmucuou 


Here, 


• • 


/ W=r“-5i‘+5*3+l 

/'W=5(a;«-4i>+3j;2) 

/»=5(4a:5-12**+64 


Putting/'(4=5i:V-4a:+3)=0. we get 

1=3. *=1,1=0. _(1) 

These give the stationary points of the function : substitut- 
mg these values in /*(t), we have 

(i) r(3)=6(4x27-12x9+6x3) =+90 

. . a:=3 makes f{x) a minimum. 

(«} r{l)=5(4 X P-12 X 1H6 X I)=-]0 
x=l makes/(x) maximum. 

fui)/''(0)=0. This requires further iavestigatiou 
/‘"(x)=5(12x2-24x-f-6) 

nx)=3o. 


As the first derivative which is not zero is of odd order 
therefore, the funotion is neither maximum nor minimum for 
x=0. 


Note. The value of x at which =0.18 called a critical 

ax 

value. A function y cannot have an extreme value except 
at a critical point but the converse is not true. 


Ex. 4. 


At a variable point P of the ellipse 



normal is drawn to the ellipse. Find the maximum distance of 
the normal from the centre of the ellipse. 

The normal at the point P (o cos 6 sin <j>) to the ellipse 

18 


a sec X—6 cosec y=a^ — b\ 
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The length of the perpendicular from (0, 0) on the normal 


IS 




V®*seo*^+ 6 * 00860 *^ 

The perpendicular will be maximum when 

u=a*seo*^+6* coseo*^ is minimum. 


(1) 


A^=iJa*8eo*4> tan <#>—26* coseo*^ cot ^=0 


w =2aW^ tan co 

8ec*i tan A 6* .4 6* 

coeec^cot <#>0* ^ a 


i. e., tan*<#> = 


a 


d*u 


Now ^-r=::2a*sec*^+4a*8ccVtan*^4-26*cofieo*^ 

UA 

+46*co8ec®^cot*,^, which is positive so that u is minimum. 


Hence the perpendicular is maximum when tan*i^s£ 


a 


The maximum length of the central perpendicular is 
from (1) equal to 

a*-6* a*-6* 




Va(a+6)+6(a+6') 


EXAMPLES XVII 

Examine the following functions for maximum and 
minimum values :— 

1, y=ar*-18x2+96*. 2. y=2**-24x2+42i+10. 

3. y=(x-3)*(*+ip, 

®^d the maximum value of **—3x+4 and explain why 

the funotion oaq be made to assume values greater than the 
marimums 
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5 How do you explain the fact that though 

7/-=2i3-0i2_j_12x+l 

can be made as large as we please by taking x to be large enough, 
the function has a maximum value when a:=l ? 


6. Show that 


1—X-|-X' 

l+x—x 


, has only one minimum at 


and that it has no maximum. 

Show that the following functions have nei/her maximumnor 
minimum values :— 


7 . (i) ar'»- 3 i:- + na:-5. (n) where 607 ^ 0 . 

CX “p (I 

8. ax--\-bx-\-c where a, b, c are posit^e. 


9. (a:-l)=’+2x. 

10 Find the extremum values of x 

y = IO16 - 152 ^- 20 .rH !»• 

11 Investigate the maxima and minima ot 

12x''’-15xH40.t:H6- 

12 Provo that 10 has a maximum for _a:=l. 

a minimum for ; and for x=0 it has neither a maximum 

nor a minimum. 


13 Find maximum and minimum values of 

3.r’-253:Hti0x. ■ 

14. Find for what values of a: tho following expression is a 

maximum and a minimum respectively : 

2.1^ — 21 4- 36a: - 20. 




Investigate the maxiraaand minima of 

{x-2)Xr-3)\ 


Find the maxima and minima of - 


17. Show that /(.r) = 

18. Find the function 

values 1 and for a: = 0 
equal to 1 for 3:=1* 


is minimum for 3 :—0. 

(*4-2)“ 

az--\-2b.v-\-c has turning 

A*24 2B*4c ^ .. . . 

and *==2 respectively and which i- 


1 
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19. Prove that has a maximum for a;=e. 

20^ 'Prove that the minimum value of 

+ -n-V 

cos^ Q Bin- 6 

21. Show that a maximum or minimum of f{x) is a 
minimum or maximum of 

22. Prove that the function . . 

. *«) 

is a minimum when 

ffliJ:i+W2a^a+. 

23 The equation of the path of a projectile being y=>x tan 
o-a: 2 / 4 /ico 8 ’^a, find the value of a: where y is maximum. Find 
also the maximum value of y. 

24;. A man is 3 miles away from the nearest point P of a 
straight bank of a lake and he wishes to reach a place 6 miles 
from P along the bank. He can row at 4 miles an hour while 
he can walk 6 miles per hour. Find the least time in which 
he can reach his destination and the place where he should 

land ■ 

25.^ Divide a given number a into two parts such that 
the product of one part with the cube of the other is a 
maximum. 

26. IfaB6oa;+6 sec y^c, show that for a cos a;+ 

6 cos y is a minimum, a, 6, c being positive and x and y each 
acute. \ 

' 0 27^ Show that the height of the cylinder of maximum 
volume inscribed in a right circular cone is one third that of t he 
cone. , 

ZS.'' Show that the height of a right circular cylinder of 
maximum volume that can he inscribed in a sphere of radius r 
is 2f/V3. 

Show that when the curved surface is a maximum, the 
height is r/*^2 and that when the whole surface is maxiinum, 
that surface is 

7rr*(y6+l). 
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Ck of the surfaces of a sphere and a cube is given 

fc>how that when the sum of the volumes is least, the diameter 
ol the sphere is equal to the edge of the cube. 

30. Discuss the maximum and raiuiraura values of 

(i) sin a: cos’a: (iV) sin^a:. sin nx (iii) a sin* cos«0 
(tf) a sin2^-f 6cos*^. 

31. Find the maximum value of (x—a)^ (^~b), 

(i) when a > ft, (u) when fl<ft. 

What happens if a=ft ? Illustrate your answers by tracing 
the curve i/=(x—a)*(x—ft) in the three different cases. 

32. Show that the function 4 cos^+cos 20 is maximurr 
or minimum when cos 0 is maximum or minimum. 


33. On a given line OX, find a point P such that the sum 
of the distances of two given points A and B from P shall be 
minimum. 

34. If the sum of the edges of a rectangular parallelopiped 
is I and the sum of the areas of the faces is /^/25, show that 
when the exces.s of the volume of the parallelopiped over that 
of a cube whose edge is its smallest edge, is as great as possible, 
the smallest edge must be 1'20 and find the lengths of the 
other edges. 

35. - Prove that in any triangle the maximum value of 

(t) cos A cos B cos C is g. (ti) sin A sin B sin C is 3V3/8. 

36. If P is any point within a triangle ABC such that 
AP*+BP*-1- CP* is a minimum, show that P coincides with the 
centroid. 

37., .be constant, show that xyzw . 

will have its maximum value where x=y=z=w^.. . 

Show that the maximum value of xy-z^ when 
a«/2^3*. 

5. We have already seen (Art. 3, Note) that a function is 
a maximum (or minimum) when it lies between two 
adjacent values of the function and the position of 
(or minimum) value is the position of coincidence 
equal values, which are each less or each greater than the tw » 
value according as the turning value is a maximum or mminiu ♦ 
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It should, however, be noted that the equal adjacent values 
are not necessarily at equal distances from the position of 
the maximum (or minimum) but somewhere in the neighbour- 

hood. 

This follows at once from the continuity of the function and 
the unbroken continuous curve which it represents. For every 
point on the left of P (or Q) [flee fig. of Art. 1) there is a corres- 
ponding point on the right. Hence corresponding to an ordmatc on 
the left, there must be an equal ordinate on the right in the 
neighbourhood of P, (or Q) since the change in the value of the 
function is also continuous. 

As an illustration of this principle, we shall solve the follow- 
ing example. 

Example. A person being in a boat 3 miles from the 
nearest point of the beach, wishes to reach in the shortest time 
a place 5 miles from that point along the shore; supposing ho can 
walk 6 miles an hour but pull only at the rate of 4 miles 
an hour, it is required to find the place where he must 
land. 

Let B be the position of the boat and SR the beach ; SB=3 
miles, SR=6 miles, BPRandBP'Rare 
any two paths. Cut off from BP' a 
length BQ=BPi so that BP'—BP 
=QF'flnd/ Q=art. angle ultimately. 

From the consideration that the 
time in the two adjacent paths BPR 
and BP'E is the same if a maximum 
or a minimum lies between them, we 
get 



4 6 4 ^ 5 * 

.. BP'-BP PR-P'R 


and P' being ultimately 
coincident points.] 


% e 


4 6 

QP' PP' 

t. €., or cosP' 

Hence tan P'e=— = 


SP=4. 


SP 


4 

- • 

6 * 

3 

SP 


A . 


l^JFFERENTIAL CALCTTT.nS 



••• The man mnat land at a point one mile from R, the 
place to be reached. 


EXAMPLES XVin 

1. Show that the greatest and the least straight lines 
which can be drawn from any jioint within an ellipse to the 
curve are normal to the curve. 

2. Show that a trianf^le of raax,imnm area inscribed in any 
oval curve is such that the tangent at each angular point js 
parallel to the opposite side. 

3- Show that tfie sides of a triangle of minirmim area 
circumscrihin? any oval curve are bisected at the points of 
contact. Prove further tliat if the oval ho an ellipse, the centre 
of gravity of such a triangle coincides with the centre of the 
ellipse. 

4- In a oval curve the maximum or minimum chord which 
is normal at one end is either a radius of curvature at that end 
or normal at both ends. 


6. Greatest and Least Values- Sometimes there arises 
the necessity of finding the greatest or the least value of a 
function f(.r} of the variable x when .v varies between two 
given limits a and 6. F-<r solving this problem, it is necessary 
to study the changes of the function fix) by using its deri¬ 
vative. The .simplest case is when the derivative remains 
finite and k-'op.s the sam“ sign ; if it is positive throughout, 
then fix) is an increasing function throughout, as x varies 
from a to 6, and c in-setpiently the greatest and least values 
of f(x) are f(fj) and /(a) respectively ; while if the derivative 
is negative throiiLdiont, then f{x) is a decreasing function 
and the greate.st ami l!ie least values of f{x) are /(a) ^nd fib) 
r(*specl ivelv. When the derivative does \iot keep the same 
sign and the function lias .several maxima and minima, then 
file greate.st of tlie maxima values and fin) and f{b), is tlie 
L'Toatest value of the function. Similarly the least of the 
minimum value^ and f{n) and f{h) is the least value of the 

function. 
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Ex. 1. Find the greatest an<l the least di.stance.s nf a 

given point A from the cir¬ 
cumference of a given circle 
of radius r. 

Take axes as in the 
figure. We are required tc 
find the greatest and the 
least value of AP. 

Let tt=AP"=(a:-aP+?/2. 

But the equation of the circle being 

we get ; 

therefore 2a.r. 

Also it is clear that x varies only from -r to r. 

~ —2a, which is negative throughout. 

dx 

Therefore the greatest and the least values of u correspoiid 
to x=—r and x—r respectively. Hence the greatest and 
the least value of u are (r+a)* and (r—a)* and therefore those 
of AP are (r+a) and (r-a). 

Ex. 2. Find the greatest and the least values of/(a:) 

— I8a^+96x in the interval (0,9) and draw the graph of the 
function in this interval. 

Here /'(®)=3x*-36a:+96==3(a:-4){a:-8); 

so that /' (x)==0 for *=4 and a;=8. 

For«=4—€, f'{x) is positive; and for x=4+€.,/'(x) is 
negative. 

Therefore for x=4, fix) is minimum, its value being 160. 

Also for x= 8-6, r (x) is negative and for x=8+€., /'(x) is 
positive. 

Therefore for x=8, f (x) is minimum, its value being 128. 

Now as X varies from 0 to 4, /(x) is an increasing functions ’ 
as X varies from 4 to 8, /(x) is a decreasing function ; and a® 
X varies from 8 to 9, f'{x) is positive and therefore f(x) is an 
increasing function, its value for x=9 being 135, 
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Therefore the function starts from 0, increases arid attains 
the value 100 for x—4 ; then it decreases and attains the 
value 128 for x=8 and then increases and attains the value 
135 for x=9. 

Therefore the least value is 0 and the greatest value is 160. 
The graph of the function can now be easily drawn. 

EXAMPLES XIX 


1 . Find the maxima and minima as well as the least and 
thegreatest valuesof thefunctiony^x^—12x2-f 45x in the interval 
(0, 7) and draw a sketch of the function in the same interval. 

2. Find the least and the greatest values of x^—9x^+24x-j-l 
in the interval (0, 5). 

3. Show how to find the maximum and minimum values 

of a function of a i ingle variable from the variation of its 
derivative and apply the method to prove that i (35 cos^x— 
?0 cos-x-{-3) ranges in values between 1 and —^ and has also | 
as a maximum value. (M. T.) 


4. Show that the minimum value of the function 

8ec^(?—6 sec-g-f 8 is —1. (1919 Trip.) 

5. Find the equation whose roots give the values of x 
for which the function 

e, . -X* t -(x-c)2 

/(x)=ae —6c 

is a maximum or minimum, and show that if Xj is a root, then 

7. Implicit Functions. Consider y as a function of x 
eivcD by the equation ... 

/(*,y)=o. W 

Differentiating tliis equation, we get 

(it) 

The condition that y may be maximum or minimum is 

that shall be zero; consequently we have 
dx 

?/ i a/_o 


(m) 
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Let (a;,, ?/i), {X 2 , i/J.-.be the solutions common to the 
equations (i) and (it) ; the values of x which make y extremum 
are included in the values Xj, x^... 

In order to distinguish between maxima and minima, let 
us differentiate equation (it). We get 


^3^ '^dx^y dx* dy^dx/ ‘ dy dx^ 


(tv) 


and since ^ is zero for the values under consideration, this 
dx 

equation gives 


dx^ 


K 


- > 


the sign of this expression indicates a maximum or a mini- 

d^U 

mum. If reduces to zero, we follow a method already 
indicated. 

Remarks. It may happen that some of the solutions 
common to (i) and (iii) also satisfy simultaneously the 
equations 




dy 


for these particular values of x and y, ^ is not given by 

equation (it) and consequently y may or may hot have a 
m axim um or a minimum at such points. 

Ex. 1. Let/(a:, 3a;*y+a^—3=0. 


Equating ~ to zero, we have 3a^—6a;y=0, 

from which we get x=0 or a;=2y. 

Putting a:=0 in (i) We get 

y*—3=0, or y=T^3. 

Substituting the second value, we get 1 
so that y=—I and consequently x=—2. 


w 

iii) 
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The solutions of ({) and (ii) are therefore 


a;=0 , z=—2 

!/=VS !/=-l. 


3/ 


=3y“—3x- and none of the above solutiions 
satisfies =0. 

Now for the values under consideration 

dhj 6^—% 2 

d^-~ 

?*/ 


3/—3r2 '^x+y 


For ar=0, y=:-^Zy this is , positive and therefore 

yd 

18 a minimum. 

For x—-~2, y—— 1, this is —§ and therefore 2 /= —I is a 
maximum. 


Ex. 2. Consider/(r, y)=:x3+y^—3aay=0. 

Here3ay+3a:^. •••• 

Eliminating y between ^—=0 and/(x, y)=0, 

cx 

we get X®—2a^x^=0 

80 that x=0 and x=^2a, 
and the corresponding values of y are 

y=0 and 

The solutions of {i) and {ii} therefore are 

■"■=0 8 nd -''=| f - 

y=0 ?/=-^4a. 

Also — =3w“—3ax and the solution x=0, y=0 satisfies 
^^=0, while .r=-^2a and y=^4a does not. 


(«) 
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Now for the second solution, 

a/ 

£y _ ^ _ -2ax 2 . 


dx^ 


IL 

ay 


If-ax 


a 


therefore for .r=^2a, ^=-^40, y iba maximum. 

For the second solution x=0, y=0, is not given by the 

equation 

€X dx 

or {^x^—Zay)-\-(Zy^—Zax)^ =0 

for i— = which takes the form and also j '{ is of the 

ax _ y-—ax 0 dx* 

I 

same form. But further differentiations give 

d^y r o . / dy 


(/—)^+ 22 /(|-)- 2 <* f + 2.=0 


(A) 


and (B, 


and putting a:=0, y=0 in these equations, we get 


dx 


0 from 


(A) and consequently therefore for a:=:0, 

tiX OQf 

y^O, 2 / is a minimum. 

8. Let u=f(x, y) be a function of two variables a: and y 
which are connect^ by the relation F(.r, y)=0, .(t) 

80 that u is really a function of only one variable, say x, 

* 

For « to be maximum or minimum 

% « 

du 


dx 


=0. 


. du 
*dx 


M . K 

3® 3y dx 


{«) 
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dy . . 

where given bj differentiating the equation (») 


3F 

a* cy 


^-=0. 

ax 


Eliminating between (») and (i»), we get 


ax ay 


IL ^0 

ay ax 


(tv) 


Thia equation combined with (i) gives the pairs of values 
of x and y, for which/(x, y) may be maximum or minimum. 

For further discussion, the higher derivatives of x have to 
be found and the process already indicated is to be applied. 

Remark' This method is perfectly general and can be 
applied to a function u of a variables, which are themselves 
connected by (a—1) relations 

b '^ 

E*. 1. u=~+^^ where x+y=#. 

dz 3? ^ dz 

^ =0 so that 


and 1 + 


dz 

du 

dz 


dz 

x3 “^2/8 “ 


=—1. 


or 


x* ■ 

80 that X = 


6* 

y* 

J 




2 3 

_ 6^ __ 6 


X 


ca 


aS+ftS 


y= 


y 


at+6s 


d^ 

dx* 


6x* 

’x* 


662 

dx 


_.6a* 

~a:^ y* 


y* 

66 * 
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which is positive. Therefore we find that for 

2 




ca 


“5 

a5-h63 




M is minimum, the 




minimum value being 


Ex. 2. Find the maximum and m inim um values of 

u={x—x^)^-^{y~yif 

where ax+by-^c^O, 

Interpret the result geometrically. 

Here^ =2(a:—a:i)+2(i/— 


„d .+ 1 J .0 »g—f. 


dy 


Therefore ^=^2(a:— 3 : 1 )—2 ^ (y—Vi) 


du 


a 


y= 


— =0 gives (a:—!/i). 

Solving this with (i), we find that 

6c 

a*+6* 

.... 6(aa:,+6yi+c) 

and therefore, y—yi= -—• 

dhi 

^ _»l •/ _ _ 

6 ' dx 


Also 


dx^ 


a*+6* 

=2-2^ t 


== 2+2 


6* 


which is positive. Therefore u is m inim um 

u=(a:—Xj)*+{y—t/i)^ 

=^{y-yi?My-yiY 


(0 


yy yi) (> a«+j« 
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Geometrically, the shortest or perpendicular distance of 
any point (a:i, t/^) from the line ax-\-hy-\-c=0 is 

axj+5yi+c 

Ex. 3. Show that the semi*vertical angle of the right cone 
of given surfac© maximum volume is 8in“^J. 

^ Volume of cone=j 

Curved aurface=7rV»’^+^^=ff^^ cosec a. 
Surface including plane hMQ=‘Rry/ 

We have 



v—^T:r% 

Where r and h are Connected by the relation 

TT, 

Differentiating U) 

fj*} (Ih 

Tr + - 


...( 1 ) 

...( 2 ) 


.■(3) 


Differentiating (2) 


0=nV r^+h^+nr. 


'•+^rf-r 
y/r^+k^ 
dh 


+2;r?’, 


i.c., +2r-/r«+A“ 

whence 

rh 


...(4) 


Substituting this value in (3) _ 

dv l./„. -2T^+h^+2rs/r^±in:^ 


dr 


=^~7ir (2k+rx 


.(5) 


rh 


=j7r j {h~-2r^-^rVr^+h-) 
dv 


Putting ~=0, we have, 
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/t2_2r2—2rV’ r®+^®=0 

OP ;,4+4H-4ftV=4r2(rHA“)=4r^+4r2/r 


1 


or h^=8hV*, i.c*. “2y'2 ’ 


tan at= 


1 


2V2 


m • 


sin a=^, 


Hence an extreme value of volume is given by sin 

We shall show in the following notes that a=sin-^ J cor- 

responds to the maximum volume. 

Note 1. We observe that a can only vary from 0 to 


- and when o=C, the volume is evidently minimum, therefore 


a^sm 


I corresponds to the maximum volume. 

Note 2- That a=sin-^ J correspor.ds to the maximum 
me and not to the minimum can also be shown in the 


volume and not 
following manner :— 

From (5), we have 


TT tan a./(* (1-2 tan2 a-2 tan a sec a) 

dr 3 


=j\ 7 r tan a./(2 (3-2 sec^ a-2 tan a sec a) 

TT tan a.P j -2 sec" “ )-b (4 tan a sec a ^ ] 


Now sin a= J, 


““ 2'/2 


As sin a changes from a value slightly less than J to a 

value slightly greater than it is evident the two expressions 
within the brackets change from positive to negative and the 


dv 


w V 

factor outside Jtt tan a^.h remains positive, therefore 


changes from plus to miniw. 

V (volume) is a maximum and not a minimum for 
a=sin“i J. 

Note 3. In geometrical problems it is always prtferable 
to discriminate between maximum and mij^imum in the manner 
given in Note 1 than in Note 2, 


* < 




x',"' Cc,..’ 

• L m ^ ‘ ' 
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Ex. 4. Find the maximum and mioimum valoes of 
where a3^-\-2hxy-{-bip‘=\. (i) 

Here regarding x as the independent variable, is a 

function of x only, say 4>[x). Then 

2 <?«'(*)=*+!/2' 

Now and are given by differentiating (i) twice. In 
ax ax^ 

fact we have 

dy ax-\-kij d^y h^~ ab 

dx ~~ Ax-f 6y dx^ tAx+6y)® 

Therefore ^'{.t)= 0 gives 


or 


or 


hx-\~by 
ax-\-hy hx-\-by 


(A) 


x{ax-|-Ay) y{hx-\-by) ax^-\~2hxy-\ -by^ 

=”* 72 “ - 


x-^-hy 


t=^, where r^^x^+y®. 

X V 

Therefore ax+Ay= ^ 2 'andAx+ 6 y= 

Eliminating x and y between these two equations, we get 

or —--J-(o-fA)+a6-A2=0, which gives the turn-values of 

r* r* 


A(x) or r*. 

1 a+b±d , 
oolving) 2 

where d^—{a~h)^-\-4di^‘ 


...(») 
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, y{h^—ah)r^ 

” V* 

.^[-L+..-,>] 

__,;[(5«rt.^„_^] 

r® p2a^di2(a+6)d-^ 

=?L~ 4 J 

r^d 

Therefore 2-[<i±(a+6)]. 

Two cases arise : 

(o) Leta 5 >A 2 In this case a-|-6>d and therefore both 
the values of from (t) are positive and admissible so that <*(*) 
has t-wp values, namely ^ ' 

2 ^ 2 , 

fl-ffi—d a-\-b-]-d 

When ^(x)=^"(a:) ig negative and this is there. 

fore its maximum value. 

When 0(a:)= ^"(i) is positive and this is there- 

fore its minimum value. 

and IB therefore an inadmissible value, so that ^(x) 

has only one value. -—’ 

* a+6+d 

When ^(a:)= is positive and therefore this 

is its piinimum value. 

•/ ^ i-irJ r. : s. 
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Geometrically, the lengths of the axes of the conio 
a.i'^+2A.n/-f6y®=l are given by the equation 

where r is either semi-axis. 

From A we get /({y-—6).ry=0 


i.e., h tan^ e-\-{a-b} tan 0-h=0 Putting =tan $ J . 

tan 0 -^1 or tan 25=^ which gives the 
1—tan- 0 a—b a—b 

directions of the axes of the conic. 

EXAMPLES XX 


Find the maximum and minimum values of y given by the 
following equations :— 

y2+2ya:24-4a:-3=0. 2- 

3. 

4. Find the point on the parabola such that its 

distance from the point (0, 12a) is minimum. 

5. Prove that the least value of the portion of the tangent 

to the ellipse | J =1 intercepted between the axes, is 


6. The greatest rectangle which can be 

given ellipse has its diagonals along the equiconjug 

meters, ^,2 ^2 

7. The greatest angle at which the ellipse -^,4- ^2 1 

be cut bv a concentric circle is 

. -i 

8. Show that the shortest normal chord of th6_ parabola 
f=iax is 60^3 and its inclination to the axis is tan 


maxima, and minima 



9. Find the maximum and minimum values of 

7t=3 sin^a:+4 sin^, where y— 3 ;= ^ . 

10. Find the maximum and minimum values of 

(!) xy (it) where * + 

11 . If and <l> (a)y=0 and i and y are connected 

by the relation 

prove that the function/(j:)+/(y) is a maximum for x-y-a 
provided that 

n.K/w I . 

12. Two particles P. Q describe fixed straight Ijnes inter- 
secting in 0, with constant velocities u and v. Prove tn^t 1^ 
be simultaneous positions of the particles, and if 0A=o, OB= 0 , 
and ^ AOB=u), the distance PQ will be least after a time 

au -f- b v—{av~\-bu) cob u> 

«*—2ttu cos \o-\-v^ 

and that the least distance will be 

(au—bu) sin w 
V(u*—2«t; cos 


13. A ship steaming north at the rate of 12 miles per hour 
observes a ship, due east of itself and distant 10 miles which is 
steaming due west at the rate of 16 miles per hour ; after what 
time are they at the least distance from one another and what 
is this leas t distance ? 

14. A straight line is drawn through a fixed point (a?}, y^) 
meeting the axis OX at A and the axis OY at B, the axes 
being rectangular and (a;^, yi) in the positive quadrant; if the 
angle OAB be equal to 0^ find B such that (t) AB (it) OA-f OB 
(iti) OA. OB is a minimum. 

15 . Assuming that the brightness of a small surface A 
varies inversely as the square of the distance r from the source 
of light and direotly as the cosine of the angle between r and 


m 
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the normal to the surface at A, fiml at what height above the 
centre of a eirele of radius n a source of light should be placed 
so that the brightness at the circumference should be the 
greatest. 

16. If 40 square feet of sheet metal are to be used in the 
eonsrruction of an open tank with square base, find the 
dimensions, so that the capacity of the tank is a maximum. 

17. An open tank of given volume has a square base. If 
the inner surface is least possible, find the ratio of the'depth to 
the length. 

18. A cone is circumseribed about a s))here of radius r ; 
show that when the volume of the cone is "a minimum, its 
alt it mb* is 4r and its semi-vertical angle is sin“b\. 

J9. Show that the altitude of a riglit circular cone of 
maximum volume which can be inscribed in a sphere of radius 
4r 

r is g . Wliat is the value of the altitude when the area of 

the curved .‘sjirface is maximum ? 

20. Find the volume of the greatest right circular cone 
tluat ean be described by the revolution about a side of a 'right- 
angled triangle of hypotenuse c. 

21. Show that the right circular cylinder of the given 
surface and maximum volume is such that its length is’equal to 
the diameter of the base. 

22 A frustum of a cone is / feet long and the radii of its 
ends are a and b. It is required to cut from it a rectangular 
block of a square section and of greatest volume. Find the 
length of the block. 

23. Prove that the least perimeter of an isosceles triangle 
in which a circle of radius r can be inscribed is C\/^^* 

24. A circular cylinder is to be in.scribcd on a sphere 

of ra'lius R. If the total surface of the cylinder, including^ le 

two ends, is to be aminiminn, show that //2=2R^ ( ^ 

h being the height of the cylinder. 

25. Given tlie sum of the perimeters of n square and a 
circle, show that the sum of their areas is least when the side 
of the square is double the radius of the circle. 
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26* A ladder is to bo carried in a horizontal position round 
a corner formed by two streets a ft. and 6 ft. wide meeting at 
right angles. Prove that the length of the longest^ ladder tlmt 

will pass round the corner without jamming is ft. 


27. A sector has to be cut from a circular slieet so that the 
reinainder can be formed into a conicil shaped vessel of 
maximum capacity. Find the angle of the sector. 


28. Show that the successive maximu n values of 
y^ae-^^sin px form a series in geometrical progression and that 

P 

these maxima lie on the curve y=a sin ae where tan<r= 


29. If four straight rods be freely hinged at tlieir 
extremities, show that the quadrilateral of greatest area that 
they can form is inscribable in a circle, . 

30- A rectangular sheet of metal has four equal square 
portions removed at the corners, and the sides are then turned up 
so as to form an open rectangular box ; show that wlien the 
volume contained in the box is maximum, the depth will be 

J{(a+6) —(a^—06+6^)^}, where a, 6 are the sides of the original 
rectangle. 

31. The parcel post regulations restrict parcels to be such 
that the length plus the girth must not-exceed Oft., and the 
length must not exceed ft. Determine the parcel of greatest 
volume that can be sent by post, if the form of the parcel be a 
right circular cylinder. Will the result be affected if the greatest 
length permitted were only ft ? 

32. Water is poured into a hollow sphere at a uniform rate. 
Prove that the level of the surface rises at a varying rate, which 
is least when the surface is level with the centre of the sphere. 
Show that when the surface bisects a vertical radius, this rate 
is J of what it is at the level of the centre. 

[Hint. Volume of a spherical cup of depth h formed from 

(3r/i*~ 



a sphere of radius r is given by V=— 


CHAPTER VITI 

INDETERMINATE FORMS 

1. Lot P(.r) =/{.r)/,/.(.r), where/(a)=0 and ,^(a)=0 ; then 

b(a) cannot he taken to bo equal to /(a)/^(a), for this quotient 
of the form 0 0 and is therefore meaningless. The function 
r(.0 takes the indeterminate form 0^0 for .r=a. Wo have already 
come across such functions. Similarly if Lt f(x) is zero and 

Lt is infinite, then the function F(.t) =/'(.t:).a(x) is said to 

.r-»a 

take the indeterminate form 0 X CO for x=a. The other simple 
indeterminate forms are co/oo, w-oo, O'’, and oo°. 

It should be clearly understood that 0 and co are used here 
s 3 'tnholieally for the sake of brevity. 

Tt must be specified whether x tends to ‘a’ in any manner 
whatsoever or only through values greater than a or only 

through valiie.s less than a. For example, limit of-^ 

when .r tends to 0 in any manner whatsoever. Limit of .Tlog.r=0 

when X tends to 0 but x ratist tend to zero’througli positive values 

onl^’, because the function does not exist for negative values 
of .r. 

It may be mentioned that the limit of a function is also 
sometimes called its true value. 

Dr. Young is the first to give an excellent account of the 
theory of rndeterminate Forms and to establish theorems on the 
forms O'O and co/co under very general conditions. But his 
results being bej’ond the scope of this book cannot be reproduce 
here. We will therefore content ourselves with proving the rules 
for the evaluation of tlie indeterminate forms under very string¬ 
ent conditions, 

2. Form ^ . 

(A) Let fia)=i>{a}=0 andf'ia) and f}>'(a) both exist 

mUMt both zero nor both infinite. Then the limit {finite or %njin ) 
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m 



whe7i X tends to a 

<#.(*) 



Tliat is to say 


Lt /(X) J\a) 

^'{af 


Lt /{x) _ Lt f{a-\-h) rputting x=a-|-A, whenn 

,/,(x) “/V->0 ^(a+A) L x-^a, A^O. J 

/ (q+A )-/(a) 

/(g+ ^)—/(fl) ^ __A._ 

’A^O ^(a+A)— ,A(“) A->0 ^(a+A) — ,^(af ' 

A 


In this rule *a’ is supposed to be tinite and it cannot be 
extended to the case when a=co. Also if <//(a)=0, then it 
follows that the limit is inEnito but its sign remains un¬ 
known. 


(B) Let f[x) and ^(x) be both zero for x=a. Then 

Lt f{x) _ Lt /'(x) 

x->a xl>(x) f {x) * 

provided that this limit {finite or infinite) is determinate. 

For t/(“) _ =/'(«+^A) 

^(o+A) ^(a+Aj-0(a) 4*\a^^0hy 

(where ^ is a positive proper fraction) by Cauchy’s Theorem. 
. Lt /(fl^Lt f{ a+h) _ Lt fia+Oh) 

x-»a ^(a:) A->0 '^(a+A) A^O ^'(a-|-0A) 

= Lt f'(^ 

x->a 

which may be finite or infinite. 


0 

0 


It may be observed that if is stUl of the form 

9 i®) 

then this rule can be repeated and then we can got 

Lt /(x) _ Lt /'(»)_ Lt /"(x) 

x^a ^(a*) Xr>a Xr»a 


166 


differential CALnULUS 


Now we shall extend this to the case where a—-j-co 
and the case where a =—X. TuUe for example the case when 
0=4'CO. 


Lt J(x) _ Lt __ 

'i\ J 


V' ^ y 

= Lt Lt /'(x) . 

2/-++0 ^=x->+a) 

3. We can generalize (A) as follows : — 

If }{x) and tl>{x) vanish at x—a, and have their first (n-l) 
derivatives also zero at x=o, while their nth derivatives are finite 
and not both zero, then 

[Lt f{x)Jffia) 

<^(x) <h*'(a] ' 

Since ,p{x) exists at x=a, all the preceding derivatives exist 
in a close neighbourhood of a. 

By the rejjcatcd application of Cauchy’s Theorem. 

Lt /(o+A)_ Lt j\a-\-h)-f{a) ^ U fia+h) 
Jr /(->0 V-0>- rhf- 

[where lies in the interval (0, A)] 

_ _ Lt/[2‘{a+^ir-i) 

.. . h-^O (r 

[where /i, -! lies in the interval (0, hj j)] 

fr 


,r hr-, ■■ “ - 


as p ^(a)=0. 

Lt il>{ei~{'h) 1 . - 

Similarly ' /,b = 


But 


■^“(a+A) ifiai-hfih^ 
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Proceeding to the limit, we get 

Lt f(x} Oord=c«, 

a:->a ^'(.e) <jy"{a) 

according as r=s=H, r>5, or r<s, the sign of infinity depending 

on the signs oip{a) and 

, Lt log X 
Ex. 1. Find 

Here/(x)=log x and ^(x)=x—1. 

l’. /'(*)= \ f (a^)=l. 

A 

and/'(l)=l and f (1)=1. 

m 


m 


= 1 is determinate. Hence by (A) 


x-^l x-l" 

^ * T>. 1 Lt 1—cos X 

Ex. 2> Find ^ 

Here /(x)=l-co3 x, ^{x)=x^ ;f{0)=0 and ^(0) 
f(x)=sin X, ^\x)=2x ;/'(0)=0, ^'(0)=0. 

nx)=cos .r, f'(x)=2 ;r(0)=l, ^"(0)=2. 


= 0 , 


Lt 

1—cos X / 0 

x->0 

x» 

NO 

_Lt 

sin X 

/^\ 

xr^2 

2x 

(t) 

_ Lt 

008 X 

_ 1 

x->0 

2 

2 • 


s- s- »d ,ij, 


Lte^ sin0—0>/O 
^^0 ^ 


Q 



DIFFERENTIAt OAtOtTLl’S 


lf>S 


U (cos 0+sin (?)-l-20 /O 


{?“>0 


30- 


C) 


U (2eo3 0)-2/O 


0->O 


00 


Co) 


Lt (2 cos 0-2 sin0)^ 1_ 
"■0-^0 6 3 

EXAMPLES XXI 
Lt —2.c^ —4 

x-^\ ■“'x>-2.r‘+2a:.i; 

, Lt 3. 

x->0 1—cos2i:’ 

Lt sin_0-cos0 

0 -> ^ ain 20 -CO 3 20—1’ 


1 


Lt log C 06 _« 
x->0 X sin X 


6 . 


Lt (i ^—I 


Lt sin ax 
x->0 sin bx' 

Lt 


x-^0 6'^-r 

Lt a sin X—sin ax 


x-»0 


8 

x~^0 x{cos z 

;2.C_c2.t—x+l 


— COS ox) 


lo- .r:;o 


Lt xc' 


.v_l 


2” 

Lt 

x->0 x-sinx. 

f.t 

x->l log® 


Lt 1—cos X 
12- j;-^0 X log (1+®) 


Lt e”'^—c”" 

13. 


being a positive integer. 


u being a positive integer grca 


than 


Lt cos x0—cos 
x-i^o (x"—a-^)« 

Examine the case when (*) /i=L {“) ^=2. 
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15. 


U 


COS-TT iC 


c^—2ex* 


Ifi TT 


)j 

log Bill 2{? 


17. 


Lt 

x -^0 


+log ( 


tan x^x 


l-x' 


4. TheFonn (“). 

(A1 Let fix) and <t(i) Le two functions each of which tends 
to infinity as x tends to o; suppose further that in the 
noighLAoodofo,both/-(*)and^^W^ox^Bt, are finite and 

not simultaneously zero and that 

Under these conditions, the same rules can be applied to 

find the limit of ^ when ai tends to o as were used when 

the indeterminato form was 0/0. 

Letc, and x, (c,<a:) be two values sufficiently near to 
o such that /' (a:) and f {x) exist and do not simultaneously 
vanish in the interval (c,, x). By Cauchy s formula, 

/ia;W(c,)__ m whence c lies between Cj and x» 


Therefore 


f(^) 

ip(x) 


1 - 


1 - 


/M 

/(g) (c) ^ 

'>(*) 






""/(g) 

Now if Cl and x be taken sufficiently near to a, c can be 

* r'i^\ 

made as near to a as we please then ^ 

its limit las we please.'" When this is so, let be fixed and 
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X be made to ai)proaeli a. As <f>(Ci), /{Cj) are fixed and fj>{x)t 
fix) lend to infinity, therefore and^^^^^^ tend to zero and 

‘/'(Cl) 


1 - 


consequently 


</)(x) 


, fiCi) 
fix) 


tends to unity. 


Hence 


Lt f(x) _ Lt £' (x) 

x->a <|){x) ~x-^a ^'(x) 

(B) The previous result can be easily extended to the case 
when a is infinite. That is, it can be shown that 

Lt fix) ^ Lt fix)^ 


Let x= 


1 


41 

tJ 


Therefore 


Lt fix) 
x->^ ^[x) 


Lt 

y^O 




Lt ^ ^ y ) Lt 

7/^0 TTw 


Hi) 




' (;X-p 




= Lt 
1 2*^00 


m 

s'ixY 


0 

0 


Note* The rule for the evaluation of indeterminate forms 

should be applied 


VIZ., 


Lt 


fix) 


= Lt 


f(r) 


CO 

judiciously. 

The following examples illustrate this point 


1 

Lt c^ -1 
( 1 ) ^^0 


e^+1 


Lt 

a :->0 


- =1 


/ 
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X ^ 

But the limit of ® ^ is +1 or -1 according as a: tends 

+1 

toO through positive or negative values. 

(2) Let/(a:)=a:“ sin a :-/:0 and/(O) =0; and ,/,(a:)=Bin x. 

Now =0, tut applying the above rule 

<|,(a:) 


2x sin ^ —cos 

X X 

cos X 


Lt 

x->0 


, 2x sin —cos t *. i 

Lt/:H_Lt_*_^*/-coei\ 

a:->0 cos x ' a: / 

r (a;) 

which oscillates between —1, to +1. t.c., the limit of 
does not exist. 

(3) Let /(a:)=sin^a: sin —./(0)=0 ; ^{x)=0 

Lt f{x)2i 
iji{x) 

'« .'to % -.'to (-" “■ V - i) 

=which does not exist. 


Ex. 1. Evaluate ^ tt 

2 


log( a: —D 


tan X 


This is of the form —Therefore 

CO 


log (a:-^) 


Lt 


X — 


xr» 


tan X 


seo*x 
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Lt cos^a: 




2 z— 


( which is of the form 


Lt “2 cos X sin a: ^ 


Ex. 2. 


E™luate ^^0 

CO 


This is of the form —, Therefore we have 

CO 


Lt log 0^ Lt 
^“>0 log cot^^ ”0-»O 


2 

$ 


— cosec'^ 
cot 0 


Lt sin ^ cos ^? / 0 


( n f"”) 




V ~e-^o . 0 \o 

* i Lt +COS 20 , 

" =f_>oT 1 


Lt log 

Ex. 3. Evaluate ^.^co — 


X 


This is of the form 


00 


CO 

Lt logx Lt l/*_^ 

X-> 00 1 


x-»oo 


z 


EXAMPLES XXII 


Evaluate the following limits : 
Lt x24-l 


1 . 


3. 


5. 


x-^cc x^-f2 

Lt log tan ax 
x-^0 log tan X 


Lt 

*->00 




2 . 


4. 


6 . 


„.posilm 
X->00 ^ 


Lt log ^n^ 
x-^0 log sin z 

2^ 


Lt 

x->oo 


a 

coseo 2 x 
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S Olher Indeterminate Forms- Other Indeterminate 

forms occasionally arise but, in general, they can always be 
reduced to the form J which, therefore, is a fundamental form; 
sometimes, however, it may be mme convenient to reduce an 

indeterminate form to the form ^ • 

We shall therefore discuss n few other forms very 
briefly. 

Form 0 X 00. 

(11 If /{••») is zero, while ^(x) is inBnitc, the 
product/(a:), ^(.r) takes the form Oxco ; but it can be made to 
take the form ^ by writing it as 


Foitn 00 — CO. 


/(^) 


(2) If ‘'’® 

function/(x)-(^'{a:) (afcesfAe/orm 00 -CO ; but it can be made 

to take the torm 0/0 by writing it as 

/(*)-./.(z)=(^ “/(i) 

Forms co°, 0° and 1 

(3) If f(x) is zero, while (f>[x) is infinite and we 

are required to find which takes the form co” 

we proceed as follows : 

If ^(a:) is positive let 
then log y=/(a:)log ,^{a:) 

=—^ which is of the form 

log" ^(*) 
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or 


_Iog (/,(.r) , . , . r r CO 

j—, which IS of the form 


CO • 


/(*) 


If log 2/has a limit, say ^ then since e-^ is a continuous 
function of .r. 




Lt 


The Forms 1 co can be treated in the same manner. 

Ex. 1. Evaluate' .rW). 

.r-> 1-0 ' ' * 

Let x^^y. Therefore x log x=log y. 
x^-\-0 = .rlog.r{0, CO) 


1 

Lt log.ryoc\__ Lt x 
.r-»+0 1 \cc/ .r^+0" 1 


X 




Lt 


y—l. Hence 

.r—>+0 


Ex. 2. Evaluate Lt (tan .r)ytir^’' (co°} 

a:*^2 

Let (tan Then 

log y—sin 2a- log (tan x). 

Lt log y— Lt^ sin 2.r log tan x (0, co) 


Lt 
.r-^+O 


x=0 




x-> 


Lt_log tan X /co\ 

cosec 2x \cc/ 


Lt 


TT 


sec^x 


tan X 


—2 co.scc 2x cot 2x 


2 
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= (-tan2.r)=0 


2/=l' 


EXAMPLES XXIII 


Evaluate : 

1- ■"). 

- Lt , ; .cosec^ar. 

3. (cos bx) 


.r->0 


/I _ cot x\ 

\ .r* X- / 


4- 

.r^co \ 2 / 


Lt 


/X ...tan 20 
(tan 0) 


* L*t /tan x\ 

V a: 7 ‘ 




Lt / \ X 

,._o( ; 


cos X 


■) ^ 


cos X 


9. Show that (t),^‘^(l+/)'>=l. (U) 


. T->00 


10. Show that 1 + *^) =c«. 

6. Utilisation of Taylor’s Theorem. In those f'- 
where the indeterrainate character of a function does n 
appear by the repeated application of the previous forry 
judicious application of Taylor’s Theorem gives the re ' ® 
rapidly than the rules referred to, bub jve should hav*nd a^, 
to other methods when the aj)plica* Taylor’s 1 

finite form is not convenient. 'w. ames the 


determinate. 
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For example, let it be required to find 


Lt ar—sinx 

X -^0 />.3 


( rr* rt^ 
Lt 


cos & 




.r—>0 


Lt / 1 

=a:->0V 13- -Tfl- 


■•')= r, • 


EXAMPLES XXIV 


It 

1. Show that . cannot be evaluated by the 

* a;-»co a;—smi 

rules even though the limit is infinite. 

Evaluate 

Lt log tan ax 
x-^0 log tan bx 
Lt log tan aa;—log tan bx 
ar-»0 log"sin a.r-log sin bx 
Tf sinbx —sin a; e cosh x—cosx 


Lt (x—a) 


x-=>a 


(a;2-o2) n 


Lt tan ^ 

X— >0 2x^ tan tt x 


Lt / \cot*x. 

X-.0 ^ ) 

t / j_2x \tanx. 

l\ 

a 


2^ sin 


-2 


e 

Lt 

cosh 

X—cos X 


x-^0 


x2 

.eing 

positive integers, m<rt. 


Lt 

tan 

X— sin X 

8* 

x^O 


sin^x 

10. 

Lt 

x^ 

—( 
2 V 

, yan 

2 ' 

12. 

Lt 

x-»l 

sec 

5? log * . 

2 X 

14. 

Lt . 

/ X 

1 \ 

x->r 


[ log X ' 
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IS. 


Lt ttx—I 

x->0 2x2 




TT 


1 ) 


16. 


Lt / I 
x-^O 




- - Lt cosO 


cosO 


18. 


Lt 3 tan x—3.r— 

x ->0 


V 


19. 


1 " \' 1 

Lt (l+.T)->'-e 


a -^0 


a: 


1 

X 


-e+- 


20.>Show that - 

A. Lt sin 2x+2 ain^x— 2 sin x 
21 * ^ •— -. 


ex 


X* 


lU 
24 ' 


22 . 


24. 


25. 


x-»0 
Lt 


C03 X —COS-X 


1 


, X tan 
X—>CO X 

Lt tan mx—tan nx 

sin^ wi.r—9in%x * 

sin® mx—slnhix 

l>~oo.3(m~n)x 


23. 


Lt xfi^—log (1+x) 


x->0 


X 


I 

, when (») ?i->0 (ti) m-^n. 


2®- .-.0, 


Lt A.r« 4-C.r«-®-}-. 

V^’ T+ • o . • nia >, =, or <«. 

9fl^ Tf 2x+a 3in X , « ^ . 

“ x^O 3 ^ value of a and 

the limit. 

nA j- Lt sin/i Sx+Oj sinA 2x+a.* sinA x 
• x-40 '-— have a finite 

limit, 6nd its and determine the necessary values of and a^. 

30. Show that the expression {</.(x)} which OBsumes the 
form 0 when x->a is not indeterminate. 




CHAPTER VIII 

TANGENTS AND NORMALS TO PLANE CURVES 

1- Tangent at a point- The tangent to a, plane curve at 
the point P ho’i alreadij been defined to be the limit {if it frisks) 0 / 
the straight line PQ when Q tends to P along the curve. 

Unlp(>s P is a singular point on the curve, the position of 
tangent PT is the same whetlier Q approaches P from the right 
or from the left. 

Equation of the tangent- Asi^uming the existence^ of the 
tangent to the curve y=ftx) at tie point P{x, y), its equation can 

be easily found. 

Let Q(r+S-r. be a neighbouring point on the curve. 

Then the equation to the secant PQ is 

v-y ^ Sy ^ 

X~x (.r-l-S-«) —^ Sa: ’ 

where X, Y are current co-ordinates of an arbitrary point on 

the secant. Now let Q tend to P. Then u-r-^O and the s raig 
line PQ tends to tlie straight line 


_ Y-y_ Lt _Sy 
Sx-^Osx' 


.( 1 ) 


since the arbitrary point X, V on the secant becomes an arbi- 
point on the tangent, which may still be denoted by X, 1 

when S-T-^O. 

Hence from (1) the equation of the tangent at the pom 

(a;,y)is . 

Y-y 

Y _ />* dx ’ 


or Y —y = f'(x)(X —x). 

Thisproof is applicable whether the axes are 

or oblique. 


rectangular 
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2. When thP eqiiatioa of tbf curve is given in the form 
fix jvl—0 ^ —and the equation of t lio tangent 

at the point (j, y) after substituting this value of becotues, 


4-{y-v)^ =0 


+(V-2/) 


( 2 ) 


It is assumed here that \/ and are not both zero, 

dx 

3. Equation of the normal (Rectangular Axes). 

The 7wrmal to a plant curve at the point P is a straight lint 
ihroiigh P at right angles to the tangent to the ciirrr at P. 

dv 

Slope of the tangent at P{x, y) is . 

Slope of normal is —1{/. c., minus the reciprocal of 
the slope of the tangent). 

Hence the general equation of the normal at {x, y) is 

{X-.r)+g-(Y-y)=0. 

‘Z. for the curve y—J{x), the equation Tof the normal at 

(«. y) is 

X-a; Y-y 

JL. 

dx 3y 

Ex. 1, Find the equations ef the tangents and the 
normals to the ellipse 9iH2/®=25 at the points (1,4) and 
2 /'). 

Differentiating 9.T®4-y*—25=0 with respect to .r, we tret 
dx "V 


l-dxja'=.l L 4-* 

y=4 i y=4 
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“'id (j'') . 

' ax If' 


y=y 

Ihe equations of the tangents are, therefore 
. 9 

V—4=— ^ (.v-1) or 9r+4y-25^=0 at (I, 4) 

r' 

and ?/—^ (x _,r') or 0x.v'-h^^'=9a:'^+t/''=25, 

y 

because the point (r', ?/) satisfies the equation 

O.rS-l ;/*-25. 

Again, the equations of the normals are 
y \=;,ix 1) or4:c-9y+32=0at(l,4) 

and z') or i/x-^x'y+Sxy=0 at {z',ij'). 


Ex. 2. Find the equations of t)ie tangent and tiie normal 
at (x, y) of the conie. 

/(•r, y) ~ ax- d* 2hzy \-hy --f 2gx~\- 2fy -f r. —0. 

The equation of the tangent is 



Now -=2{az-\-hy fj/) and-^-^- =2(Ax+?tv+/)* 
d.r dy 

Hence the equation of the tangent becomes 

(ax-hd- 9 )>^ + (Ax 

-{xiax-^hy-\{f)+y{hx\~hy-\-J})^ 


r^O. 


{ax + hy-\-g) X+(Ax -\ by \-J)Y 

[ax^'\~2hxy\-ly“-{-(ix-\‘jy'\ =(^ ■••(A) 

But from the equation of the ourre 

a x®H-2A xy + hy"^^gx Vjy^-gx-jy-c- 

(A) becomes 

{ax-{-hy-^g)X-\-{hx-\^hy-\-J)\ -l-'7X-|-/(/+c=-0, 
u bich is the equation of the tangent. 
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The equation of the normal is 

X —V —y 
ax-\-hy-\-n hx-\-hij-\ f * 

Ex. 3. Find the equation of the tangent at {x,y) to the 

-jyTU 

a” 6"‘ ""' • 


The equation of the tangent is 

.(X-.) %My-y) 

where f(x, !/)=-„ + -1=0, 


..W-1 




„m "t'(^ y) = 0 , 


x" 


;/f-l 


V -C.+^J=o- 


Hence the tangent is 




.W-1 


X+-'j,„-Y=l. 


Ex. 4. Find the condition that the straight line 
a; cos a-hy Bin «=;) may touch the curve -_I- " 


-f =1 

^ 6 ”* • 


By the preceding example, the equation of the tangent at 


a ; n '”—1 

KVi) is y=l. 


WO this with the equation x cos a+y sin a=^2> 


cos a 




and 


8111 a 


= 




t. e., 


a cos a 


(?r 


and 


68m 


jw • 

= (f) 
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) 

vi.-\ 


1 


. / « cns „y - .r, 

Hnuo substituting in the cijiuition of the curve these 
values oi .Ci u and (>, \vc get 


HI 


m 




cos ay sin ay- 

m w 

i. c., {p)'>‘ ^^-[a cos (6 sin tr)"''b (A) 

Cor. 1- I'uttiiig 'Tc get /r—u'* cos-a + h^ sin-a as 

the conditioii that the line 
.V cos n-!// «”■* *'> ~r fouch 

the < .r-'a- + y“ I- 

Cor. 2. U will be obverved 
tbit the r co-ordinate of the 
loot oi the p( rpciiilioular is p 
and the ^?.uo-oidjrate is «. 

'Ijiercfore, tlic condition (A) 

U(«st's a relation between the 
,,...ar co-ordinates of the foot of the perpendicular. Hence the 
condition (A) itsrlf is the ei^uation of the locus of the foot of the 
prrpi ndicular in polar co-ordinates. Writing in the customaiy 
form, that is, changing p into r and « into 0, we get the polar 

equation of fhe locus of the foot of the perpendicular from the 

oriqin on the tangent as 

m m m 

y>n~o-{a cos BT sin 0) 

\W putting cos 0=-C:r and sin 0=g r, theCartesiaii equation 
oil the locus is 

m )n m 

4*. Oblique axes- Hud the equation of the normal at 
((, g) to the curve/(.r. g) =0 when the axes arc oblique. 

If ^ be the angle the tangent to the curve at tx, y) makes 

^ Vk 


I ( w r ' V. \ I.* ^ • » « • ^ ^ • O . - • . 

itli llio po>itive direction of the x-axis, then 
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_t,an^ in reotangulai’ co-ordinates. 13ut in obli(juc axes 
dz 

is not equal to tan 
dz 

_ill oblique axes, where <■> is the angle between the 

dz sin (u— 


axes, 


whence tan 


dy . 

~ 8in o» 

_ ^ _ 

1 + ~^cos <D 

dx 


We know, from Co-ordinate Geometry, that if y=mx-\-c 
and y=m'x-{-c' [represent two straight lines where axes are 
oblique, then the angle $ between these lines is given by 

{in—m') sin w_ 

”i-b(m-j-w') cos w-fmm' 


and the condition that the two lines should be at right angles is 
that 1-f (mq-mO cos ; 

, , 14-mco8o> . . - 

whence m --'-r- terms ot m. 

cos <i> q-m 


The equation of tangent is Y~y=^ {X~x) whether the 


axes are rectangular or oblique ; thus m of the tangent is 
dy 


m of the normal=m'=— 


1+^- COB (D 

dx 


cos 6>q- 


dx 


Hence the equation of the normal (x^ y) is 

iq-cos 

Y— 3 /=—--— (X—a:) in oblique axes, 

cos wq-^ 
ax 
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5. Simplification for Algebraic curves. In tlie eiiuatiou 

ol the tangent 

(X~x) 

?.V 

tho absolute term—— 

?x 

This can be written in a simplified form by adopting the 
following artifice : 

I.et the equation of the curve f{x, y)=^0 be made homo¬ 
geneous by the introduction of suitable powers of ; so that the 
function/(x, //) of degree n becomes a homogeneous function 
//. -)• 

'I’hen, by Euler’s Theorem, 

"" 'j- ")=o- 

?'■ ?/ 

• ■ ""dx 

Thuo the equation of tho tangent takes tho form 

X ?4y +; y: =0, 


t)x ?!/ 




where 2 is to be put equal to 1, after difiFerentiation has been 
performed ; or writing Z for . in the last term, for tho sake of 
symmetry, the cejuation of the tangent takes the more symmetri¬ 
cal form 





where in the last term both Z and : are to bo equal to 1 after 
differentiation has been performed. It is easier to remember tho 
equation of Iho tangent in this form which has tho further 
advantage that (he absolute term comes out automatically in its 
simplilied form. 

Ex. EInd tlie ei|uation of the tangent at (.r, y) to tho 
conic /(x, y)' (iy~ \-'2h7i/-^bi/-\-2yx-\-2/i/-\-c=0. 

Making the equation homogeneous by the introduction of 
X, we have 

,/f.r, y, 2)^ax*+2Axy-l-V-|-(2yxd-2jy)2+C2^ 
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Hence the equation of the tangent is 
X?/ +Y f +Z y =0. 

dX ?1J ?2 

i. e., 2{ax-\-hi/-{-fj::)X-\-2{hx \-0y+fz)\2{gx-\-f}j-\^c~)’A.^0. 

Henuo putting Z=1 and z^\, we get 

(tfj:-l-/(2/-hj)X+(//j:q-/j^+/)Vq_(gr.>.-|./y4.c)==0 

as the equation of the tangent at (.r, y.) 

6- Angle of intersection of two curves. 

The angle at wliich two curves intersect is the angle 
between their tangents at the point of intoi-bection. 


Let y^J{j) and t/--=./.(.r) 
bo two curves. Wo lirnl tho 
co-ordinates of tho points of 
intersection by solving for 
X and y from these eiiuations. 

If the curves intersect at 
an angle w, tijen ci>=^/— 



___ tan ^—tan^' _ H') —‘^V) 

T+tan tan f 1+;'(T)f (.r) • 

Cor. The two curves cut ortho<jo7iaUy {ai right angles) if 

/'(i),</,/'{£) =—l and touch if/'(.i;)^,^'(i). 

Ex. 1. Find the angle of intersection of the parabola t/=2x 
and the circle 

Solving simultaneously, we find two real points of intoraec- 
tion of the two curves namely, (2, 2) and (2, —2). 

(i) At (2, 2), the values of obtained from tho equa¬ 
tions of the two curves are 
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t.''., ami - 1 are the slopes of the two tangents at 

( 2 , 2 ) belonging to flic two curves. 

Since the angle bet ween two lines whose slopes are Wj and 

is given by the formula tan B— - — » 

'.’J the acute angle between the two tangents is 

i_( —1) 

tan~^ -: y "r =tdn~^3. This is also the angle of intersec- 

tion at ( 2 , — 2 ) as is evident from considerations of symmetry. 

Ex. 2. If the conics Oi y*—I and a.^ x^~\-b 2 y^—l 
intersect at right angles, show that 

till 


a 




a 


\ 


Let {x\ y') be one of the points of intersection of the two 
conics. 


Y 

<• 


dx 

ii) 


from the first conic. 


a,x 


^y , =— 7 ^*/ [slope of tangent at {x\ y') to 
dz i(.c , y ) biy 


Similarly, (n) 


= Tslope of tangent at 

ix\ yO to a 2 x- 2 + 62 y*=L] 
Since the tangenl.s cut at right angles, 

biij 

t.c., fli a:'*+6i 6, y'®=^0. 

But since (.r' y') is a common point of intersection of the 
conics 

(2) 

and 
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a.rta 


ic'^and y'“ are to be eliminated between {!), (2) and (3). 
From (2) and (3) by cross-multiitlication 

a:'- _ //'== _ 1 . 

• r 2= - ^ ^ * //*"“ t I. 

** flj 62-^2 ^ aifts-ffjOi 

Substituting for a:'^ and y'^ in (1), we get 

— 0 . 

Making the numerator zero, we get 

°i“®2 Qj. * ^ ^ ^ ^ ^ * 

Uj rta f>2 ^2 ^3 

•. ^ ^ i ^ • 

* Ui 61 fla f >2 

7 . Parametric .equations of a curve. If a curve ^ 
given by its parametric equations (also called its ireeaom 

equations) 

1 

J 

dy dy I dr, (0 

Hence the cgiMziio/w 0 / tfic tangent and the iiormal at 
t are 

and (0{^“‘/>(0}d'V'(0 

It is assumed that ^'(0 and ^'(0 art not simultaneously 
zero at t. 

Ex. Find the equations of the tangent and the normal 
to the ellipse x=(i cos y=6 sin ^ at the point 

Here 6 is the parameter and the Cartesian equation of 
the ellipse is ‘obtained by eliminating (f, between the two 

equations. Thus, 

2 2 

^ =008*^+3111“*^ =1 which is the cartesian 


we 
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ocjuatiuli of the elli|).se. 


dx 


Wo have a;=a cos «/j ,V=—a ein «/> 

■ 

lf~b sin </' 

dif dll ' dx b 

• • ^/j /. —— 'h 

dx d<l> d,j, a ‘ 

Hence the eijuation of the tangent is 
y—6 sill 'A = --^ cot —a cos (/>), 
or a sin ./..y-fh cos (sin-</,-f-cos'".^). 

- ^ 'h' —1 is the tangent at (p. And the 

tiijuatioii of the norma] at tj, is 

i/~~b sin ^ tan tj,{x— a cos tj,) 

(ii bii 

or - 

cos (j, sm 

EXAMPLES XXV 

L Find the equations of the tangent and the normal at anj 
point on each of the following curves : — 


X 


(0 i*. (ii) x}j~k~. (tii^ ij—acosh ’ 

{iv) {.,;2-|~/)2^a2(/2—y 2 ). (y) 

2. Find the tangent and the noi mal at any point on the 
following curves :— 

{i) X —rtcos 0. (ii) x=fif^. (m) x—si*! O) 

y^b 8\n 0 . y —2 at, cos 0). 

(ir) X- a cos 0-\-a 0 sin <?, y—a sin 0—a 0 cos 0. 

(e) .r-—3 cos (?--cos 3(?, y = 'S sin ^ —sin 3^. 

3. Prove tliat tlio lino 

?y ' C* X 

^ I ^ touches the curve y=be —- 
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at the point where tlic curve crosses tlie y«axis. 

2 2 

4, If a normal to tin* curve * makes an 

with the .r*axis, show tliat its ecjuation is 


angle 0 


y cos —a: sin 0 —a cos 20- 


5. Find the points on the curve 


y=..(r-l)(.r-2)(ar-3) 

at which the tangents are parallel to the axis of x. 

6 . The curve y=x{.r~a)~ is cut in three points by the line 
y=m^x. Find the tangents at tlioso points and determine 
tlie points where they cut the curve again. 

7. Prove that the tangents to curve r’-f v/’— 3 a»i/ at the two 

points in which it is cut by tlie straight lines intersect 

on the curve. 

8 . Determine the abscissae of tlie points at which the 
tangents to the curve y= r'* are jiarallel to the line t/=3x'|*5. 

9. Find the equation of the tangent and the normal at 
any point P of the curve 

Prove that the area of a triangle formed by the normal 
and the axes is e((ual to the square on the perpendicular from 
P to one of the bisectors of tlie angle between the axes. 


10. Show that the equation of the tangent at {//, /. ) to the 

algebraic curve/(.»■, 7/)—0 is ■tf^^{hJ:)-\-y J\,{h, {k, f:)—0, 

where k) is formed from j\/i, /. ) by multiplying each term of 
the latter by the number by which its degree falls short of that 
of the highest term. 


Write down the equation of the tangent to the curve 

3a:?/+7/—1=0. 

11. Show that if x cos a-\-y sin a—p touches the curve 
then 7 )”'+" m™ n”—cos”' a sin” a. 




If Ax- 1 -B 7 /=C is a normal to tlio curve a”-' y—x*‘, show 


that 

»7 . * i ( 

4 ^ 

iu 


n” A” C”-’=a«-iB(nA*4-B2)”-i. 
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\ 

12. If ji—x cos rt+y sin ,x touches t)ie curve 


91 


n 
n-\ 


prove that ^"=(0 cos «)" \-(h sin «)". 

13 Find the condition that the lino y=mx-^c may be 0 
normal to the curve 

14- Show that the parabolas a:*=at/ and y^^2ax intersect 
on the curve .r ’4 y^=3a.r//; also find the angles between each 
pair at the points of intersection. 

15. Show that the curves and ^xhf~-if=2 

cut orthogonally. 

16. Show that the curves y^=inx and ay^=4.r^ intersect 
each other at an angle tair '1 2 ; also if PGi and PGj be the 
normals to the two curves at a common point of intersection 
(other than the origin) meeting the axis of r in Gj and G 3 , then 
Gj 62 = 40 . 

17. Find the angle of intersection of the curves 

18. Show that the curves 

x^ y^ 1 1 I ^'*—=1 

oHA, ■'■fcM-A, “ 6“+Aa 

intersect at right angles. 

19. Show that there exi.st points P and Q on the curve 
y^^x^ such that tlie line Pg is both tangent and normal to the 

curve. 

20. Show that if/(x) is continuous at x... the 

P(r,„y,) to the curve is the limit of the chord 

when Qx, Qa ^ curve. 

[flint. The equation of the chord QjQ-j 

(x-xx). 

Since rf:r) is continuous at Xo therefore it j! 

exists at all neighbouring points to P- Hence Qj ^ 

be taken near enough to P for/'(x) to exist at all pom 
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interval Therefore »)y the mean value theorem 

a:., —.r, 

But since/'( to) is continuous at Xq, r[xi-\- 0 (x.-jX^} tends to 
r(x„) when ei, ^ 2 -^P> i-e.y when rr, and Xo-^x,, and the limit ot 
the chord is y-f{x„]=r{x,,){x-x,,), that is the tangent at F.l ^ 

21- Prove that the equation of the tangent at any point 
(4m2, 8m3) of the curve i/=x^ is y=3nix—4m^ and that it meets 
curve again at the point (m^, —m^). Show that if Om —2, the 
tangent is also a normal of the curve. 

22. Tangents are drawn from the origin to the curve 
?/=sin X. Prove that their points of contact lie on x^ij~=a y • 

23. If the line /j 1 touch the curve 




prove that 


n n 

n 1 « -1 

(fll) =1. 

24 '^ Prove that all the curves represented by the equation 
forditferent values of n, have a common tangent at the point 

(a, b). 

25. If Ai-i-By=C is a normal to the curve a”"‘y=x”, show 
that 

4 

26/ Show that the angles of intersection of the parabolas 
y*=4ax and x^^iby are 

, , . . 3ahi 

h- andtan-^ —5 -«—. 

^ 2(a3+5‘M 

8- Tangents at the origin. 

The equation of the tangent at the origin to a curve 
powea ihroitgh the origin is by the general formula 
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KDx=..+2' (?x)^=.o='’- 

?/ = 0 y^{) 

the origin which becomes somewhat complicated in the case of 
higher degree curves. We give below a method which will 
enable ns to find readily .such tangents by insjiection. 

Case (f). Suppose that the absolute term is zero but the 
iirat degree terms are present. 

Let the eijuation of the curve be 

-h ««-, -L. 

and let tlie line y^.mx tlirough the origin cut the curve in P, Q, 

ivj iS*#.,***,. 


The abscissao of the points of intersoction of the line 
y—mx with the curve will be obtained by substituting dix 
lor every y in the efjuation to the curve. 

Let the result of su!)stitution ho 


wliieh is an equation of the Mth degree in x only. 

One root of tins is obviously zero, since origin is one of the 
points of int(‘rsoction. 


A second root will be zero, t wo of tho points of intersection 
being coincident at the origin if 

g4-/m=0, i.e,, if 

In this ease, the line y~m.r will become y~ - ^ a: or 

J 

0, whicl) is tangent at the origin. 

Case (ii)- If the first degree terms are also absent from 
the equation of the curve, we have ^=0 and f—0, tlie equation 
of the curve is then of the form 

««+^b;-i+. -\-btr) =0. 

On substituting mx for y, we get 

. 
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Two roots are zero, so that every line through the origin 
cuts the curve in two points thereat. 

A third root will be zero if 

In Hus case there will be tw'O values of m and the equa¬ 
tions of the two tangents at the origin will be obtatined by 
eliminating “ in " between y^mx and 0. 

The result of elimination is fl+A ^ ^ =0 

t.e., which is the joint equation of the two 

tangents at the origin. 

The rule can be easily extended. 

Thus we get the following rule for finding the tangent 
or tangents at the origin to a curve passing through the 
origin. 

The terms of the loicest degree in x and y eqmfed io zero 
gire the equation of the tangent or tangents {real or imaginary) 
at the origin,** 


EXAMPLES XXVI 


Find the tangent or the tangents at the origin in the 
following curves: 


1. a:5=6y*. 2. y^=ax. 

5. ?/*{3a!-f2y)— 

7. a:a+t/*+3a—2y=0. 

9- y^), 

11. x®-l-y®e=3axy. 


3. x8=ay. 4. 

6. x*(2a~y)=^y\ 

8. x3-ey*-f.y3^0. 

10. y)+a*(.r-fy)=0. 

12. ** -fy*——3a“x“=0. 


Geometricd Results. 


9. Intercepts ol tangents on the axes. 

If in the equation of the tangent 

Y—y ^ (X—x), we put Y=0, then 



jjy . 

/ <iap ’ 


this is, therefore, the yalue of OT, 
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Thus the tancre-it cuts o(T. an intercept on the ^••axis 

=-T—yly. 

Vote Thr* lit sli-nM obs^^rve that we are really 
:^in;::ho ab-C' "f thi p^: . of intersection ^ tangent 
h Y=0 (>*1x1 if., wc .ue solving the siii altaneous 

'luations 

(0 Y rf.r.lX X), (li Y=0 

in order to determine the value of X. 


Again, if we put X=0, we gt^t Y=y^x j \ this is, 


therefore, the value of 0^ Thus the tangent cuts off an 
intercept on y-axis---?/—.r,y. 


In a similar manner the intercepts of the normal on the 
axes can be easily found. 


10. Lengths of subtangent and subnormal- 

Let P be a point (.r, y) on the curve APB whose equa* 
tion is y=/(x). Let the tangent PT and the normal PG 
meet the ar-axis in T and G and and let ^ be the angle that tan* 

gent makes with the .r-axis so that tan and there- 

lore, 






i 


dy I 

Then, length of tangent 



=PT=\/PN2+TN2 
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where y' = 



Ltngth of ??o»‘)/irt/~PO = *y/PN“H-NG^ 


tan\, 

SMhi&nzeni^projrction of hnqth of the tofigent on fhf 
®-axifj=TN=PN cot 1 /=?/'^'. 


SuhhOttAol—jyrojfctlon of the hugih of ihf hormoJ r»n tlie 
i-axis—NG=PN tan ^—y}f> 


Note. Wo suppose x to be always increasing towards 
the right; y may, then, increase and decrease as x moves in 
the positive direction to the right. If y decreases with .r, 
dyldx is positive ; if y decreases witli ar, dy]d.r is negative. 
Hence it follows that suhtangznt is measured from T to 
the right or to the left according as y\y\ is •}- or — ; and 
subnormal is measured from N to tlie right or to the h^ft 
according as yy* is + or —. 


11> Perpendicular from the origin on the tangent- 

Let p be the length of the perpendicular. 

Then 2)=OZ=OT sin ^=(ON+NT) sin ^ 

={x+{—yly')}- y’Vi+y'‘ 

=(»!/'-8/)/Vr+F*. 

Otherwise : p being the perpendioular from (0, 0) on the 
tangent 


(X-*) g- + (Y- 

given by the equation 


■V) 


?*/ 




m 
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Ex, 1. Shnw tbftt the subtansjent at any point of the 


^5 ^ y=ce‘‘ i« constant. Find also the length 

of the subnormal. 

Dififerentiating logarithmically 

1 (fy _l . dy ^ 

y dx ~ a ‘ ' dx n 


dy 


Hence subtangent (:r, y)—yl'^^.~ 



=:a, which is constant. 


Subnormal r=)/4“ 

'' d x 




a 


It is the only curre in which the subtangent is constant. 

Ex. 2. Find the length of perpendicular from origin, 
length of taugent and length of normal in tiie curve ol 

Ex. 1. 


?/ 

Equation of tangent ia Y—i/= (X—a:) 

i.t., yX~nY~\~y{a-x)^0 

(t) w ;)=perpendicular from origin (0, 0) 

y{a-x) 


(«) Length of tangent=y/l-|-y2/^' 




Normal-length= yj ) = y J ^ a* 


it 


Ex. 3. Show that, the subnormal at any point of a parabola 
ia of constant length. 
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Let y^-ia£ be the parabola. Differentiating with respect 
to X, we get, 

dv , dy 2a 

^ydz - dx y 

dy 2a 

Hence subnormal at (*, y) ~y~dx y 

which is constant. 

It may be pointed out that the only curve for which the 
subnormal is constant is a parabola. 

EXAMPLES XXVII 


1. Find the length and equation of the tangent and the 
normal at 0=-|- to the curve 

x=a{B —sin d), y=a(l—cos $). 

2. Show that in the hyperbola xy^m* the product of the 
intercepts of the tangent is constant. 

3. Show that in the curve the square of the sub- 

tangent varies as the normal. 


4. Prove that the sum of the intercepts of the tangent to 

the curve y= /a on the co-ordinate axes is opnstant. 

5. Show that the portion of the tangent to the curve 

jg intercepted between the axes is of constant 

length. 


6. hi the curve show that the portion of the 

tangent intercepted between the axes is divided in a constant 
ratio at the point of contact. 

Examine the case when 

(t) m=—l,n=2. (u)m=:l,n=l. 

7. Show that the tangent to the curve 

=w 

a ^ y 

is constant and equal to ti. 
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8. jn tiu- curve x-a(cus <-hlug tan ) ,y=a sin I show 

lliat the [Kn tion of the tangent botween the point of contact 
uikI the axes of x is of constant leiigtli. 

9. f'rove that tlie perpendicular drawn from the foot of 

the ordinate to the tangent of a curve is 

10. Trove that for the catenary y—c cos the length of 

c 

perpi iidieolar finiu Ilio foot of the ordinate on tlio tangent is 
ol eciistaiit length. 

ti. In the tr;Ktorva:- = v^c^—*1"^ log 

prove tiiat the ['orlion of the tangent intercepted between the 
poitit 0 .: Contact and the axis of x is of constant length. 

^ Polar Co-ordiuates 

12- Angle betweent tangent and radius vector 

W'e h ire sccJi that there is a simple geonietrjcal interprota- 
tioii ftH- dy'd.r. Though there is no simple geometrical meaning 
iovdidS, but there is an important formula connecting 
with the angle between the tangent and the radius vector to the 
point of contact as we .shall presently see. 

Let or/\r, i7)—0 he the equation of any curve m 

polar l o-ordinates. Let T be the point (r, (?) and let a neigh* 
bouring point Q be (r 1 5r, Draw PNlOQ and let the 

angle lietwcen the radius vectar OF and the tangent FJ at i e 
denoted by and let ^ be the angle tho tangent makes \Mt i 
the jfositire direction of the initial line. Let /FQN^/L 
We shall pl•o^•c that 

tanff^r dojdr. 

We have 

sin 5(? 

ON=r cos ^0 
NQ-OQ-ON 

sr.(rd*Sr)~r cos at? 
=8r4-r(l—cos hO)- 

i^N 

Then tau 
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r sin W 

5 r+r(l—cos 80) 
sin 80 


80 


2r Bin* 4® 
*'■ + _ 1. 
SO SO 


i, e., tan 


r sin 80 

"l0“ 


so ^ 


rein| 

2 


80 


8in 


As Q moveg closer and closer to P and tends to coincidence 
with P, 80 tends to 0 and we have 

limit of left «!de=Lt,tan j3=tan 

and limit of right ^ide=-^ 




Lt 

80*^0 


d0 

. 80 
Bin-- 


Lt 


80 


2 


=^1 and 80-»O sin -^=0 


tao 


(®) 


=r 


4 ? 

dr 


Note* <h geometrically identified with the angle between 
the prolongation of the radiu ' vector (which is its positive 
direction) and the positive direction of the tangent which is tin- 
direction in which arc 3 (or 0) increases. 

13. Let p denote the perpendicular from the pole 0 on the 
tangent at P. 

To prove that 7 . =^+^(3^ )' 
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From the figure we have 

■p^r sin 

^2 (. T“ ^ do ' ^ 

=j 

f2 ’ r« ^do ' 


Let «= ~ ; differentiating with respect to 0, 


du _ 1 

do r* do ■ 

Hence, introducing u and ~ in the expression for -In 

do p*’ 

we get pT = '*^+(d“)' 

14- Polar Sub-tangent and Polar Sub-normal. 

Let P be the point (/■, /?). Through the origin 0, let GOT 



(a) .. 

bf drawn perpendicular to the jadius vector OP, meeting 
tlir tang<*iitinT and the norn3al in G. The projections oi 
tho langent PT and of the normal PO on this lino are called the 
pohrr ei^iangent and polar 9uknaf mai. Then 
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OT^'polar suUangeni^r tan r 
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dr ^ *df 

OG^poUtr sub-normal=r cot ~ ■ 

Note, 'i’be initial iliuc of 0 is OX and 0 ie measured 

positive in the counter-clockwise direction. The direction of 
the increase of -s is so chosen that s and 0 increase together 
the angle 6 is reckoned positive counter clockwise from 
the positive^ radius veotov to the positive direction of the 

tangent. 

'Ve then have 

rf 1 1 iL 

“ ““T’ d0 r*^ d0‘ 

d$ d$ 

Hence polar svb4angeni—0T=r^ j— = -.- i 


Ex. 1. Prove that in the curve r^ae^ ° (a and « are 
constants) the angle between the tangent and the radius 
vector is the same at all points of the curve. Find the polar 
subtangent, the polar subnormal and the perpendicular from 
the origin. 

Taking logarithms, we get 

(♦) log r=log a-i-^ cot a. 

Hifierentiatlng with respect to 0, 

I dr , 

~ ^“cofe a 


(a constant which is independent of r and 0 , of 
the position of the point on the curve). 

On account of this property, the ouiwe is called the equi¬ 
angular spiral. 


{it) The polar 8ubtangent=r* ^^=rr^^ =r tan a- 





dr 

dr 

The polar eubuormal=|^v =r cot «. 


(tv) per sin ^=rBina. 



V 
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Ex. 2. Ill the eardiod r=(i(l-eos 0) prove that 

(i) 9 (ii) p=-2a 6[n^ i [Hi) 2(ip-^r\ 

[i) DitJ'erentiatuiL' tlie equation of the curve with respect 
to we get 

dr 

srnO 

do r /i(l—cos(?) J 

’ r ,■ rsz . ^ ~ - ;—r- =tan ‘ 

• • dr (7 hill $ a em 0 J 

t'ln •fy—iiiu or </)—^/2. 

0 

[ii] p ■ r 9jn ^>=r sin ^ 

9 • ^ 

But 2a bin- ^ p==2abin2-^ 

4 # 

0 / r 

[Hi) p^2a 3“^'* 2''2a ^ 

Squaring and simplifying, we get tho result. 

jri ^ 

Ex. 3- 1*11^® curve = cos 20, show that p— 


Differentiating r^=a- cos 2$ iv, r, t. 0, we have 

Ar dr —a* sin 2 $^. 

,^;=-a^sin20 .-.i ^- 

1 1 1 _ (-a2 sin 20f 

Hence ^2=;-T+ ,.i^ ^-2 —' 

a* cos^ 2$+a^ sin" 20 __ 

J.C 7*0 

15. Pedal Equation or “ p, r equation ' of a curve. 

If r be the radius vector to any point of a curve and p de- 
uote.s the perpendicular from the origin to the tangent at that 
point, then the relation between r and the corresponding p is 
called the pedal equation of ike curve. 
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In Kx 2 and Kx. 3 above wo have found the pedal etiiia- 

tion of the eurve r-«(l-eos 0) and cos 2$ rcsfeetive y. 

16. To find the pedal equation (with respect to the polo) oj 

a curve whose polar equation is yiveti. 

Let fir S]=0 be the polar etiuatiou of the curve, then 

• , ( 1 ) 

p=r sin ^ ' 

do 

aud dr 

The oo-ordinatee r and 9 satisfy (1) and (2) aud also 

Eliminating .1. and 9 from these e(Hiation3. wn get a relation 
helwccn p and r which is the required pedal equation. 

dKcrnalirc method. The p. r relation in thie ease may also 
be obtained by eliminating 6 between the equations 

1 ^ ^ ,pJ- \ .‘l’:\\ndf(r.0)=9 

p3 - ^ i. de ) 

Ex. 1. i^ind the pedal equation of sin mO. 

Taking logarithius, m log r—m log a+log sin m$. 
Differentiating w. r. t. 0. 


= cot 1 U 0 , i.e., cot (^=oot mO ; </>— 

1 


mdr 
rd$ 

yffl 

sin (/)=r sin » .. 

Ex. 2. Find the pedal equation of the ellipse 
I 

‘~- = l+e Gos $■ 


lu—l+e cos 0 
., dtt —e sin 0 



• • 1 a . / du\- / l-fc cos fix- /~e sin 0\^ 


=-i(l + e«+2e cos e)=y- {'I i e^+2 {~-l ) ] 
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[ (I ; 


_ 1 

~ 

= 1 /2^ J\ 1 / 2 _ 1 X 
l^\r ~ a /^T\r a) 
6 * aHi-e~) 
a 




=a(l-.a)] 


V — I ^ " which ie tKe pedal equation of 


P 

ellipse focus being the pole, 
AUtirnative mithod : 


the 


Let SP=r. ST=»’', where S, S' are the real foci and P any 
point of an ellipse (eemi-axes a, 6). Letp and p' be the per* 
pendiculars from S, on the tangent at P. *lhen since SPt 
S'P are equally inclined to the tangent at P, 

(i) p=r 6in (») p'=r'sm^ (nt) pp'=b^ 

(it?) r-j~r'=^2a. 

Eiiminate tj,, p r'. j -^ = ~ 


= [from (*), (ti)] 




6* 2a 

i-c., -p 2 ~ r 

*17. To tind the pedaU.i/wa^iort 0/ a curve whose cartesian 
equation is give7i. 

Let /(«, y)=0 be the cartesian equation of the curve, the 
equation of the tangent at (x, y) is 
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and the perpendicular p from (0, 0) on the tangent is given by 




f 


?i , Ji I ^ 

^ ?:c ! 


t ?x I ^ ) ?y > 


...( 1 ) 


The radius vector to {x, y) is given hy 

The co-ordinates (.V, ?/) 'satisfy equations (1) and (2) and 
/(a:.y)=0. ■ ...(3) 

If we eliminate x and y between equations (1), (2) and (3), 
we shall get a relation between p and r which is [the requiretl 
pedal equation. 

Ex. Find the pedal equation, with respect to its centrt 
of the ellipse 4 - ^=1. 



Eliminating x-^ and y^ between (1), (2) and (3) we get 

: 1 1 


2 


a 

I 

a' 

1 


62 

1^ 

¥ 

1 


1 


1 

P“ 

r2 


-0. 


it 


\* (5^ " )+i (j^ -i )+ )=o 


i. e., (5W)-(i»-o'‘)r*=“^f=(6«-o>). 


I 
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Hence we get, nftei' removiim factor Ir — 





which ia the prdul equation of (he ellipse, 


eerifre heiy}g the pok. 

Alternative geometrical method. The pedaj equation may 
also be (lerivrd from tlie known geometrical properties of the 
ellipse. We have 




(<0 ('J}.p—nh ; 
wheijoo eliminating Cl'), we get 





e., a-+h’—r*= 

P' 

EXAMPLES XXVIII 



For the [)arAholn 


2a , , 

= 1—003 0, show that 

/• 



(ii) polar auhtangent=2a eo3 0 


p-^ar. 

2 For the oardiodo r=^a(l—eo3 fl) sliow that 

(i) {ii) p=2Gain^| (iu) 2ap-=^^ 

3. In the curve r=a 0, show that 

[i) tan (»0 the polar subnormal is constant. 

4. In the curve rd—a, show that 

(i) fan 0=—^ (n) the polar subtangent is constant. 

5. Find the angle of intersection of the curves 

r=ra(l -f-cos (?) and (1—cos(?). 

6. For the curve cos nO show that 

M’hat i.s the corresponding re.sult for r” sin nO ? 
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tangents and 


7. In the curve r^ae. 


" " show tliat J) = I- Bin a 


8 . Show that in the curve 

^ —cos cos </>= ^ • 


a 


fPu/du 

'^,ro2^\do / 


d<f) _ do 

“=+GP 


9 . Prove that -: jdu\^ 


---‘(-il) 


[Hint ■: 

df de 



In the curve 

a:=(a+6)co3 0-b 

y=(a+ 6 ) sin 0—6 



cihow that 


^=(a+26) sin 


a£ ._a-{-26 
20 ’ 26 


0, j)=(a4'26) sin 


atjj 

rt+26 


and (r*—a2)(a4-26)'=46(a+6)p% 

li. If«/) be the angle which the tangent to a curve makes 
with-the radius vector drawn from the origin, prove that 



12. Find the pedal equation of the circle (r) aj*+?/*=2aa; 

(tt) parabola y*=4a(.r-f a) origin being the pole. 

13. Find the equation of the tangent and the normal at any 
potni (fj, 0 ,) on the curve r=/( 0 ). 

[(t) Let PT be the tangent to the curve at any given point 

P(^i» W* Let (r, 0 ) be the co*ordinato 5 of any point O on the 

tangent. LetZOPT=^. ; ‘ ^ 
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From OPQ, we have 
/"i _ 8 in OQP_sin ( 6^1 — 
r 8 in QPO sin 

= 5in (^ 1 — 6 ) cot,;,-}-f'05 

Hence 


r, 1 dr, 

r ie, 


H-C03 ...(1) 

Tills is the relation lielween anv 


r,0 and ia llim forc, the pohr iquaiion of the tangerU, 


Tfwepul «= * . \ and the equation of 

r d$ r- d$ 

tangent will take the form 

w = w, cos {O-Oi). 

Ill) Normal at (r,, $) to the curve r=^f{$). 

Again let N(r, $) be anv point on the normal PN ; so that 
ON=-?- and XON=^. 

Froni^^^ OPN, we have 

OP sinPNO 
ON sin OPN . / 



Hence ■— ^sin /b) tan^-fcos 

—sin d-cos {O—Oi) 

This is a relation between the co-ordinates r, $ of 
on the normal and is, therefore, the polar equation of the 
normal to a curve at point {r^, Oi)- 

The equation (2) may also be written as 
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{*£) u—u^ cos {0-Bi)—Vx^ (0—0i). 

where u= J ] , 

W. Find the polar equations of the tangent and normal 

at the point (ri, 0,) to the following ourvas ; 

(,) L=l+eeosfl. (ii) r=n(l+co8 9) 

(in) r^=a2 cos 2 0. ()>’) sin 2ff. 

15*. Find the pedal equation of (*) an ellipse (it) a 
hyperbola (iii) a parabola, focus being the pole in each case. 

16.* Show that the locus of the extremity of the polar 


subnormal of the curve r=T<^(d) is 



Hence show that the locus of the extremity of the polar 


subnormal of the equiangular spiral r=e^^ is another equi¬ 
angular spiral. 

17.* Show that the locus of the extremity of the polar 
sublangent of the curve Ui=f{$) is 4-^ ^=0. 


Deduce that the locus of the extremity of the polaY sub. 
tangent of the curve 

|)=l+tan| i 


w + u 


ten 


IS 


”^«r=l+co9 0. 

18.* Show that the points of contaot of tangents from the 
point {h, k) to the curve a^4-2/*=3<Mjy He on the conic 

—aa:p+ Jty* =a*(i‘x+%), 

Derivative of the Arc 


18.* Let PQ be an arc of any curve supposed to be every¬ 
where concave towards its chord. 


Then 


Lt arc PQ _ 

Q-^P chord PQ 
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T 



Draw QT perpendicular to PT the tanjzent to the arc at 
Lrt QT not lueet tlie arc in any point other than Q ; this is 

seciired by taking Q near enougli to ?. 
Let ^ QPT=ft. 

Then PT-f-QT> arc PQ, since it may 
be taken as axiomatic that the length of 
any arc which is everywhere concave 
towards its chord is less than the length 
of any broken lino enclosing it and having 
the same extremities. 

Also arc PQ>chord PQ. 

Hence PTd-TQ> arc PQ> chord PQ, 
i. c., PQ cos a-f-PQ sin a> arc PQ>PQ. 

chord PQ 

As travels along the arc and tends to coincidence with 
P, tt-)0. sin and cos ^->1 so that 

Lt (cos a-j-sin a)=l. 

Lt arc PQ ^ • Lt 


Hence 


=1. ^.e., , r=i 

Ss-)© Sc 


Q-^P chord PQ 

The following proof of this inequality i.s, however, worthy 
of consideration. 

Let PM. MN. NQ, be the broken line standing on the same 
chord a.s arc* PQ. Then from the Bgure below we have 
PT-lTTi>PT, i.e, >P.M-fMT, 

MTj-1-T,T2>31T2, i.e., >MN-fNT.^ 

NT,-hT,Q>NQ 

adding and removing common lengths from the two sides we 
get 

PT-|-TQ>/.»ro^cw line, PM-f-MN+NQ. 

This inequality remains true if the number of the chords 

constituting the broken line increase 
indefinitely and their lengths diminish 
indefinitely in consequence. We define 
‘ the length of an arc PQ of a curve 
a.s the limit to which the enclosed 
polygon (having P and Q as end 
points) tends as the number of chords 
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quently the length of each chord h iudofiiiitoly diminished.” 
This deBnition of the length of an arc that this limit 

exists and the limit is the same in whatever manner the numher 
of chords is made to increase. Compare the definition of tlie 
circumference of a circle as the limit of perimeter of an in¬ 
scribed regular polygon and a similar definition of the of 
a circle with this. 

19. Derivative of arc : Cartesian Co-ordinates. 

Let P (x, y) and Q (x'-f-fif, bo two neighhonring 

points of a curve. Let 





8 be the length of the 
arc AP measured from 
a fixed point A on it. 

Evidently s is a func. 
tion of a; or y and we 
can, therefore, find the 
derivative of 8 with 
respect to x or y. Since 
arc PQisthe increment 
of 8 due to the incre¬ 
ment Bx of X, we put arc 
PQ=gs, Let ^ be the 

angle the tangent at {x, yjmakes with the positive direction of 
the axis of x. 

To prove that 

trj 

Proof, (i) Let arc PQ=8s, chord PQ 

Prom APQR, we have 
8c=chord PQ=V(85)q:(^>. 

A . I- - 


^8c. 




.12 


mFFKRRNTIAL nAr.CTJLrS 


§5 Bs Sc Ss ! 


— , 4 


S-r^fic Sc V ‘\Sx/ 


2 


(.M 


Whon Q tends to P, S^-yO and we have from (A) 
hi Bs_ U Ss Ur/ /-ll/yi 

..r-^0 Bx Sa:“->1> 5c ^ ‘ ^Sr' -* 


(IM 


Hut Lt 

8c 


=Jh-(£) 

Hr-noe (IJ) leads lo the formula : 

«;c“V ' 

Note. It mav be observed that we must 

F lliat arc PQ may be everywhere oonnve towards 

Cor. If the equation of the ouivfc is pivcn in parametne 

form. 

dy di/ ’ dx , j formula 

(0. ihen^ ^^y ,^,, ^ 

-J&*& 




ds 

(i) 

becomes 

dx ” 


ds 

dx 

or 

j X 
dx 

dt " 



ds 

i.e., 


dt" 


We have 





U //dxy^^/dyv 


6'' / , , , 

- / l-TV 




t 


Ta^^OENTS A^’D NOaaiALa to vlaKb Ottrybb 


21 


Hence 

hs , Sc _8s j 
Sy"8c Sij icyj ’^^5y) 

• Lt 

Sy 

ds- / 

[Hi) ttud (iy) j3 be the angle the secant* PQ makes with 
the axis of x. 

From, 

6a; hx he ... hy hy Bs 
““/^=6c =8V 6c-^‘“^=Sc=6. 

When Q tends to coincide with P along the arc 8aJ->0 and 
Ss-^0, and 

Therefore proceeding to the limit, we get 

Lt cos f3='Lt ~~ XLt f-.» 

os 6c 

and Lt sin 'ja=>Lt xLt 

o5 oc 



Heuoe'oos^ = ^ and sin it = • 

09 ^ ds 

From the last two relations, we deduoe 

^=(Sy+® 

20. Derivative of arc : Polar co-ordinate*- 

Let the co-ordinates of P and its neighbourintr point 0 ho 
(r, and (r+8r, tf+Stf). ^ 

Let s be the length of the .. 

wc AP measured from a 
fixed point A on it. Then 
3 is a function of r ox ^ and 
we can derive s with respect 
to r ot $. We have, as be- 
fore are PQ=8« ; and chord 
*Q*^8Ce liOt A bo thv 



p(wi 


9 
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angle between the radius vector and the tangent at the point P. 
To prove 

.d$. 


(/) 7 = / 
de J 




{Hi} cos = 


dr 

ds 


/• » • ji rd^ 

(tv; sin 9 = ^ - 

ds 


P'irst of all observe that 

PN=r sin 5$ ; NQ=r+ 5 r—r cos 

Proof- (/) We have, from APNQ, 

sin^ 8 ^+(r+ 8 r^r cos 


cV = 



Thus Sc==v ^,-2 gin 2 S(?+{Sr+r(l~cos 80)2 

. Li \V r 

•• sf - } 

ds ^53 
se Be * Bd 

ds ! ,/sin 50\® , / Sr 1-cos 8^^* 


(i) 


Again 


a. ) +( 


+r 


) 


.( 2 ) 


5c V \ 56? / \ 8 ^ ■ B9 

Now when Q tends to coincidence with P, S^-^O, 85 -> 0 . 

Equation ( 2 ) on proceeding to the limit leads to the 
formula : 


ds 

d$ 


-/■+o‘ 


Lt 8 ^ 1 Lt bin Bff i 

since ^ —-v'ksI 

5s=0 8c 5d=0 8^ 


and 


Lt ] — cos B$ ■ 

s^=o -^o~ 


(it) Prom equation (1), we have 


^ / 2 / -L ( 1 J^r 

• Sr) +r+'^- 


1 —cos 80 80 


80 dr 

8s _ 8s Sc 

Sr Be * Sr 


80 


80 ) 
■ Sr j 


Hence 
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J' 


sin 5(? S0 \* . (, , „1—cosSi? ^>0 \“ _ _ r 3 j 


* Sr; ^ '-80 ' 


SB 'Sr/ ■ I ■ ~le * Sr j 
Hence, proceeding to the limit in (3) we get 

ir-J ''O-H-.. 

(ill) Let ^ PQN be denoted by fS. 

Then from ZiPQN, avc have 

rnft - r+Sr—r cos SB 

'“P-PQ- « — 

^8rT-r(l-c^6tf) Ss 

Sa ' ■ 8c 

= ( jL-j- >‘('l:- co8 Sg) S^ ) Sa 

I S5 8~e Sa 5 ‘ Sc • 

In the limit when Q tends to coincidence with P Ss->(» 
S9-^0. and /3-^f. Hence proceeding to the limit, we have 


. 

COS <i = - v- 

^ as • 


(tv) We have 


PN 


sin i3=‘i?=!L!HL§?—^ si*' S^ hO 

^ I’Q sc-^. 5v 

Ltsin^=r. Lt . Lt il Lt 

88 ' 8c 


8a 

Sc 


Hence sin ^=r 


ds 


r*-« 

• « 


21 . For polar co-ordinates, we have in all oases: 

a;=r COS 0, ?/=r sin ^ 
da:=ooB $ dr~r sin 0 d$ 

dy^sin 0 dr^r cos 0 de 

(dt/)*=(df)»-{-(rd0)a 

(t)‘-(1 )■ H--*- 


Hence 


S 
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yiuoe 


cos <l> 


tan — , it follows that 

dr . , rdO 

, sm 9= , . 
ds ds 


EXAMPLES XXIX 


5. For the curve prove that 


■I 


2 . 


3. 

4. 


For the curve show that 

( t M :)' 

X ds 

Ill the curve y—c cos /t— , ^show that 

In the curve j/{2a^x)=x^, show that 

^ ^8a—3x\i 

B 2 a—2\2a—X / 


y 

C ' 


5. 


dx 


For the ellip.Bc =1, prove that 


da 

dip 


==aV I ein* 'vvhere x=ff sin <p 


6 . 

that 


For the curve xs=a(l-pco8 9), yssa{$’{- sin ^), show 


7. 


ds 9 

, -=coaeo -• 
dx I 

Show that ill the curve 

x=a{fl'r8in 9), 

ds ^ 9 ds 

dS =-“ “' T ■ dy 


y=:a(l— COS (9). 


=2«co.y , dy-Jj 


8 . 


SIlow that for the curve ^ 


—c 
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9. 


10 . 


Show fchftt for the curve for which 

dy _ 1 

dx Vy2-r 

For the curve. f*=a* cos 2B, show tliafc 


ds _ d‘ 
do I 


• * 


11, In the curve r=a(?, show that 


ds 

do 


■ 


12. In the curve r—tie ^ show that =oos <r 


13. In any curve prove that 

(i) 'p=f'^~ (ti) V r*—p- 

14. In the curve cob niO, prove that 


s=r 


dr 

ds 


mjjl 

m 


15. 


16 . 


^ =a{Bec mO) 

For the curve f"=o“ cob nO show that 

d^r 

T~«+Wf =0, 

as* 

Prove that the normal at any point {r, $] to the 
r”=:a” COB n$ makes an angle with the 

line. 


curve, 

initial 




CHAPTER IX 

ASYMPTOTES OF PLANE CURVES 


1. Asymptotes to Algebraic Plane Curve. Before taking 
up the modern definition of an asymiDtote which is applicable to 
all plane curves we ehall first deal with algebraic plane curves 
and give a tentative definition of an asymptote. 

An asymplok,of a plane algebraic curve is a straight line 
(not wholly at infinity) which cuts the curve in -two poinli at 
infinity \ but if in any particular direction there is an infinity 
of such lines, then out of these particular lines only those which 
cut the curve in three points at infinity are called asymptotes ; 
similarly if in a pa^Ucular direction there is an infinity of lines 
cutting the curve in threi points of infinity (ken out of these lines 
only those are called asymptotes which ciU Ike curve in four points 
at infinity ; and so on. 

2. Infinite roots of an equation. Before considering the 
method of finding asymptotes, we shall first find the condition 
that two or more roots of tho equation 

.+a„ =0 .(1) 

may be infinite. 

Let — . The equation becomes 

y . . 



or + 0.(2) 

It is clear from the relation x~ ^ that as y tends to 0, 

X tends to infinity. Now equation (2) has one root zero if 
Oq—O and consequently equation H) has one infinite root if 
Qu—0. Equation (2) has two roots zero if a„=0 and 0^=0 ; 
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and consequently equation (1) has two roots inBnite if Qq—O 
and Ci=0, Similarly equation (1) has three roots infinite if 
0^=0, Oj =0 and 0^=0 and so on. Hence wo get the following 
rale: A n equat ion of nth degree has one infinite root if the co¬ 
efficient of x” i s ~z<ifb; it has two infin ite r oots if the co'efficienls 
of are bo th zero : it has three infinite roots if the co- 

ejfici^fUT^'x^, ^c’**^* and a:”"® arc separately zero : and so on. 

3. Method of finding asymptotes. Now we shall give a 
method of finding oblique asymptotes (that is asymptotes not 
parallel to the axes of co-ordinates) of an algebraic curve 
f{x, y)=0 (1) where f{x, y) is a rational algebraic equation of 
the nth degree in x and y. 

Let y—mx-\-c (2) be an asymptote. Solve these two 
equations simultaneously for their points of intersection. For 
this purpose we substitute mx-\-c for y in the equation to the 
curve and we get an equation of the nth degree in x giving us 
the abscissa* of the points of intersection of the curve/(.r, y)=0 
and the line y=?na;-f-c. Let this equation in x be 

I +6«=0. . 

As c is an asymptotes, this equation must have 

two infinite roots and consequently 

6(,=0 and 6i=0. --A ■ 

Solving equations (3) simultaneously for m and c and sub¬ 
stituting the values of /n and c so obtained in (2) we get, in 
general, all the asymptotes of the curve. We shall, however, 
deal with real asymptotes only. * 

Ex. Find the asymptotes of the curve 

a;3+2a:^-a:y2_2y3+4y2_|.2ary-f.3/_l=o. 

Let y=m.r+c be an asymptote. 

Putting y=mx-^t in the above equation we get 

r>+2a:2(m.r4-c)-.r{ma:+c)®—2(mr+c)»+4(rna:-fc)2 
+2.T(ma:4-c)H-{ma:+c) -1 

or 27ft3)a:3_j_j2c—2wic t)m»c+47/i*4-2m).(;2 

+{—c^—6c*m4 8cm-f2c+m)a: -2c®+4c®+c—1=0. 
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Two roots are infinite, therefore 

l4-2m—..(1) 

and 2c—2/rt(’ -6m“C-|-4m*-r2w—0. ...(2) 

Solving equation (1) for m, we get w=l, —1 and - J. 

Making use of (2) for tinding values of (c) we get 

c=l when m— 1 
c=l when w= —I 
and c=0 when 

Hence the asymptotes are y——x+1 and ir. 

4- Simplification with the help of Taylor s Theorem 

The above method for finding asymptotes is sometimes very 
laborious. But with the help of Taylor’s Theorem its working 
ran be simplified. 

Let the equation of any curve of the nth degree in homo¬ 
geneous sets of terms be 

-[- ( 6 ia:«-'+ 62 i'**V+. 

-f(c2a:““*-f . 

+. =« 


or 




=0 ( 1 ) 

where is an expression of the rth degree in — '■ 

Let y=mx-\-c be an asymptote to this curve. 

In order t*! find where this curve is cut by the straight line 

y=mx-Yc 

for I iu(l)«ndthe resulting uriuation 


XU 


)-b 


*.(3) 
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which eives the ah?<!i?5ae of lUc points of mterscction. 
of Tavlor’s Theorem this equation hecome-? 


■T" I 4> fM + I </>'»('«)+-^2 ^2 


(t^«-Ifw)-i- ^ . 

0^ I 

+ .r»»“2 ■ r i/j„.2fm)-|- ^^2 72' . I; 


] 


^0 


or 


+x"-* { ~2‘ + | 

f.=0~ 

This is an equatioii of the nth degree in n-' showing that a 
straight line outs a curve of the ;tth degree m n points, in 
general, real or imaginary. As the given line is an asymptote, 
therefore this equation has two intinite roots. Consequently 
we have 

^„(m)=0 ..(6) 

If the roots of (5) (which is an equation of nth degree) be 
nij, Mg./«„, then the corresponding values of c will in genera! 

be given by .nnd oonse- 

quently the n asymptotes are 

y=mia;4-Ci, . y=m^z-i-c„. 

It may be observed that is formed by dividing the 

2 / 

terms of the nth degree by x" and then replacing ^ by m ; in 

practice ^«(m) can also be formed from the highest terms by 
putting z~l and 
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Note 1- Ejjiiation (4), which gives tho directions of the 
asymptotes has in general « roots, real or imaginary. 

Equation (fi) is of the first degree in c, so that correspond¬ 
ing to any given ralue of m, there is only one value of c, we 
thus deduce that a curve of the wth degree has n asymptotes, 
real or imaginary. Ifthelineat infinity touches the curve, 
the number of asymptote.s will be less than n provided it is not 
counted as an asymptote. 

Note 2. The asymptotes to a curve of the nth degree 
depend, in general, only on the terms of the nth and the (» — l)th 
degrees in the equation. Hence all curves having the same 
terms of tlie two highest flegrees have generally the same 
asymptotes. 

Note 3. Taking for granted the following facts from the 
theory of equations, namely, 

(i) tliaf an odd degree equation has at least one real root; 

and 

(ii) that imaginary roots in an algebraic equation must 
occur in pairs, 

we easily deduce : — 

(а) An odd degree curve must have at least one real asymp¬ 
tote (it must have odd number of real asymptotes) ^ince 

in such a case, must be an odd degree equation and 
must, therefore, have at least one real root. An odd degree 
curve, therefore, must stretch to infinity (having an asymptote) 
and cannot be closed curve, 

(б) An even degree curve has either no real asymptotes or 
an even number of asymptotes. In this case if the roots of 
0^^{m)=O are all imaginary, the curve would be a closed curve. 

Thus a cubic curve cannot be a closed curve having either 
one or three real asymptotes. A conic has either two real 
asymptotes (as in the case of a hyperbola) or none (as in the 
case of an ellipse). An even degree curve may be a closed 

curve. 

Note 4. Tee highest degree terms in the equation of 
the algebraic curve are homogeneous and of the nth 
Hence, on equating to zero these terms of the highest 
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degree, wo obtain v straight linos j)assing through the origin 


whose joint equation is ^=0. 



These lines are evidently fmrallel to the asymptotes whose 

directions are given ^„(w)= 0 . (2) 

Thus wo notice that the n linns through the origin 

obtained by equaling to zero the highest degree terms of the 

equation of a curve are parallel to the n asymptotes. They 

are not the asymptotes except in special cases which will 
be indicated later. 


Ex. Find the asymptotes of 

Hero = -m2-2/w3=0 from which wo get m=l, 


Abo (m)=2-2m-6m“ ard 


=0, 


or 

I — m—3m* 

For m=I, - 1 , 


c=l, 1; 0. 

Hence the asymptotes are 


examples XXX 

Find the asympt otes of the following curves 

t/l. 

sA, f-^xi/+Uz^y~-6a^^2x-\‘y^0. 

4. x^+2x^y-xy^-~2y^-^xy-t/~{.x=.0. 5. r*-y3=3^*j/. 

6. ?®»-.r«y-2a;y2+i/*q-2a:2+a:y-y*-|-3a:+y+6=0. 

-^7. y-a:VW+4y+l=0. ■ . ■ 
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the nsyiiiptotes of the followih" curves and verify in 
oaeii cas»’ That the a^-ymptotes are parallel to the lines 
obtained by efjnating to zero the linear factors of the terms 
of thr higheM degree ; 

8. 9- x^-r}p—a?. 10. y^’-'c^~1hxhj=(i. 

11. if^=2Qx- ~x^. 12. /-=:4a-H2r+6. 13. 

Find the asymptotes of the following curves :— 

14. + f--c-F.V=0- 15. 


16. S'H2i/.r--^.V“-2(r’-f-^^H4.n/-3i/^+4v+3j;f5=0. 

17. j-3~4/.,--yir-4-4v'' + 4.ry-4y2_5 = 0. 

18. (xH-y-l)(a:4-3.v-l)(3i:-j/-f2) + Jl.r-f-4y-f-r>=0. 

19. (..■---r)(2r + 3y)(3.-h2i/)+2.c^d-:¥--6=0. 

5. Asymptotes parallel to the axes. 

Let the equation of the curve a.s given in Art. 4 be arranged 
in de.^cending powers of x so that it takes the form 

Ifon is zero, then is an asymptote to the curve 

jtaraUel to the x-axis because for points of intersection 

of a^y-\-b^r=0 <i{\d (1) we pul y= ~ iu ( 1 ), it reduces to 

an equation in which tlm eo-efficients of the two highest 
powers of x are zero and therefoie two of its roots are 

in6nite. . r 

Again, if a,. «i, ^ ' 

are usyiriplotes (real or'imaoinary) because these lines out le 
c.urve'in three points at infinity and so on. 

Similarly if 3,, = *', ‘hen a„.,z+b„=r> lean asymptote parallel 
to the ^-axis and so on. 

Thus we deduce the/oitoLy rules for finding asymptote 

])arallel to the axes :— _ 

Rulo 1 ii) If tfi*' term involving .c» be absent m t e 

equat^n^>f i curve of tlie «th degree, the ^f 

^this co-efticient being linear m y) . 

gives the equation of an asymptote paraUel to the axis oi *. 
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(it) If the terms involving z” and bo both absent., 

then the co-efHcient of z””* (this co-efficient is usually a 
quadratic in y) equated to zero gives two asymptotes parallel 
to the axis of x; and so on. 


Rule 2. (0 If the term containing y'* be absent, the 
co-efBcient of (co-efficient being linear in x) equated 
to zero gives an asymptote parallel to the ?/.axi.s (See 
Art. 13.) 


(n) If the terms involving //'* and be both absent, 

then the co-efficient of (this co-eiHeient being usually 
a quadratic in^ x) equated to zero gives two asymptotes 
parallel to the y-axis; and so on. 

Note. Observe that if tlio co-efficieiits do not involve 
y as in Rule 1 (or x in Rule 2). they cannot be zero and there 
will be no corresponding asymptote. 


Ex. 1. Find the asymptotes parallel to co-ordinate axes 
in the curve x-y^=a^{x^i-i/) 

(t) This is a fourth degree curve, co-efficients of //' and if 
both wanting /. coefficients of y^ equated to ‘zero will 
give us two asymptotes. Arranging the eciu.ition of the 
curve according to descending powers of y, we have 

(z*—a®)y2 _ _Q 

• • ® t.e., x^a and a are the two aavmototes 

parallel to the axis of y. 


(ii) Again, the co-efficients of .r^ and .r'’are both wanting 
trom the fourth degree curve. Arranging accordiu*^ to 
descending powers of z, we have 

(yi — _ (j2yi _Q 

asymptotes^” ** equated to zero will give us two 

waiUinl^^ ffi *''® co.efjki-.nl of f 

y ptote. Hence *=* is an asymptote parallel to y-axis. 



y 




DIFFTR'RNTTAL OAtCVLUS 


E-.. 3 . ^W^^\ne,.fov a^vcnptDtes parallel .uc 

furve 3 

r, Th;^ ; . ^ thirl d‘>iree curve an l the terms m ^3 and 
zero will gi70 two asymptotes , . rJ aua ,r 

two asymptotes 11 to y*axis. ^ 

(u| Af m th , J ,,) equated to zero wdl give 

,. ,.e'tic,<-nt of .r <„ is the required asymptote 
in asymptote, none, .v • 

parallel to r axis. 

Ex 4 . Find the asymptotes parallel to- the axe. 

t'lirve ?/3 = [x—! ){a:— 3 ) {.t — 2 )(a' 4 ). 

This is a fourth degree curve- it can /'“'’y," 

exactly as in Ex. 3 that x=i, x = i, and y -±l ar, 

"^'Zt!'''in examples of this type where a 
if a’ fraction involving only f 

factors of the denominator tqMl i r th“ numerator 

(provided none of these factors are factors of th. num 

or tl.e differential co-efficient of the numerator). . 

EXAMPEES XXXI 

4 

Find the asymptotes parallel to the axes 

* ^ ^ m 0 I 2 i 


1. .r2/3-f-a:3T/=.-nh 

3 . xY=a^(x--y-)- 

5. aa:3+x3</-a?/3=0. 

7. x^ - +.r=0. 

9 . x)/+ay^=x. 

11 . (3r34-a‘^)2/=^a-• 


2. .ry-=aVf t* o_A 

C j;3_Lw3=:c3. 

10 . 


6 . Particular cases. 4 ®. ermine m and c for 

that equations (o) and ( 0 ) in gen r sometimes arise 

the asymptot’s. However particular case.s 

which need further investigation. equation 

I. Suppose that two of )= 0 . In this 

.^,(m )=0 are equal, say «it“ 2 ' the value of c 

caL if ^„-,(nh' ""f h^'ined from’ equation ( 6 ), namely 

corresponding to m. obtained Horn cq 
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,, (m>=0 is 

from the equation wholly at infinity and w 

sequently the line 

therefore not an asymptote. ^ ^ 

11 . However if .^„(ml-0 I* P 0 . and if (m,) is 

each equal to m.. we have + ;'„g to m. cannot be 

also zero, then the value-of P (,a)+,),„.i(m)=0. tt 

determined from .t^e cd" article that what- 

follows from oFr” and .r-' are zero when 

ever c may be the ,ina parallel to y^m.x cuts 

m=m, and consequently eve Y > ^(.(.ording to the deli- 

the curve in two points these only those lines are 

nition of an asymptote out of tto^e on .v 

called asymptote guch that the co-effioient 

infinity. We therefore select c su ^ ^ 

of x” in equation (4) is zero, 

8Uoh that 

which gives two ® Hiut'"get° two parallel 

these values be and Cg. w & 

asymptotes 

N to 1 Thi^ case occurs when the highest degree 
factor y—mx. 

moU II. If the co-effioient of i»-“ also vanishes identically 

independent of c, that is to say, if 

.;."e(»ni)=o. <(>'»A('»i)=o -/■»- 2 K)=o, 

we choose c from the >bic equation obtamed by equating 
to zero the co-efficient of i"-» ; which means from the 

equation 

” lA 


We thus get three parallel asymptotes. ’ This occurs 
when ^„(m)=0 has three roots each equal to my And so on. 
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Find the asymptotes of : 

Ex. 1- a^+4.r“y+5.r^^+2y'’+2a:*-j-^a:y+22/''—ar—9y-rl=0. 

Here </,„(w)=0 gives 

I+4m+5m“+2m®=0 

or {m+l)2{2m4-l)=0. , 

Therefcre m = —1, —1, — 

c giving equation is c</>'„(m)4-^«-i('w)=9 
i.e., c(4 + 10m-f6m2) + {2+4m+2;*i*)=0. 

For w =—4, c= —1 and the corresponding asymptote is 

j/= —1. 

or 2y-t*a:+2=0, 

J'or 7 n = —1, this equation is identically satisfied. 
Therefore we proceed further. Now the c giving equation is 

~ <i>’ „{m)+c>l>'„.i{m)+<l>„..{m)=0. which becomes 

(I0+l2m)+c(4+4m) + (-l-9m)=0. 

For 771= —1> we get 

_c2+8=0, therefore c = d:2V2. 

Hence the corresponding asymptotes are 

?/=— a'±2\/2. 

Ex. 2. Find the asymptotes of 

ar*+ 23^y^’2xy^—f^ — x'^ + y^+^x-\-^y=^- 

Here 

or —m)= , 

wlH'nce frt = —1, —T —U !■ 
c giving equation is 

c(2 - - 4)rt^)=0. 

K r 771 = 1 , this gives c=0 

and the corresponding asymptote is y-x. 

For 7 n = -I. this becomes an identity and therefore does 
iy.^ -ivec; we therefore take the next co-cfficient and equate 

if i-.> zero. We get 

^ (_1277l-1277l2)-t-(-l+77l“)=0. 

1 ^ 
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tbU again is 0 whatever c may be. 

We therefore pricked further and talco the equation 


that is 



l2-24m)-f c,2m) •|-3-|-4 to=0 


or 

or 


(-124.24)-2c+3-3=0 

2c’-2c=0, 


whence c=0 and c=:dtl ; 


therefore the 
or 


corresponding asymptotes are 
y^~x,y=^-x±l 
y-\-x^i),yi-x=±l. 


EXAMPLES XXXU 


Find the asymptotes of the following curves := 

1. X®—5x2y-i-8xy2—4/—3x*+9xy-6y^4-2a:—2y=l. 

2 . x5-x2y-xyHy'-a:'+y'-l=0, 

3. (x2-yV-2(x2+yajq.c_l=0. 

4. - 5xy^ -1- 8x2y—4x=*— +Oxy—6x*+2y -2x -1=0. 

5. */®4-2/x— 4yx*—8x®-4i/-|-8x=l. 

6. xS4-2xVd-a:/-x3-xy+2=0, 

7. x^—2x^yi-xij--{-x^—xy-\-2~0. 

8. ya:^+3^x—3xV—y*—2=0. 

9. a:*(x-|-y)(x—y)2+ax3(x—y)—aV=0, 

7. Miscellaneous Methods. The methods given so far for 
algebraic curves are complete in themselves and will give all 
asymptotes. However we propose to give a few more methods 
which when judiciously applied shorten our work. 

* I, If the equation of a curve can be thrown in the form 

. T, (<'x+6j/+c)P„_i+E„.i=0 (I) 

where c , and F, denote rational algebraic expressions which 
contain and lower degree terms but no higher, then. 



230 


differential CALOtlLUS 


a^+6„=0 is parallel to an asymptote, since it is a 
factor of the highest degree terms («th degree terms) which are 
evidently contained in (ax f 62 /)P«_i. 

(it) Now ax-\-by= (curve) 

the asymptote \\ to ax+ 6 y =0 is 

_L;.w-i-c=Lt (^—) when x and y tend to 
t.e., nx + oy+c-LD f 

infinity in the ratio 

There is an asymptote parallel to ax-l-6y-f-c=0, if the limit 

on the right exists. , , nf being 

II, If the second term in ^ and lower degree 

F,, . be F,,_, which contains only ( ^^e curve 

terms but no higher, then the equ 
becomes , . , t7 —n 

f„ this case, is 

P„ ., does not contain (ar+ 6 y+c) as a f • 

For, ax+byJrC=0 may be in 

v=^—njb.x~c'b and if for // wo evidently 

equation ( 11 ), the oo elHoients of * 

zero. 

■ ax-\-by^-c=0 is an asymptote. 

^ /tt\ P._, contains 

Exceptional Case 

r t _ .1 


.. /TT^ P , contains 

*se. If ^7ay, then equation 

as a factor: ^ » 2> 

(11) is of the form „ _o 

' ’ (ax+by-{-c)^^u-i+^n-t-^> 

and the curve has two parallel asymptotes 

— F *> 

—Ltp" ” > 

■vhere x' and y tend to co in the ratio yjx^-aio. 
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Sole The evaluation of the limit oa the right-hand side 

could be effected by putting y^-a% x=b;t and then making 
(-> 0 . 

Ex. 1. Find the asymptotes of the curve 

3y-f-^>=0. 

The asymptote II to a:-|-yd-l=0 is given by 

x+yi-i—Lt 7_2£+3y -5 

y=— .t = w x^-\-y^~xy ' 

_3 y/a:- l - (»/W^-2/x 
l+l+l 3 • 

2:+y-l-3/3=0, i. e., j3(a:-|-y)-f 8=0 is the only real 

asymptote. 

i’he evaluation of the limit may have been eOected bv 
putting y= —l/^, x^ijt and then making ^-^0. 

>Jote. Observe that the limit woild have been the same 
if we had retain;d only the terms of the second d-'gree in th - 
numerator and the denominator on the right. 

Ex. 2. Find the asymptotes of the curve 
(®+y4-l)V-t-/~:cy) f 3xy-7x2 -2/-7,r-f8=0. 

There are two parallel asymptotes and those are 
given by 

x4-y + l= 

V x^^^-xy 

where x and y-^ooin the ratio y/x= —1 

/ ~3y/x+7+2y/“x)a' rejecting the terms 7x-8 from 
r+(y/x)*—y/x' the numerator). 

=h-2. 

/. the two parallel asymptotes are x-|-y+3=0 and 
*+3?~l=0. 

ly. Asymptotes by Inspection If the equation ol a 
curve be 


( 1 ) 
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then every linear factor of F„ equated to zero will give an 
asymptote provided tliat no two asymptotes so obtained are 
parallel or coincident. Thus, if 

then 0 is an asymptote ; for this may be written 

as y~-a^ b^.x—c-^ 6 , and if we substitute ^ojb^x—r^jhi 
ftr ?/in (Ij, the cj-effioients of x'* and z'*~^ are obviously 
zero. 

Similarly, a2Z-\’b^yi‘C2=0y 08 ^+ 63 ^+ 03=0 


and a„x-{-b„y + c„=0 are asymptotes. 

Ex- 1. Find the asympt tes of the curve 
xi/ix^ — y^) + kv^-i-2xy +2y^= 1. 

This is of the form F;,+Frt_ 2 = 0 {n= 4 ). 

Since none of the linear factors of F„ are repeated the 
/our aaymploies are x = 0 , y= 0 , x—y= 0 , X’\-y={). 

£x. 2- Fin<l the asymptotes of the curve 
xhj—xy--\-xy-\-f-\-x—y=^. 

This can be written in the from 

x2y-xyHxy+y2-2y+a:+y=0 

i. e., y(x^~^y-r^-\-y — 

i. e.. y{(a:2-l)+(x- I)-y(x-lj}+x+V=0 

r- y+ 2 )+x+y= 0 . 

This is of the form F„+F„_,=0 (n=3). 

Since none of the factors are repeated, the ihee asymplotts 


are 

y=0 ; X— 1=0 ; x—y+2=0. 

Ex- 3- Find the asymptotes of the curve 

The equation is of the form F„-rF„_..=0(n=4). 

Ihittlie factors of F„ are repeated, therefore. 
mg to oacli repeated factor, there are two parallel asymp¬ 
totes 

4w*—y 

(-2/e=,+i . 
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the two asymptotes parallel to x y—0 are 

-I when x and y tend to infinity 

x-y—± o" the ratio y;a:=l- 

=- 4 - Lt4(y'a:)=-y^ 

t. e , .t—y=±l arc parallel asymptotes in the direction 
y-X=0. 

Similary xd-y=±l are the two parallel asymptotes in the 
direction x+y=0. 

8. Intersection of a curve with its Asymptotes. 

Suppose an algebraic curve cf the nth degree has n asymp¬ 
totes, no two of which arc parallel, then 

(») Fa+Fo- 2 =<^ is the cum. 

(ii) Fr= 0 is the joint equation of the asymptotes. 

Hence at the common points of intersection of (t) and 
(it), we must have F„.2=0. Hence the point of intersection 
of a curve and its asymptotes IL on the locus Fr _2 = 0 which 
is a curve of the (n~2)th degree. Since each asymptote 
meets the curve in (n—2) points, excluding the points at 
infinity, the n asymptotes will cut the curve again in n(n—2) 
points, which lie on the locus Fn.a=0. In the special cases, 
of the cubic (n=3) and quartic (n=4) Fn-3=0 will become 
a straight line and a conic respectively and wo easily deduce 
that 

(i) the three poijUs in which the asymptotes of a cubic meet 
the curve lie on a right line. 

(it) the eight points m which the four asymptotes of a quartic 
meets the curve lie on a conic seclion. 

It may be observed that if the joint equation of all the 
asymptotes of a curve is F„=0, then the equation to the 
curve can always be put in the form F,,+F„_ 2 = 0 , where Fq., 
is an expression of the (n—2)th degree and consequently the 
points of intersection of the curve and its asymptotes lie on 
the locus Pn_,=0. 

Ex. Show that the as 3 rmptotes of the curve 

(x*-y*){y»-4x*)-6x^'-l-5x2y+3a:3/2-2y3-xH3^y-I=0 



234 


PIFFERENTIAL OALCTTLUS 


cut the curve again the eight points which lie on a circle. 

Wc shall first find the asymptotes 

== {1 — — 4)=0. 

Therefore m—±1, =h2, 

c<f>%i (w) + ^,;_i(w)=U becomes 

c{I0m- 4ni^)4'(—6-i-5m-l-3wi^— 2in^)—0> 

For 7w=: 1, c= 0 
m = —1, r= —1 
m= 2, c— 0 
m= —2, c—— 1. 

The four asymptotes are 

u=x, y~-x-\, y=2x, y=—2a;—1. 

The joint equation of the four asymptotes, therefore, is 

{y-z){y+x+i){y-2x)[y-\-2x+l)=0 

Qj. 5j:2y2_-4.r>—y'—6x=*—y2+3a:f/-2a:=0. 

The equation of the curve can be written as 

(5^w2_4ii_^_2y^4-3p/4'oa;^y— 

^ +(xHy'-i)=o, 

which is of the form F 4 +F 2 = 0 . 

Hence the points of intersection [which are 4(4-2) or 8, 
in number] lie on the circle 

EXAMPLES XXXIII 


Find the asymptotes of the following curves 

1 , y2^^^^a‘)=-x. 2 . ,/{x-a)=x^+ax\ 

6. (.c+j/)-(^+2i()(*+3i/)-2l^^+y‘)-2(^+2y)(»+J/) 

7. {x+2!/)(x^+xy+f)=‘X-+f+-‘- 

8 . (*+y)(*H'^)=2(.^‘+16). 

9. (i) (2a:-3i/+l)-(a:+y)—8.i;+2i/—0=0. 

(ii) (i-+#(.-i;+2y+2)=j:+9^-2. 
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10 . 

11 . x{y-xf=x{y-x)+2. 

12 . (x+yf(x+2y+2)=x-\-2y-2. 

Generalise the method in each case you employ. 

13. (,?-d?)y'‘=x\x^-ia?)- 

14 {^^yi)[yi-^x'‘)-(ix^+^xhj-\-Zxyi-if-x^-\-Zxy—\ 


15. (a:-y+l)(*-!/—2)(®+l/)=®'''~'- 

16. (x-y?(x - 2 y)(x- 2 y)- 2 a(x?-y^)- 2 a?(x+y)(x- 2 y)=(i. 

17 Show that the four asymptotes of the curve 

a:y(a:*-y»)+25/+9j:’“=144 

out it again in eight points lying on an ellipse whose ecoentri- 
city is 4/5. 

18. Find the asymptotes of the cubic curve 

a:2y-a:y*+.cy+/+a:—y=0, 

and show that they cut the curve again in three points which 

lie on the line a:-hy=0. , . , . 

19. From the equation of a quartic curve which lias 

x=0, y=0,«/ = a: and y=-i’ 


as asymptotes, which passes through the pomt8 (« 6) and cuts its 
asym^tes again in eight points lying on the circle 


20. Show that the four asymptotes of *>>« 

3.r!/2+2j/»-!e»+3t:y=l 

out the curve again in points which lie on a circle of unit 


radius. 

21. Show that the equation of a cubio which has the same 
asymptotes at the cubic curve 

and which passes through the points (0, 0), (1, 0) and (0, 1) is 

i3—6t/®—a:+% =0. 


22. Show that x-c is an asymptote to the curve 
y{x—c)^J{x) if/(c) and/'ic) arc infinite. 
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23. If it is possible to put the equation of a curve in 
the from mx-f c 4 -A ... m, c, A, B...being 

constants, show that the line y~mx-\-c is anasymptote to the 
curve approaches the asymptote from above or from below 
according as A is positive or ncga'.ive. 


24. Apply the method of Exercise 21 to find the oblique 
asymptote of —a-j =x:(x-'ra‘^) and show tliut in the first 
quadrant the curve approaches the asymptote from above. 




(]^a^;z^){[+a^;x^-+a\x^+ .) 

— l+2a2,a;®+.or y=x+2a^jX-\- . 


Hence y=x is an asymptote etc., etc.] 

25- Show that the oblique asymptotes of the curve yHx—a) 
=a:^(x-f a) are y—x^a^ and y= — x—a, and that in the first 
quadrant the curve approaches the former asymptote from 
above. 

26. Give the asymptotes of a cubic, find its equation, showing 
that the three points in which the asymptotes meet the curve 
lie on a st. line. 

9- Asymptotes of Plane Curves— General- Anasymptote 
(to an infinite branch) of a curve is a straight line (not at 
infinity) the distance of vhich from a point on the curve 
diminishes without limit as the point moves along the curve 
to an infinite distance from the origin. 

Let P{x,y) be a point on the curve f[x, y)=0 and S, the 
perpendicular from the point P on a line y-mx+c; then, ii 
8->0, as x^y: (r or both of them tend toco, the Ime 

y~mx-\-c is calf d an asymptote to the curve/^ 2 :, y)=0. 

10. We prc.^.eed to determine the values (finife) of m 
and c in order J hat y=mx^c may become an asymptote 

f{x,y)=0. 

The length c'the j,erpendicular (irrespective of sign) from 

a point P [X, y) >n the curve/(X, ?/)=0 to y~mxd-c ^ 

_ y~mx—c 


(i) 
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« 


-2 —m-, 

X_ X 

• -x /l-f-m* 

When x->oo or -co (according lo the sense in which the 
branch stretches to infinity, S->0 {dejinilion ) 


—>0 ; also —-»0. 

X X 


y 

X 

Again from (1) when m has been determined, since 8->0, 
we have 


)when X tends to infinity. 



{ii) c=5Lt {y—mx), when x tends to infinity. 

We thus deduce the following method for determining the 
equation of an asymptote : — 

If m infinite branch of a curve possesses any asymptote not 
parallel to y-axes, y=^mx-{-Cy the o-efficients m and c areg'-ven 
by the equations : 


(1) m—limit ^ , c=limit (y— vox) where x tends to infinity^ 
the point P {x, y) always moving on the branch. 

Note 1. A similar method determines asymptotes of the 
form x^my-\-c, i-e., those parallel to y-axis as in this case 
m=Lt x\y and c=, at {x—my) when 

Note 2. The method of Indeterminate For ns can be em¬ 
ployed for determining “m” and ‘ c” since Lt yKt and Lt (y—mx) 
are indeterminate being respectively of the forms ‘oo/oo* and 
“oo —oo” when X and y tend to infinity. But those limiting 
values are more readilj’’ found from the equation of the curve 
without recourse to differentiation as the following examples 
will show. 

£s. 1. Examine the curve y*—6ar=0 for asymptotes. 


23S 


DIFFERENTIAL OALCDLTJS 



y=mx-\-c\3 an asymptote 
where 

c=Lt iy^mx) 

(t) To find m, we have 


as X 

CO 




t.e., 


1 


6 


’ =0. 


Now when >5 * 
Lt =s0 and 

X 

Lt^ =m 

X 


tnH 1 =0, which gives the directions of the asymptotes. 

m = -1 is the only real root, the other two roots are imagi¬ 
nary. There i.s, tiierefore, only one real asymptote. 


Lt - will be the same whether + ^ or co. 

X 

{ii) Again 

c=Lt {y~mz)=U {y-}-x) when x and y tend to co. 
Now {y+x){x^+y^'Xij)=Qx^ (curve) 



Lt (y+a:)=Lt 


X->00 




X-^OO 


_ 6 
“l + l+T 


since 



y 

x 



1 ♦ —9 

• ♦ C — 

(Hi) Substituting these values of m and c in y=mx-\'C, we 
get ^ + x=:2 as the equation of the only real asymptote. 
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Ex 2. Examine for asymptotes the curve 

^2+3.r^+2j/*+^^"2y-l-1 =0. 
y=inx-\-c is an asymptote, 


y 1 

where m=Lt ^ ( a,s x and y tend to a', 

c=U>(y-mx) J 

The asymptotes exist if tliese limits exist. 

(t) Tojini m, we have, from the equation of the curve, by 
dividing by 




In the limit when x-^co, 


T,t —=:fn, we get l+3m-l-2m*=0 

X 


(.•.U-»=0;Lt-V=0 ;Lt-|-=0. ) 


te., (2w+l)(m + l)=0 


mi=—1, and 7/12=-Y * 

(it) Taking 7ni=—1. we have 

(a) C|=Lt(y-mix)=U (yfx), as x and y-^yj. 

Now (y+a:)(2y+x) = -(3x-2(/+l) (cum) 


i.e., t/+.T = - 


3x—2y+l 


2y+x 


/. Lt (y-fx) 


y 1 

^ — 2— 4-^— 

, T .3x—2v + l Ti. X ” X 
x=-Lt =-.Lt- 


2y+x 


2. ^ + 1 

X 




air;ce Lt—=.-0 and Lt— =»«= —1 

X X 




« • Cj—5. 


“ • * A»* T • i o ^ •- • 

rfy' . 


/ ■ 
;/o 




Min' 
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Substituting these values of m and c in y~mx-\’C, we get 
as one of the asymptotes. 

(6) C2=I.t {y-7n^x)=ht ( 2' 


Now '2y-{-x— 


3x--2y*|- 1 
x-\-y 



Lt = —Lt 


3x-2y+l 

y-^x 




3f2y+0 

1 

“ 2 +* 



C2=-4. 

Substituting for and c_, in y=>ni;-f-c, we got 

2^+x4-8=0 as the second asymptote. 

Remarks on the examples. 

(1) Observe that w'len has been found in the 6rst stop, 
y — m.v is a factor of the hiizhost degree terms in the equation 
of the curve. Tims in Ex, 1, y^x is a factor of the highest 
degree term iin the equation of the curve and in Ex. 2, both 
2 / 4 -^ well as 2y-f-x (correspon ling to the two values of m) 
are factors of x^-\'Zry-^2y-, the highest degree terms. 

(2) From remark fl), we infer that in algebraic curves the 
asymptotes are parallel to the lines obtained by equating o 
zero the linear factors of the highest degree terms. 

(3) In algebraic curves, the determination of the limit h 
facilitated by first dividing the equat on by a power ot x w ic 
is equal to the degree of the curve. 

(4) It should bo observed that the process of soliilion can 
be co'islderabl I skorlened by findUy^ tho limit on Ihe ng si 
only [ind omittim (he word limit from the left sid-:, as iis 

not itiake any ditference in the equation of the asymp o e. 

Thus in the case of Ex. 1, step (iu) could 
gether omitted and step (ii) could have been written 

following manner :— 
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The asymptote is 

v+a:=Lt -=-r-r when «-^co. 

y+aj=2 is an asymptote. 

(5) An asymptote is usually asymptotic to an algebraic 
curve both on the right as well as on the left of the f/ axis, 
since it does not make any difference whether oo or ~ oo. 
For an exception to this, see example 3 below. 


In some cases, for a:—>+oo, there is no limit for — but there 

is a limit when 00 , and the curve will be asymptotic to 
the asymptote on the left of y-axis. 

This point is illustrated by the following example. 

Ex. 3. Show that the negative direction of the a;*axis is an 
asymptote to the curve y=se*. 

(») We have m=Lt— =Lt c=0, when a:-^—oo; 

a; a; ’ 

also c=Lt (y—0. a:)=Lt e*=0, when ar->—oo. 


y—0.a;+0 i.c., y=0 or (**axis) is an asymptote. Since 
these limits have been obtained for x-^ — oo, it is the negative 
direction of x^axis which is an as 3 nnptote. 


(li) Since Lt ^ =Lt — for a:-> + oo 

X X 


does not exist (this 


limit being in6nity), the positive direction of x-axis is no 
asymptote. 


The curve extends to infinity 
also in the positive direction of x 
but there is no asymptote on the 
right of y-axia. 

Really there is an asymptote 
perpendicular to ai-axis but at an 
infinite distance from the origin. 

But as^ptotes at infinite distances 
from the origin will not be Call^ asymptotes 
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11. Asymptotes parallel to the axis of x and y. 

The line x=k is an asymptote to the curve y—J{x), if y-">co 
when X tends to k in a determinate sense. 

For, if S be the perpendicular from the point Vix, y) 
situated on the curve to the line x—k, S—x—k, {ignoring the 
sign), and this perpendicular tends to zero, (since a: tends to ^), as 
the point P moves to an infinite distance on the curve (since 
00 under the condition that a; tends to A:). Hence we have 
the following rule for finding asymptotes to f{x, y}=0 which 
are parallel to the axis of y : — 

Find the finite value or values of r which make y tend to 
00 -ifk, k., . are such values, then the asymptotes parallel to 

y-azis are x—k^, x=ko . 

In a similar manner, we can find the asymptotes parallel 
to the axis of x hy Ike following rule : Find those valms { fimte) 

of y, which will make X tend to ; let these values be h. 'a* hj- 

then the asymptotes parallel to the axis of x are y— i, y— 


Ex. 1. Examine the curve =e for asymptotes paral¬ 
lel to co-ordinate axes. 

We enquire if there is any number to which x tends, when 
2 /->oo. 

We find that if a:->-|-0, y= + «>' 

(i) x=0 (the positive direction of the y-axis) is .an 

asymptote and the curve is to the right of the asympto e. 

(«) Again when y->+0. and when y-> 0, 

— 00 . 

Hence y=0 (both the positive and the negative directions 
of the x-axis are asymptotes) is an asymptote. 

Note 1. When *-^-0, ‘he negative direction 

of ar-axis is not asymptotic to the curve. 






A8YMPT0TKS OF PLANE C0RVES 


243 



Note 2» In the case of an algebraic curve (as distinguished 
from transcendental curves), 
a rectilinear asymptote is y 

usually asymptotic to the 
curve at both ends. 

Ex. 2. Show that x~2, 
a:=4 and y=l are 
asymptotes to the curve 

^_(a:- l)(x-3 ) 

^ {x-2)(x-4y 

12. Asymptotes-Algebraic Curves. We have already 
given practical methods of finding asymptotes of algebraic 
curres. We shall now indicate briefly that the same methods 
can be deduced from the general definition of an asymptote 
given-in Art. 9. 

V' 13. Asymptotes parallel to the axis of y. Let the equation 
ofthe curve of degree nbail/(.r, y^=0. Rationalise and clear 
the equation of fractions; and then arrange according to descend- 
ing pouers of y. Thus, the equation f{x, y) = 0 is expressed in the 
form 

oy«+(6a:+c)y*-i-f.(da:8+ea:+/)y«-*+.=0 (1) 

the last term being a polynomial of the nth degree in x, 

(t) Suppose the term y'* is present in equation (1). This 

means that the oo-efficient ^'a*' is not zero. Then when any 

finite value is given to a; in (1), no value of y is infinite. There 

are, therefore, no infinite ordinates for finite values of the 

abscissa. Hence in this case there are. no asymptotes parallel to ike 
axts of y. ^ 

(ii) Next suppose that the term y« is missing from the 
equation so that a=0. Suppose further that 6 and c are not 

zero. 

w,y infinite for every finite 
lue of X, giving a branch of the curve lying entirely at infinity 

® given 

byia;-hc-0,t. c.,a:=-c/6whicb makes y infinity, Thiw the 
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line x~ —cjh satisfies the condition for being an asymptote. 
Thus the lute 62 r-{-c =0 is an asymptote parallel to y-avis situatd 
at finite distance from the origin. 

(lii) Suppose tile terras involving 7 /'* and ^ are both 
absent from ( 1 ) so that a—b=c= 0 . 

In this case there are two finite values of x which make y 
infinite and these values satisfy the equation dx^-{-ex-\~f=0. The 
equation of the asymptotes paraliel to jpaxis are found by factoris- 
ing dx^-\-eX'{-f=0, and so on generally. 

14. Asymptotes parallel to the axis of x. Proceeding in 
a similar manner but arranging the equation of the curve 
according to descending powers of .r in the form 

. 

we can easily determine the asyrapbotos parallel to the x-axis 
by finding th"! values (finite) of y which give infinite values 
to X. 

Thus we have proved the u?ual rules for finding asymptotes 
parallel to axes given in Art. 5. 

15. Oblique Asymptotes. Let the equation of the curve 
of the nth degree be 

_p^^^(X)_f_^P=0 . 

(t) Now in order to find an asymptote, wo must first find, 

from the equation of the curve, Lt y/.r when X and y 

CO. We introduce a neio variable t—yjx, so that equation (1) 
becomes 

. +#,(0 +^?= 0 . ^ , 

the left-hand side being a function of n and t only. Uiviclin^, y 
x^y we get 

M)+~ (0 +. + -k i 

Supposing asymptotes to exist, t must approach a 

?n when x-»oo. Hence proceeding to the limit, when a; » 

all the terras, except the first on the left vanish and ff® o 
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This equation gives the directions of the asymptoks and 
since «^>«(m)=0 is, in general, an equation of the nth degree, 

there are generally n directions in which the curve can extend 

to infinity. 

(ii) Let m be one of the roots of the equation (1). 

In order to find the asymptote in this direction, we have 
next to find 

Lt [y—mx) when .r and y->oo. 

Introduce another new variable vand put 

y—nix^v. Then ylx^7n-\-vfx. 

Substituting for yjx in (1), we gel 

'»+1 (”*+ ~ )+. =0 

Divide by a;" and expand by Taylor’s Theorem ; 

(vf „(»!)+ 

? { T2" +.=^* 


Since ^„(tn)=0 by (1), this becomes, after multiplying the 
terras by x. 

X r 

— I -|^ + | + .... =0. 

Suppose V, [t. e., (y—mx)], approaches the limit c when 

00 , then 

c^'„(m)+^„.i(m)=0 .(II) 

If <j>„' {m)=^0, we have c= —.(111) 

<f> „(m) 

Thus, the equation of the asymptote corresponding " 
direction m [m satisfying the equation ^„(ro)=0] is 

4> «(wi) 

16 . Other definitions of rectilinear asymptotes. 

,. J* ^ to give the following definitions of asymptot, 
which ah, AoiUe ver, inadequate. 
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1. “An asymptote is defined as the limit of a tangent 
whose point of contact tends to infinity.” 

2. “An asymptote is the limiting position of a chord two 
of w'hose points of intersection with the curve together tend to 

infinity.” 

3 * “An asymptote to an infinite branch of a curve is a 
straight line which intersects the given curve in two points at 

infinity but which is situated at a finite distance from the 

• • >) 
oricin* 

Asymptotes, however, may exist in the sense of the defim- 
tion we have given when the tangent or chord has no limit; the 

curve may not even have a tangent. 

The precise relations between asymptotes and tangents are 

defined by the following theorems : 

(a) “If a tangent to the curve y=f{x), whose point of con¬ 
tact is P, has the limit y=ma:+c as P->oo, then y=mx-{-c is an 

asymptote.'* , • * d 

(fl) “If a chord of the curve y^f{x) through the points r 

and Q on the curve has a limit when P-^oo, Q->co together m 

a direction in which the curve is asymptotic to its a8:^ptote, 

then the limiting position of the chord is an asymptote. 

The following illustrations would show that definitions i, 

2 , 3 of this section are inadequate 

Ex. 1* Consider the curve y=Ax+BH- - 


(Tod hunter) 

To find an asymptote, we have to determine 
I. (i) Lt ylx=U (A+B/a:+ )=^ 

and {ii) Uy-Ax=U (B+ —^ 

when X and y tend to co 

showing that y^Ax+B is the asymptote. 

Again, since the equation of the tangent at [x, y) 

wc liavc to determine, if we adopt definition 1 of this section fo 
the definition of an asymptote. 
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. x(a+cos x)~(a+8in x) i ^ 
II. {Hi) Lt dyj dx=U [ A+- ^ J 

.2(a+8inxw 

and (tv) Lt {y-~x.dyldx)=^U ^B-cos x+ - - - ) 

when X and y tend to co. 

But since cos x does not approach any limit when x~^ co, 
(tv) has no limit. Therefore there is no asymptote according to 

this definition. 

III. IfweadoptdehnitionS, wehaveto substitute mx-fc 

a+sin X , 

for y ; this gives the identity ffix+c=Ax+B+ ana 

we cannot get the value of m and c by equating to zero the co¬ 
efficients of the highest powers of x. Thus, there is no asymp¬ 
tote according to deffiiition 3 also. 


Ex. 2. Consider the curve j/=:cx-l-a^ ® sin x*. (Young) 

dy , 

If a>0, the curve has the asymptote y^cx, but ^ has no 
limit as x-^eo unless a>l. 

If o>l,** cos X*— ax ^ ®8inx*->0; 
dx 

but x(^—conly if a>2. In this case only (a>2) 
\ix r 

the tangent tends to the asymptote. 

It may be pointed out that these definitions give rectilinear 
asymptotes of algebraic curves, for the restrictions in (a) and {f}) 
are satisfied. 

Method of Expansion 

17. We can assert that the straight line y=mx fc is actually 
an asymptote of the curve /(x, y)=0, provided that we show 
that there exists a real branch of the curve of the form 
y=mx+c+ ^(x) where ^(x)->0 as x->oo or — oo. 

Suppose it is possible to solve for y from the equatiui ■ 
given curve so as to express y in a series of descending powers 
•Ji X, beginning mth the first power, in the form 

y=mx+c+«/x+j8/x»-f y/x»+. .. (i. 
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Then it is evident that ^—ma:+c is an asymptote to the 
curve represented by (1). i'or 

(*) y/a:=m+c/a:*f . 

Lt ylx=m, when x and y tend to inhnity. 

(ii) y—mx—C'^alx-\-pjx^-\-yl3^+ . 

• Lt [y—mx)=c when x and y tend to infinity. 

Hence y^mx+c is an asymptote. 

Corollary. From the above we deduce the following 

“A straight line will be an asymptote to a curve when the 

difference between the ordinates of the curve and of the line, 
corresponding to a common abscissa, approaches zero as a 
limit as the abscissa tends to infinity.” 


Note This follows immediately from the definition of an 
asymptote, sine'e the distance from any point of/he curve on the 
asymptote measured in any other direction ( . distanc^ 
mLsired parallel to y-aris) being proportional to the perpendi¬ 
cular distance (S) on the asymptote must tend to zero, when 

point goes to infinity. ^ 

18 The problem for finding an asymptote to a curve is thus 
reduced'to the problem of expanding y from the equation of th 

curve in the form 

(Ij y—mx-\-c-\-alx-]-pjx^-{-yl^-\~ . 

Two cases arise according as the equation of ‘h® 0“'^® 
given as an expHcit or implicit funclion of its co-ordinates. 

easel. When , is given 

asymptotes are ^ Binomial Theorem. This method 

^Israpplts when * is given explicitly in terms of y. 

Case II. When the curve is 

f{x,y)=0t\ie expansion of y n decenamg p gubstitut- 

ever such expansion IS possib ei j ^be equation 

ing for y the ser es on the ^of jl)^ ^ 

/{x, y)=0, and different powers of a: to zero, 

Equating then the . r.- determining the constant 

sufficient conditions are obtained for determining 

m, c, a, p,y . 
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19. To find on which side of the asymptote the curve lies. 
When the equation of the curve has been thrown into the 

form 

y^mx+c-\'alx+{ila^+yl3^ . {curve) 

y=mx-\-c is an asymptote. 

If the ordinates of the curve and of the asymptote for the 
same abscissa x be denoted by y^ and yji then 

yi-^2=alx+filx^-\-yl3^+ . 

The sign of “Vi— 2 / 2 *’ determined by the first term 

ff/x which governs the sign of the right hand side when x is 
sufBciently large. The sign of o (or in its absence the sign of p) 
will decide whether the curve is above or below the.asymptote in any 
particular quadrant through which the asymptote passes. 

Suppose the asymptote passes through the first and the 
third quadrants. Svp}pose further that a is positive. Then 

(i) in the^ra^ quadrant, 

yi^yi—ajx (positive), since x is 

/. ordinate of curve'>ordinate of asymptote. 

the curve lies above the asymptote ; 

(u) in the third quadrard. 

yj—yjssa/a; (negative) since a; is —, 

Also yi and are both negative in the third quadrant. 

^2 is numerically smaller but algebraically greater than y^. 

Hence the curve lies below the asymptote. 

Similar investigations will apply when a is negative and in 
all other cases. 

Note. In actual practice, to throw the equation of the 
curve in the form (1), it is convenient 

{i) to first find an asymptote y^mx~{-c to/(x, i/)=0 by one 
of the methods already explained, so that m and c are now 
known quantities. 

(m) The expression for y from (1) is then substituted in 
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{in) The co-efficients of the different powers of x in the 
equation resulting from this substitution are then put equal 
to zero to determine the remaining constants a, p, y etc. 

Ex. 1. Find the asymptotes of the hyperbola 


Solving for y, we get y=±bja,x{i—a-lx^)^ 
= ±6/a.i(l—l/2.a2/a:2—l/8.aVa:*.) 


b I , a I 

y^4 - X- - b — — 

^ ^ a 2 X 


a' 


or y— — 


b 

a 


2 

1 


a 


8 

1 




O’ 


^+2 . 


Here c=0 and, therefore, 

(i) y=-|-6/a.a: and (») */=—6/a.a: are the two asymptotes. 

6 , 6 1 a6 

(A) Thus y =+ — X and y =+ — ^—2 x . 

equations giving ordinates of asymptote (t) and of the corres¬ 
ponding branch of the curve, 

b , . b . I ba, 

(B) Similarly — ~x and [y= — ~ a:+y • 

are equations giving ordinates of asymptote (ii) and of the 
corresponding branch of the curve. 

Case{i) x->4-«> ; equations (A) show that ordinate oi 

a8ymptote>ordinate of curve. 

(a) Since —a6/2 x is negative, a and b being +, 

' *' the curve lies below the \st asymptote. 

\b) Equations (B) show that ordinate of curve minus 

ordinates of asymptote ^-\-ab 1 2x+ . 

■ the curve lies above the 2nd asymptote. 

Case («). similarly treated. 

Fv 9 Find the oblique asymptotes of the curve 

We have y*—^^(l— 




ASYMWotES Of PLANE OtJEVBS 


26 ] 


y=±x[l-llx) ■ 

^±x{l-\-ll2x+3ISx^+SI\6.i;x^+ .) 

i. e., !/=+*(l+l/2a;+3/8a:>+5/16i>.) 

or 3 /=-a:(l + l/2a:+3/8x'“+.) 



(0 !/=*+1/2 and («i) y=—x —1/2 are the two 
oblique asymptotes, the third asymptote being evidently 
*— 1 = 0 . 

(A) Thus y=a:+l/2 and y=a:+l/2+3/8a:+6/16a^+. 

are the equations giving the ordinates of asymptote («) and the 
corresponding branch. 

(B) Similarly y=—a:—1/2 and y=—a:—1/2—3/8a:.are 

the equations giving the ordinates of asymptote (itj and the 
corresponding branch. 

Coae (t j For -f oo : 

(o) equations (A) show that the ordinaUs of ciirve minus t 
ordinate of odympotote is 
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the curve is above the first asymptote. 

(6) equations (B) show that ordinate of asymptote mimes 
ordinate of curve= -f 3'Hx+5/16x*. 

the curve is below the asymptote. 

Case {ii) x ; in this case the curve is below 1st 

asymptote but above the second. 

Observe that the line x=i is the third asymptote. 

Ex. 3. rind the position with regard to the asymptote of 
the curve 

^_^q-a2(.r—2y)=U .(^J 

y—x=0 is an asymptote. 

Putting y = x-\-0-\-a!x-\-^!x^-\- . 

in the equation of the curve, we get 

-3a:2(a/x+/3/x2)-3a^'-^nx+^/:r2)-3)8^/:rn2:+ar/a:)+a"/*" 

-p / 33 /xe - 6a)8/.r*+a^x—2a2j: - 3a*a/x - =0 

i. c., -xt3a+a2)-3^-3a=^/x-2a2a]x+...=0 

Putting the co-eflficients of several powers of x=0, 
we get 3ad-«^=0 3^=0 


i. c., a ~—3 fi—0. 

Hence substituting for a and /? in (2), we have 

2 /=x-f '0 —a^/3x4-. 

also 


{curve) 

{asymptote) 


ordinate of curve—ordinate oj asymptote a-j^x 

(i) when x is positive the curve lies below the asymptote 
y—x=0 in the first quadrant. 

{ii) when x is negative. 

ordinate of curve >ordinate of asymptote. 

Since both the ordinates are negative in the Zrd » 

ordinate of curve < ordinate of asymptote numerically. 

the curve lies above the asymptote. 

Ex. 4. Find the position with regard to the asympto e ^0 

the curve x^-\-y^=3axy 

{y{-x){yHx^-xy)^daxy 






OF PLANE OTBVES 


253 


asymptotes 


p 


• • 


tne asymptote is given by 


X, 

y =-1 


= -U 


= ~a 


_a;_a is the only real asymptote 
Puttingi/=—+. 



in ( 1 ). we get 

a.3+(_a:-a+a/a;+/?/x*)=*=3ax.{—r-a+a/a:+/3/a: ) 

g.^ a;3„.^3 4-(-a + a/x+/3/.rV + 3x»(-a + n/x-i-^/x») 

-Zx{-a-\-alx-\-Plx^ .)2=3flx(-x-a+a/x4-^(a:^-H-) 

Equating the co-efiicionts of the several powers of X in this 

identity, we get 

3a_() 1 Equating co-efficient of X. 

J Equating the absolute terms. 

Substituting for o, j8 in (2), we obtain 

y=-x-a+a^l 3 . l/r>. («“'•"«) 

.. (asymptote) 

. o» 1 

KencQ {ordinate of curve)^{ordinate of a8ympfote)=-^ • ^ , 


which is positive whether x be positive or negative. 

the curve lies a6oyc the asymptote both in the second 
as well as the fourth quadrant through which the asymptote 
passes. 

20. Curvilinear asymptotes. In considering rectilinear 
asymptotes we have met with ca^es where the method of 
determining asymptotes in particular direction gives an 
infinite vilue to c; the asymptotes in this case are situated 
altogether at infinite and we say that there are no rectilinear 
asymptotes (as in the case of a parabola). In such oases we 
are sometimes able to find some other curve (or curves) 
which continually approaches the given curve as x, y tend 
to become infinite. Such asymptotes are called curvilinear 
asymipotess, 
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DefiDition- If there be two curves which continually 
approach each other so that the difference of their ordinates 
corresponding to a common abscissa approaches zero 
as a limit when the common abscissa tends to become 
infinite, then each curve is said to be an asymptote to the 
other. 

This definition will also apply if the words “ordinate” and 
“ abscissa” be interchanged. 

This definition is identical with that of asymptotic functions 
which we have already come across. 

For example, the curves 
y=sax^-^bx-\-c-\-dlx 
and y=ax'’Yhx^c 

are asymptotic to each other, since the difference of their ordinates 
for any common abscissa x is d/a:, which tends to zero as 

Since r/=ax*-j-6a:-|-c is a parabola, it is called a, parabolic 

asypmtote to the curve y=az^-\‘bx-\-c-{-iilx {3rd degree curve)* 
[Note. If the equation to a curve can be put in tte 

form 

(A) y~aQx"—aiX’*~^ + .i^+®h 

. ^ 4 -.^+. 

Then it follows from the definition that the curves 

(1) j/=:aoX«+ajX”-^+. +a„ 

(2) y=aoa:”+ajX”*i'f-.+a„+6,/a; 

(3) y=aoa:"+fli3:”"* +. +a„+tJx-^biX^ 

are all asymptotes to the curve (A). 

(They may be called asymptotes of different degrees.) 

This shows that if a given curve has curvilinear asympto es 

the number of such asymptotes is generally infinite. 

Ex. Show that the curve ay{a—x)=x^ has a parabolic 

asymptote. 

We have ay=3^!{a—x) = ~x-~-ax—a^-\-a^l{a-^x) 

= —a*—a^/x(l 
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Hence the equation of the curve is 

ay—~-x^—ax—a^ is the curvilinear asymptoU which is 
a parabola, 

*. parabolic asymptote. 

EXAMPLES XXXIV 


1. Show that the curve axy==x^~a? has a parabolic 
asymptote ay^:i^. 

2. Show that ay*=2:(a:-o}(a:-2a) has a curvilinear 
asvmpote ai/^=(x—a)®. 

3. Show that the curve i/*(22/-h3r):=4v2+9x2 has a 

parabolic asymptote t/*=s3x — 2yH-8. 

[Hint. —Obs<*rve that one form of the curve at inBnity is 

i, y^=Zx (Newton’s diagram of powers) so that y* is 
proportional to x. Therefore* arranging the terms in order of 
importance, we have 

1,2(31+22/)=9xH4y2 


%. c., 




the last remainder Sy* being put equal to 24x.] 

Note. Observe that in the case of curvilinear asymptotes 
y and x are of different orders of infinity whereas in the case of 
rectilinear asymptotes {except in the case of asymptotes parallel 
to co-ordinate axes where one of the co-ordinates is Bnite and 


the other infinite) y and x are of the some order of infinity so 
that the ratio ylx is finite. 

4. Show that the curve x®+a6i/=axy has a parabolic 
asymptote x^-\-bx-\-b^—ay. 


21. Asymptotes Polar Co'ordinates. 

Let P(r, 0) be a point on the curve r—f{0) and 3, the 
perpendicular from the point P on the line whose polar equa¬ 
tion is r cos ((?— or)— p. Then if S-^0 as r->oo, the line 
^ definition, an asymptote to the curve 

We proceed to determine the values of a and p in order 
that r cos (0—a)=p may satisfy the conditions of being an 
aaymptoto to the curve rs=/(^). 

tV The'length of the perpendicular from P to the line is 
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easily seen from the figure to be=OY—OM=p —r cos [$ -a) 
so that 



5 = p—r cos {$-a) 

8/r=p/r—cos (0—o).(1) 

Wheiir->co, 8^0, {definition) 
8/r->0 as well as p/r—>0, 
Hence from {l)Lt cos (0—a) 
=0 when r->co. 

I. c., Lt (0-a)=-jr/2 when 

r=oo. 

(i) a=^i—7r/2 where 0^ corres¬ 
ponds to r->oo on the curve. 
VVe have to let r->ooin the equation 
to the curve and find the direction 
e^. Thus $1 gives the direction of 
the asymptote; also a is 90° less than 
this angle as is evident from the 
figure. 

(n) Again p=OY=:polar sub¬ 
tangent in the direction $—$i 



r-»oo 


■where is to be obtained from the equation to the curve by 
du 

differentiation. 

[Hi) Substituting for a and p from (i) and (») m the 
equation r cos i$-a)=p, we get 

rcos] 6’—(^ 1 —^)J 

; p r<,m ') as the equation of the 

g., r sm d]— \d'i*$-^9i 

asymptote in the direction 6=6i- 

Tf fl, 0., 0, .are the other values of 9 obtained by 

making the radius vector infinite in the equation r !{$) 
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are 


of the curve, then the equations of the other asymptotes 

rsin(fl5_9)=/-^) 

\ du 

r sin [e,-e)=(—f ) 

\ du /9~->di and so on. 

Ex. 1. Find the asymptotes of the curve 

r=a see $-^b tan $. 

When r= 00 . cosd=$ e=2k-n±7rl2 

(t) i. e,, 9 =ttI2, 37r/2, 57r/2.(for ^=0, 1, 2 1 

showing that the asymptotes are perpendicular to'‘the’initial 

Again u =—_(u=l/r) 

sin g+6) 
d9 (0+6 sin 9)^ 

(») t. e„ 

' du/ a sin ^+6 

(A) Now consider the direction 9=^12 from (i) 

\ 

^ du >'^= 7 r/ 2 “®'^^ (positive) from {»i). 
line a?a dltta+h 

r^ni,l2ll)T4t ° r>ole. Its equalim is 

(B) Consider the direction 9=3irl2. 

Corresponding polar aubtangeni(-^,^~~\ 

0-6 from (n) /^=37r/2 

its equation is r sin (3,r/2—0)=a-6 

t.& t,.$r «nr ir-T. 

asynSite. *'*® r=o/{i-cos 0 ) has do 

When r-»x, oos 9=1 and 9=2i, 

Agam«=(i_oos9)/a. 
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duld0=:3\n O/a 


. / d0\ _1_, 

du/0=2fc7r I sin0te=2fc 


TT, 


V — I 

showing that ( - d!)ld,i)l)-*n-n does not tend 

the polar subtangent is indnity and therefore the curve has no 

asymptote. 

Ex. 3. Find tU© asymptotes of the curve 

r sin 40=fl sin Z6 
sin 1 \ 

«= . oA^"* r /• 

a sin o9^ ^ ' 

Putting w=0, weget sin 4^=0 
40=:jtff+(-l)'*XO : 7r/4 


j.e. 


it) i e,. 


Again 


0= 


TT 


TT. 3-jr 
7 . TT 


5l,.,it=l, 2... 

4 


4 2 4 

du 4a sin 3i9 cos 4fl-3a sjn 44 cos 39 
ffQ— (d sin 30)* 

{a sin 30)* 


du=“4a sin 39 c'o749-3a sin 49 cos 39 
(A) Consider the direction 9='n-/4. 

) for 9=Y =472 

(Hence the asymptote is parallel to ? " t^'a “to- 

the pole making an angle ir’4 with the imti 

tance ^ P'’’“ 

vector.) ^ 

Tts equation is r sin (-^-—0 )=4y2 ’ 

The determination of the other asymptotes is 

exercise to the student. , curves when 0 

22. Circular asymptotes. ^ radius vector r 

is made larger and larger without limit nation ultimately 
approaches a definite limit " a an ^jj-de is 

tlLs the form of a circle whose radius ^ 
called an asymptotic circle (curvilinear ^ 

Ex. Ffnd the asymptotic circle of the curve 

f=a(0—a)/(0+fl)- 
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The curve may be written as ‘ 


As B increases and tends to become infinite, r continually 
tends to the limit a, showing that r—a is the asymptotic circle 
r is less than a when B is positive curve lies inside the 
asymptotic circle for positive values of B. When B is negative 
*■>0 the asymptotic circle lies within the curve. 


EXAMPLES XXXV 


Find the asymptotes of: 

1 . (i) r* 0 =a®. (n)r 8 in 2 ^=a. 

2 . r cos ^=a sin^ 3 . r sin n 0 =a. 

4. Prove that r sin ^=a is the only asymptote of the 
curve r=a cosec 

5. r Bin 23=a cos 30. 6 - r=a( 8 eo 0-f cos 0). 

7. r'*sinn 0 =ia« g. f 0 =o. 9. r=a +6 cot n 0 . 

10. r cos 20=0 sin 30. 

11. Show that in the curve r0»a the perpendicular from the 
point (r, 0) on the initial line OX is equal to a sin 0/0 and then 
show that the curve has an asymptote parallel to OX and at a 
distance a from OX. 

12. Find the circular asymptote to the curve 

r=(a0+6)/(0+d). 

13. Find the equation to the pair of tangents from the 
point (p, flt) to the hyperbola ljr=l-\-e cos 0. 

Deduce the equation to its asymptotes, 

14. Find the circular asymptotes of : 

(i) r=c 0 /( 0 + 6 ) (ii) r=o 0 */( 0 *± 6 *) 

(m) r=a 0/(0 — 1 ) (iv) r={ 0 +oo 3 0)/{0-f.8in 0 ). 

* 0->a and if /(0)(a-0)->o show that the 

^ (a— 0 )=a is an asymptote to the curve 

Prove its converse also. 


CHAPTER X 


POINTS OF INFLEXION AND SINGULAR 
POINTS OF PLANE CURVES 

1- Concavity. Let y—f{x) be the equation of a curve and 
let P be a point on this curve the tanaent at which is not 
parallel to the axis of y. If the cnirve does not cross its 
tangent at the point P (and tlii« is usually the case) then it is 
situated only on one side of the tangent PT. Then we say that 
the curve is concave towards the side of positive y or the side 
of negative y according as tlic curve is situated with regard to 
the tangent on the side of po:?itive y or negative y. 

It may be remarked that there are two sides to a tangent 
which is not parallel to the y-axis. On one side y tends to 
-j-CO along any line parallel to y-axis while on the other y 
tends to — oo ; we have called the former the side of positive 
y and the latter the side of negative y. 

2. Test of Concavity. We shall now show that at any 
point P the curve y=f{x) is concave towards the side of 
y or negative y according as/"{x) is positive or negative at a 
point. 

In fact one or the other of those two cases happens accord 
ing as the ordinate of the curve is greater than the or ma e 
the tangent or less than that ordinate in* the vicini y o 

point. 

- Let P and Q be 

two neighbouring 
^ Q points on the curve 

A y=/(^) 

/7 ordinatesofPandQ 

A ' be [X, /(a;)], 

_ _Ax-1—L f(x ^h)] ; the equa- 

0 ^ ^ tion of the tangent 

at P is y=/(x)+(X-a:) /'(a:). 
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If ^2 be the ordinate of the tangent corresponding to the 
abscissa x-\-h, then 

(where i/ 2 =NT). ( 1 ) 

If (=sNQ) be the ordinate of the curve corresponding to 
the same abscissa fhen 

yi=/(j;+/i) =/(*)+*/'(*) + ~ n^+tfA), 0<fl<l (2) 


by Taylor’s Theorem, 


yi-y2=QT-^r(a:+^A). 


(3) 

(4) 


T 2 

Now, whether A is positive or negative, is always posi- 

tive and/"(a;-b(?A) keeps the same sign as that of f"[x) for 

sufficiently small values of h provided that f\x) is continuous 
and not zero. 

Therefore the difference will retain its sign unchang¬ 
ed in the neighbourhood of P whether h is po.‘ itive or nevativA 
[i.e., whether Q is on the right or left of P). ® 

pnee, throughout the neighbourhood of P the curve will 

he wholly on one side of the tangent* 

The curve wUl be below the tangent when/"(. t) ia negative 

and above it when/ (a:) is positive, ® 

Hence the result. 

.w »' ““to « • I»l«* .t 

The necessary and sufficient condition thnf i. 

point of inflexion is that y,~ i e f''(x-i-f)h\ qK ^ 

sign with h. ^ K^-teh) should change 

.i,.5 ™ 

ref,-!■=" • 

/ (®) is not zero, then (^c) is zero but 

yi“ys==~^r'(a:+^iA), 
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Since/"'(a:) is not zero,has the same sign as 
/"'(x) ; but A* changes sign from — to +, as h changes from 
„ to+. It follows therefore, that 2 / 1 — 2/2 changes sign as we 
go from left to right through P. There is thus a point of 
inflexion at P if/"\x)=0 and/"'(x) be finite and not zero. 

But if/'"(a:)=0, then it requires a furthur investigation. 
Suppose that the first derivative which is not zero is of order n. 
Then by Taylor's Theorem 

The nth derivative, supposed continuous, retains the 
same sign for sufficiently small values of k. If n is odd then 
changes sign with A. Hence we get the following rule. 
In order that a root of /'(x)=0 may give a point of inflection, 
it is necessary that the first of those derivatives 01 
order greater than second which is not zero should be of odd 

order. 

However when such a derivative is of even order the point 
P is called a point of undulation. 

Ex. 1- Examine for points of inflexion the curve y=x®. 



• • 


^=0 when x=0 
dx2 


~ is negative when x<0 and positive when x>0. 

d^y 

Hence the origin is a point of inflexion since changes 

sign as X passes through zero. The curve is concave on the left 

and convex on the right of y-axis. 

Ex. 1. fbe points of inflexion, in any, on t e curve 

y^x*. 





❖ 


(i) Here y=x /'; V. 


Putting ’ 

there ie a possibility of a point of inflexion at the 

origin. 
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(«*) origin will be a point, of inflexion if -^'2 ohanges sign 

as X passes through zero. Giving to a: a value slightly less than 

find^- is +ve ; again giving to a: a value slightly 
dx^ 

greater than zero, we find that is -f ve. Since f’{x) does 

not change sign as x passes through zero, therefore origin is not 
a point of inflexion. 


zero, we 




sico^is not 


This shows that the condition dx^ / 

sufficient for the existence of a point of inflexion. 

Ex 3 . Examine for inflexion, the curve y=x 
Here y=x^ ; ^ 


and =*~ o 
dx^ 9 


1 


X 


i 


(t) Putting ^=5 00 , we get 1=0. 



dx^ 

there is a possibility of a point of inflexion at xs=0. 

(ti) when x is slightly less than zero, negative ; 

d^u 

when X is slightly greater than zero, is again negative. 

Hence ort^tn is not a point of inflexion since does not 
change sign at xsO. 

Ex. 4. Examine the curve y=— 2 -j^ for points of in¬ 
flexion. 

x® ... . a:*(3o2+a;*) 


W Here. 

^ (o*+*»)* 
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(n) Putting/*'(a:)=0, we get 

a;=0; ays. 

There is possibility of points of inOexion where :r =0 
x^zhciy * 

[Hi] When a: is slightly less than 0,/» is _ . , 

.3 slightly greater than 0, rW is +. ... Vigin is a point of 

inflexion since j (x) changes sign. vi 

Again in the neighbourhood of a:= -j-ays. fix) is + when 

a:<oV 3 anditis-whena:>a/ 3 ..-.for x=ay/ 3 , there is a 
point 01 inflexion. 

SimUarly for a:=-aV 3 , there is a point of inflexion. 

4. If a curve has a point of inflexion at a point at 
which the tangent is parallel to the y-axis ^ does not exist at 
such a point. To include this case, we say that for a curve 
for which one at least of g and g exists and is continuous, 

the points of inflexion are the points at which one at least of-^ 
d^x 

and vanishes and changes sign. 

5. Concavity and Convexity : Polar-co-ordinatei. 

A curve referred to polar co-ordinates is said to be concave 
or convex to the pole at any pointy according as the cur^e in the 

neighbourhoodofthatpointdoesordoesnotlieonthesame side of 

the tangent as the pole, the pole being assumed not lying on the 
tangent. 

(i) Let p be the perpendicular from the pole on the tangent 
at a point (r, $), then if the curve is concave to the pole, p 
increases as r increases and p decreases as r decreases. (Fig. Ij- 

Thus ^ is positive. 

Similarly, if the curve 

dp 

be convex to the pole, must 
be negative {Fig> 2 ). 
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Hence a poinf o/ inflexion, rri'ist be zero ani must 


also change sign. 
Bufe ^ 


_ , / du 

p‘ -“ + ( do^) 

Differentiating witli respect to 0, 

de de V ^\d0/ > de^ ^ ^de\de ) 

d , du . f. du d^u 

=d-. 

—1-^=/ 

ed \ de^/ do 

dn 


• « 


multiplying by p^ and dividing by ~-r~, 

0$ 


^ = -p^( 

du ^ \ ^ ddW 


.( 1 ) 


But 

dr du dr r* du r- \ dO ^' 

Since p is always taken positively, the curve is, in general, 


dH . . . 

^is positive 


concave or convex to the pole according as u-\- 
or negative; and at a point of inflexion, the expression 

I dhi 

mxist he zero and must also change sign in passing 
through the point 

Ex. Find the point of inflexion in the curve 

Herea«=l_ 1 4“ = 2 a 

0^ do (?8 de^ 0 * 

a( J. -2-3 

\ /?/)*/ /)! 


. ' d0v e* 0^ 

iO -3)(02^_2;=O at (i. c., at t=^3(j/2), 0=±V3.1 


or 
there 


will be a point of inflection if «+ £" also changes sign. Now 
for ^2 giigtj^ly ^ 3 ^ is + and for slightly >3, 
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K-f - is negative ; hence the curve has two points of inflexion 

(X\i 

at r(=3a/2,^=±v'3)' 

Singular Points 

6. A rigorous study of singular points is very difflcult 
and beyond tlie scope c-f this book. We shall however let 
the reader have some working knowledge about these 

points. 

The points it which the curve }[Xy y)—(i possesses some 
peculiar p^ope^t^■ or j>roperties such as stationary tangent, a 

point of inflexion, may be regarded to be singular points on the 

curve, but this name is usually reserve;! for a particular class of 

points at whicli =0. 

We will assume the existence and continuity of all the 
partial derivatives of/(a:, y) in the neighbourhood of thesingular 
point under diseiission. 

7. We know that the direction of the tangent at an ordi¬ 
nary point {X, y) of the curve/(ar, t/)=0 is given by 

dx dxl ?y 

But at a singular point indeterminate. 

In order to lind the apiiearance of a curve in the neighbour¬ 
hood of a singular point {x, y), we determine by evaluahng 
the indeterminate form 

t-lc '■“) 




d ?f 


dy dx dx + ?Hl ^^y-dyld^ , 

dx"^' d _dy ~ d^fl 

dx ?/ 

Simplifying, we get the quadratic equation 
dy^ \dxr ‘^dxdy 




(1) 
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to determine the slopes of the tangents at the singular point 
{x, y ). 

be not simultaneously zero, the quad- 

3132 / 3 / 

ratio equation (1) will give iw^ values of ^ consequently thero 

will be two tangents at (x, y) corresponding to the two branches 
of the curve passing through such a point which is called a 
double point. 

XT. A - ^^2/ 

Note. =0, 

3a:* 


=0, =0 v still indoter- 

bx'by ux 


minate in form and its value is to be determined by differenti- 
aling separately the numerator and denominator of (A). This 

will give cu&tc equaiion in ^ giving three directions for the tan¬ 
gents ; thus three branches of the curve pass through the point and 
the point is called a triple point unless all the third partial 
derivatives in addition vanish simultaneously. 

Double and triple points are examples of multiple points 
which are singular points on a curve through which more 
branches than one of the curve pass. 

8. Double point. A singular point on a curve through 
which two real or imaginary branches of the curve pass is called 
a double point. The curve, therefore, must have two tangents 
real or imaginary at a double point, one belonging to each branch 
of the curve passing through it. Double points are classified 
into nodes, cusps and conjugate points. 

If the tangents are real and different, the double point is 
called a node ; if the tangents are real and coincident, it is 
called a cusp ; if the tangents are imaginary, it is called a con« 
jugate point. The general shape of the curve at a node and at a 
cusp is exhibited below. 





Cusp of the 
first species 


Cusp of the 
second species 
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2 >=or <0. 
c]r 


A conjugate, point on a curve is an isolated point whose co¬ 
ordinates satisfy the equation of the curve but in its neighbour- 
hood there is no other point whose co-ordinates satisfy the 
equation. This explains the absence of a real tangent at such 
a point. 

Now, equation (i) gives the slopes of the two tangents at a 
double point and these tangents are real an I different real and 
coincide7it, or imaginary, according as 

Accordingly, we ded?ice that a double point is a node or a 
cusp in general or a conjugate point according as H is a positive, 
zero or negative. 

The above facts can be summarised into the following rule 
for finding double points on the curve f{x, y)=0 and for determin¬ 
ing their nature 

(i) Find and 

’ cX ay 

(ii) Set =0 and ^ =0. Solve for x and y and test 
cx dy 

whether these values also satisfy f[x, y)—0. If real values of 
X, y can be found which simultaneously satisfy the three equations 

/(a:, y)=0, ~ =i'and ^—=0, then the points so determined 

are double points on the curve. 

{in} To determine the nature of a double point, calculate 

the value of double point in question. 

If these three expressions are not all simultaneously zero, then 
the double point is a node, a cusp in general, or a conjugate point 
according as 

/ \=_ y/. 

K'bxcy) cx^ aw* 


is positive, zero or negative. 

Ex. 1. Examine the curve a~y^=a‘^x^—i3^, for singular 
points. 

Here/(a:, y) 


ii) 


U 

dx 


= -2a^x-hi2x^=0; =2a^y^0. 

dy ^ 
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a:=0 1 is a singular point. This is the only point 

« = 0 3 which satisfies the three equations/(x, i/)=»0, 


y 


y =((and?^=0 


dy 

Hi) Again M =0. 


at (0,0), = f-C-=2a^ 


dx'^y 
=0 

^xdy 


(~^ V—?T * = + ^«*- a positive quantity ; 

\?x.a3// 9x* 3y* 

the origin is a node ; the two real tangents (obtained by equat¬ 
ing to zero, the lowest degree terms) at the origin are y—a:=0 
and y-\-x=0. 


Ex. 2 


3a: 


Find the singular points of the curve 
ay^={x—a]\x —6). 
j{x, y)=ay*—(a: -o)*(z—6)=0 

(a:—a)2—2(x—6)(x—a)=0 ; ~^ay 


= 0. 


• _ 

y=r0 ) ^ singular point, this being the only point 

which satisfies all the three equations /(x, y)=0, =0 and 

3* 

i^=0 

3 !/ 

Also at (a, 0), =-2(j:-a)-2(x—fc)_2(i-o) ; 

=-2(0-6) ;|^=2a; -^'f=0 

3sr 3y.3x 




3»3y/ 3** 3y 


j =4a(o—6) 
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Case (i) Tf a<6, H is negative. 

(a, 0) is conjugate point. 

Case (u) If a=6. H=0. 

(a) is a cusp. 

Case {Hi) If ft>6, H is positive. 

(a, U) is a node. 

9. Form of a curve near the 
origin. 

In order to study the form of a curve 
in tire neighbourhood of a point, wo 
must know. 

(i) the tangent at the point; 

(u) and the side of the tangent on 
which the curve lies ; whether the curve 
is above or below the tangent at the 
point. 

Since we can always transfer the 
origin to the point under consideration, 
it is enough, to find the form of the 
curve near the origin. 

(u) Now the tangent at the origin is easily '' found by 
equating tlie terms of the lowest degree to zero. Suppose 
y=mx is the tangent at the origin- 

(6) To discover whether the curve is above or below he 
tangent, wo want to express the given equation of the curve in 

the form 

.I 

For this purpose, we substitute for y in the 

curve find expand the terms and then thus have 

like powirs of a* in the resulting equation. We s ^ 
sufficient number of conditions for determining v 
by c . 

Suppose the co-efficients b, c.are determined and equation 

of the curve expressed in form I. 
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T pf NO ^=w ) and NT(=^U 5 ) bp the ordinates of tho curve 
and the tangent for the same abscissa ON=a: winch is supposei 

to be small. 



Then TQ=i/i-f/2=(m*+^^“+c.r'+ . )-mx 

. 

When * is small, the sign of tho right-hand side will be 
governed by («. e., the term containing ‘jic lower power of x) 
which can be made greater than the sum of all the terms that 
follow it. Again, if ,n-y, or TQ be positive, the curve is above 
the tangent and if (or TQ.l he negative, the curve is below 

the tangent. Hence the cane is abocc or bdow the tangent 
according as b is rosilive or negative, is always positive whether 
X is positive or negative. 

Tf6=0 the sign of .Vi -!/2 will depend on cx^ ; if c be 
positive, the curve is above the tangent on tlie right of tho 
y axis (ar-positivc and below iho tangeat on tho left ol the 
y-axis ^for a: noiative) and vice versa when c is negative. Thus 
the sign of b (or in its absence, tho sign of c) determines whether 
the curve is above or below the tangent. If tho origin bo a 
double point, there will be two branches througli the origin and 
two corresponding tangents and each branch is to be examined 
in relation to its tangent. 

Note. Observe that, the method adopted for expressing 
the equation of the curve in form 1 is similar to tho method 
of expansion explaine 1 in connection with tho determination of 
asymptotes where the expansion was in tlescending powers 
of X where in this investigation it is in ascending powers 
of X. 

Ex. 1. Find the form near the origin of the curve 

7/2_2x®+xy+x2—2a%==0 (1) 
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Voint on the curve, tangents at origin 
obtained by equating to ^ero the terms of the lowist degree are 

—2x+ary+y2=o, U €., {ij~~x){yi- 2 x }=0 

. . y~x and y=~2x are the tangents. 

(«■) To examine the curve with respect to the tangent y=x 
in the neighbourhood of the origin we toant to express th 
equation of the curve in the form ^ 

y=oc+bx^+cx^-{- . 

Substituting for y in (1) we get 

{^■\-bx'^-\-cx?-{~...f~-2x^-\.x[x-\-bx^-\-C7?+ .) 

^,e.,x?(2b+b^\~2]~x^{ .,.)=0. 

Equating the co-efficients of a^, .to zero, we get 

. 

/ y~^ . {tangent) 

f y=a ;+■■■ {curve in vicinity of origin) 
Since 6(ssJ) is positive, 

ordinate of curve>ordinate of tangent, 


curve lies above the tangent whether x is positive or x 
is negative, since does not change sign with x. 

Again, to examine the curve with respect to the tangent 
?/==—2x, want to express the equation of the curve in the 
form 


?/=—2x+6ixHcia:®+. 

Substituting for y in the equation of the curve we get 
(-2x-f6iX*+...)2-2x2+a:(~2x2q.6x2+Cia:3+...) 
q.a:3_2( -2x-f-6ia:2+...)H...=0 
i. e., ..=0 

Equating the co-efficient of to aero, we get • 

fy=-2x {tangent) 

and I y=—2x+y-x2-f-... {curve in the vicinity of origin) 

As before, the curve is above the 

tangent as positive both when 

X is positive as well as when x is 
negative. 

Ex- 2. Find the form near the 
origin of the curve 



y^{a^+x^)=z^a^-x^) 
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The two branches of the curve are 

3'=^- 5 V. 

2*2 

(ii) and !/ =-x+ ... 

Equation (t) gives the ordinate of the 
curve corresponding to the tangent y==x 

Since the co-efficient of 1/a* the next term, is negative, 

the curve is below the tangent for x positive and above the 
tangent for x negative. Similarly, the curve is above the tangent 
y=—x for branch 2 when x is positive and below the tangent 
when x is negative. 



Classification of Cusps 


10. A cusp is called a cusp of the first species (or a ceratoid 
cusp) when both branches of the curve lie on opposite sides of 
the common tangent. Such a cusp may be either simple or 
double \ it is double when the branches extend on both 

sides of the point of contact and single when they do not so 
extend. 



A cusp is called a ciwp of second spedes (or a ramphoid 
cusp) when both the branches lie on the same a We of the common 
tangent. It may be either single or dvubU» 
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Cusp of second species Cuspof sec* n<l species 
Single Cusp Double Cusp 

A double cusp which is a cembination 
of both jpecies is called a point oj oscuU 
inflexion. The cusp, in such cases, is also 
a point of inflexion. 

Point of Oscul-inflexion, Double 
Cusp ; first species on the right; second 
species on the left is shown in the 

ficure. 

Ex. 1. Find the forms near tlie origin of the curve 
y=z^±x'^ 

(t) There are two branches 

) and y=x\\—J^ ). 

(u) Origin is a cusp, since y‘=0 (a;*ari-9) are the two 
coincident tangents at the origin. 




{ii)x cannotbe negative as this makes imaginary and there¬ 
fore, y imaginary Hence no position of the curve ^ 

left of y-axis. Thus, origin is a single cusp. ^ . 

(iV) When x is small, tlie sign of x depending on is 
positive/or 6o(/[ 6rancAe.5, both the branches are above 
tangent {a:-axisj ,*. origin is a cusp of the second hind {rampnoxa 

(jj) As X increases indefinitely from zero, the ordinate of 
the first branch continually increases, the 
second branch crosses a’-axis, at a*=l the \ 

ordinate being negative after a;=I, and des- \ --—■ 

cends indefinitely. —-y 

Ex. 2. Find the firm near the origin / 

of the curve x^-\-'ZQrx^y~ {a positive). / 

(D the curve passes through the origin ; • -j -.i 

the lowest degree terms equated to zero give two coxnctoen* 
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tangents y—0 (aj^axis) at the origin. The origin is, therefore, a 
cusp. 

(n) the equation is a quadratic in y. Solving for y, 
y=a:*/a.( 1 ± v/1 + xja). 

{Hi) (o) the origin is a double cusp because there are two 
values of y when x is positive as well as when x is negative, x 
being small; 

(6) when x is small and po.sitive, the two values of x are of 
opposits signs origin is ceratoid cusp on the right. 

(c) when x is small and negative, both values of y are 
positive. 

origin is a ramphoid cusp on the left. 

(in) The curve consists of two branches 
i/=a:2/«-(l + Vl-fx/aj 6roncA) 

y=x^la.{l— /l-|-x/a) (lower branch) 


For the upper branch, 



at the origin ; for the 


lower branch, (^)=0 and ^ 


changes sign when x passes 


through zero. Therefore the lower branch has a point of in 
Jlexion at the origin. 


Thus, the origin is a double cusp, and also a point of in- 
fkxim. Hence it is a point of oscul-inflexion. There is no 
portion of the curve for x negative and numerically greater than 
a. (See last figure of Art. 10). 


11. In order to study the curve/(a:, y)=0 for singularities, 

we solve the equations |^=0, -^=0 simultaneously. Let 

(a, 6) be one of the solutions. If {a, 6) does not lie on the curve 
that IS, if/(a, b) is not equal to zero, we reject the point. How¬ 
ever if/(a, 6)=0, the point (a, M is a singular point on the 

curve. To study further the nature of the singularity we shift 

t^oripnto the point (a, A) with the help of the relations 

so that the equation of the curve now he 

^ singularity 

at the ongm for which a method has already been given. ^ 
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12* Transcendental Singularities. A transcendental 

curve may have a stop-point at which it 
terminates abruptly. This is due to the 
discontinuity of the function at the point; 
or ta salient point at which two branches 
of the curve meet and stop without 
having a common tangent due to a dis¬ 
continuity in the derivative. Thus, y= 
x\og xhOiS d, stop point zX the origin since 





Again y=3;/\l-j-e 


when y-^0 but y is imaginary if x is negative. 

has a salient 
dxf 

point at the origin. Here has two 
different values at the origin. If + 0, 

touches the x-axis ; the other touches 
OT which makes an angle of 45’^ with the .r-axis. 

Ex. Examine for singularities the curve 

ar»+2x2+2t/=0. 

Here 4 .r+2*/+5=0 


=0 ; if x->-0, =1. branch 


0 





(Todhunter). 


...( 2 ) 


^ =2x-22/-2=0 

We have to solve these simultaneously. 

From (2) putting y—x—\, we get 

3x2+4x+2(.r—1)+5=0 

or 3x2-f6x+3=0 or x2+2x-hl=0, 

so that x=—1 and y= 2. 

Substituting (-1, - 2 )in tlieequation.s 
see that it lies on the curve and is, therefore, a si g P 

the curve. . . x xu 

To examine its nature, let us shift ongin ° 
(—1, —2) with the help of the relations x—^ . ./ 


we 

on 
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The equation of the curve becomes 

(X-l)H2(X-l)*+2(X-l)(Y^2)-(Y-2)2+5(X-l) 

^ _-2(Y-2)=0 

or X3-XH2XY-Y2=0orX3-(X-Y)2=0. 

which shows that (0, 0) may be a cusp on the curve, the tangent 
at origin being Y—X=0. 

From the equation of the curve we get 

lY-X=±X^ or Y=X±X^ 

There are two branches of the curve 


Y=X+X^ and Y=X—X^ 

Now X cannot be negative because if X is negative then Y 
is imaginary. Therefore no part of the curve lies to the left of 
the Y>axi8. Thus origin is a single cusp. 

Also the ordinate of one branch is greater than and ordinate 
of the other branch is less than the corresponding ordinate of 
the tangent. Hence the cusp is of the first species. 

Thus at the point ( — 1,—2) the given curve has a single 
cusp of the drst species. 

EXAMPLES XXXVI 


1. Describe the points of inflexion of the curve y «= 
(a;®—a:)/(3a:^+l) and show that the values of ^ at those points 
are 

2. Show that the origin is the only point of inflexion on 
the curve a?—axy —6®t/=0. 


3. Show that the points of inflexion on the cubic 
y=o®a:/(o®+a:*) are given by *=0 and a:=d:aV,3. 

4. Determine the points of inflexion (if any) on the curve 

5. Find the points of inflexion on the curve 1)®. 

6. Determine the points of the curve 

y=2x®—3x®—12a:+6. 

Find the points of inflexion of the curve 


7 . 
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8 . Show that tliere is a point of inflexiot at the origin on 
the curve 

9 . Show that there is a point of uudulatioii at the origin 

on the curve y—ax^-\-bz^y--\-cy^. 

10- Show tliat tile points of inflexion on tlie curve 

x^y=a^{x—y) are given by a;=0, 

11. Prove that the point is a point of inflexion 


on the curve y—xe^. 


_ i_ 

12. Find the point of inflexion on the curve y=e ‘ 

13. Show that the curve y=sin X has no infinity of points 
of inflexion lying on the x-axis. 

14. Show that the curve y*=ax^+x® has two points of in¬ 
flexion when a <0 and none when a> 0 . 

15. Show that the curve has a point of 

inflexion when abscissa is one third of the sum of the roots of 

the equation aa^-\-hx^-\-cz-\-d=Q, provided the roots are real. 

16. Show that the ordinate of the point of inflexion on the 
curve x=a-b cos $, y=a B—b sin B is {a^-b^jja. 

17. Find the point of inflexion on the curve a^^r^B. 

18. Show that origin is the only point of inflexion on the 
curve r^=a* cos 2B. 

19. Examine the curve y^=2axi^~x^ for singularities. 

20. Find the multiple points (and their nature) on the 
curve 

21. Show that the origin is a node on the curve 

x^+^=Zaxy. 

Find the equations of the tangents at the origin. 

22. Show that origin is an isolated point on the curve 

+2/^) ^=+ft • 

23. Find the multiple points on the curve ay^—3^-{-bx^=0 
and discuss their nature. 
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24. Show that origin is a node, a cusp or a conjugate point 

on the curveaccording as a is positive, zero or 
negative. 

25. Find the multiple points on the curve 

3aV+2a:^-' 3ax2+a®=0. 


and the value ofat those points. 

26. Find the double points on the curve 

a:4_2/-3y2_2a;2+l=0. 

27. Find the double points on the curve 

28. Find the double points on the curve 

2y3-2y2)-j-(a,-2_4j2^Q 

29. Show that origin is a triple point on the curve 

a:^+i/<- 2 ay 8 + 26 x«y= 0 . 


30. 

curve 


Find the values of-^- at the origin. 

Show that tliere is a double cusp at the origin on the 




u 


[Tangents at the origin are ys=0 ; hence there is u cusp at 

‘he origin. Further. , Near the origin rr 

.When * is positive and small the two values 

infl^on also" “ a point of 

crJe; ““d their nature for the 


W a!*~2a%4 2*yS+j,8^0 
(»*■) **-23:^—*2/>+y*=0. 


wJ»' 
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32. Show that origin is a single cusp of the first species on 
the curve 

y^{'2a~x)~z^. 

33. Determine the position and character of the singular 
points on the curve 

34. Show that the curve 

x*+2x^y-xy^-2a^~2zt/-\-y^-x-{-2y+l=0 
has a single cusp of the second kind at the point (0,-1). 

35 - Tn the curve a^y^—2abx‘y=^3^ show that there is an 
oscul, inflexion at the origin. 

3 $. Search for double points on the curve {y~2f=x{x—\)^ 
and find the directions of the tangents there. 

37. Show that at the point ( — 1, —2) there is a cusp of 
the first species on the curve 

x^-\-2x^+2xy~i/+5x~2y=0. 

38. Show that at each of the four points of intersection of 
the curve 

(or) 3 =(a2—6*)^ 

with the axes there is a cusp of the first species. 

39. Prove that if the curve ^ 

hae a cusp at t^t,. 

40. Show that in the curve 

a;=a(^—sin t) ; y=a(l—cos i), 
there is a cusp at x=2naTT, y=Q, n being an integer. 

41. Show that a curve of the third degree cannot have more 
than one double point except when it degenerates into a conic 
and a straight line. 

[For, if possible let it have two double points P and Q. Join 
P and Q. The line PQ then cuts the curve in four points, which 
is impossible.] 
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Find the double points and tlie value of 


dx 


for the curve 


there at 


4.2,2 _ + 3 a:+= 0. 

Explain why the curve has two double points. 

43 . Find the nodal tangents and indexional tangents to the 
curve 

4-3 (x^+y*)=3a:y-f 1. 

44 . Show that in a cissoid the product of the perpendicular 
from the cusp on a tangent and the length of the tangent 
between the point of contact and tlie asj^mptote varies as the 
ordinate of the point of contact. 


45 . Determine the constants A, B, C so that the curve 

v=A(a^—x®)4-B sin-^^ -f C cos 

may cut the y-axis at an angle jS at a distance k from the origin 
and that this point may be a point of inflexion. 

46. Show that the point of inflexion of the curve x=<f>{t) 

given by the equations. 

AH ; f'(/) 1=0 

I fio I 

[The tangent at«, is {a:-^(«,)) 

The perpendicular distance of a poinu (x, y) on the curve 
from the tangent is proportional to 

=iC<—y* + ' where a=5(i-y 

^'(y fdi) |andO<0<l. 

Hence the curve crosses the tangent if A vanishes and 

changes sign at (^'(/) and ^'"(0 are supposed to be con- 
tinuous.l 


CHAPTER XI 


ENVELOPES 

1- Family of curves, li {x, y) be the co-ordinates of a 
variable point in a plaue, the equation /(x, y)=0 represents a 
curve. This equation usually contains certain constants that 
serve to hx the size, shape and position of the curve. For example, 
the equation y=w.r-f-a/m represents a straight line for every 
value of m ; its slope is m and its intercept on the y-axis is ajm. 
If we keep a fixed and give a series of values to m in succession, 
we get a series of straight lines. These straight lines may be 
said to constitute a family. The quantity m is constant for any 
straight line but is different for different straight lines which 
are members of this family. The quantity m which, by its 
variation, determines the family of straight lines is called a 
parameter. 

In a similar manner, (r —a)2+y^=r2 represents a circle 
whose radius is r and centre is (a, 0). If r be constant and 
a varies continuously, the equation represents a family of 
circles. 

The parameter of a family is usually denoted by a and 
to indicate this fact it is inserted in the functional symbol so 
tliat tiie family of curves having a single parameter is repre¬ 
sented by 

/( 

iVo/c. The student should observe that though the parameter 
a varies, its variation is indejjendent of the variation or 
(x, y). Gases in which the family of curves contains two para¬ 
meters connected by a relation will be considered later. 

Def. 'i'he envelope of a family of curves /(x, y, o:)=0» 
hdkving a as the parameter of the family, is the curve (or group of 
lines) which touches every member of the family and which, at each 
point, is touched by some member of the family. 
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EXAMPLES XXXVII 

1. Write down the equation of the following and indicate 
the parameter in each case :— 

(t) The family of straight lines 

(a) passing through the origin. 

(b) parallel to 

(c) at a constant distance p from the origin. 

(n) The family of circles (o) having its centre on the x-axis 
and having a fixed radius equal to r, (6) which passes through 
the origin and whose centres are on tlie x-axis. 

(tu) The family of parabolas whose foci arc situated at 
different distances from the origin on the x-axis. 

2. What systems arc represented by these equations and 
what are the parameters ? 

(») ( 0 ) y=mx+^a^^bhn‘ 

(») y^^2ax~f _ („i) x^- + y^- 2 gx+c =0 

,(»«) 2/=»>*+.yi + m» {vii) ,/=ia{x—a) 

(.uO 


that the circle xHy2=p* is the envelope of 
the family of straight lines x cos a-f-y sin a =.p for different values 

(t) Show that X cos a-fy sin a=p touches the 
circle for all values of « and (n) is touched at each point by one 
member of the family as the point of contact [p cos a, i> sin a) 
IS tor all values of a a point on the circle.] 

4. Show that the family of circles (x-a) 2 +t/ 2 =:a 2 k.. 
envelope, (a being the parameter). 


[Bints. The y-axis touches each member of the family at 
the origin but each point on the y-axis is not a point of contact 
ot some member of the family with the y axis. 





To find the Envelope of f(: 
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(i) By definition, every point P on the envelope is a 

' point on one of the curves 
C of the family dehned by 
' a definite value of the 
parameter a 



the co-ordinates 
(a:, y) of a point on the 
envelope may be regarded 

as function of a. Thus, the 

parametric equations of the envelope may be written as 

x=4>(o.} ; 2/=0(a) •■(!) 

(ii) By definition the envelope touches each member of 


the family of curves f{x, y, a)=0 

{Hi) Now the slope of Ike envelope at P(a:, y) is 

du da 
dz dx 

dy 

The solope of the curve C at P ^ ^ 


( 2 ) 


(3) 


(4) 




Since (1) touches (2) the slopes (3) and (4) are equal for 
the same a. 

dy df 

, da . of dx ?f d^ ^ (5) 

" ^ da~^dy da 

(iv)^Sincp amjpoint P is on a curve C of the 
values of (.r, given by (1) must satisfy (2). Hence for 

valuesof a,f{^ia),i^h><^}=^- . , r.y.. Wt hand 

the total derivative, with respect to a, ot tn 

side of (6) must be zero. 

., df dx . df dy ^ df ^ (7) 


‘ ' dx’ da^dy ■ 

Comparing (7J and (5), we 6^*^^ 


(8) 
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Thus any point {x, y) on the envelope satisfies both the 
equations (2) and (8). Hence the equation of the envelope 
is obtained by eliminating « between (2) and (8). From the 
above we deduce the following rule /or finding the equation 
of the envelope involving a single parameter. 

Rule. (0 Difference "with respect to the parmater, regarding 

X and y as constants and obtain the equation^-=(i. 

car 

(ii) Eliminate ot between f{x, y, a)=0 and ^-=0. 

da 

The resulting relation is the equation of the envelope. 

This relation is evidently the condition that the equa¬ 
tion/(x, y, a)=0 in a may have two equal roots. 

Note 1. The parametric equations of the envelope in form 
of equations (1) are obtained by solving for x, y in terms of a 
between the equations (2) and (8). 

Note 2. We assume that / has continuous partial deri¬ 
vatives with respect to x, y and a. 

Remarks. If the curves of the family contain double 


points (nodes or cusps) where ^^=0and ^ =0, equation 


?y 


(5) 


is satisfied for all values of and . In this case the 

da da 

result of eliminating a between /—0 and may give, 

besides the envelope, otlier factors which when equated to 
yero will give loci which are not touched by members of the 
family of curves 


/=%+c)2-.4x(x-3a)2=0 (1) 

=!%+«) = 0 . ( 2 ) 

The result of elimination of c gives .r(x—3a)=0. 

J=0 i8an envelope as it touches each member of the family 
for different values of c; x-3a=^0i9not the envelope ; it is 
a nbdal locus passing through the nodes. 
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Ex. 1. Find the envelope of the family of circles 
(x—a)2-f i/2=r2 obtained by varying a, r being fixed. 

Hero/=(*_„)H!/*-r“=0 (1) =2(a;-a)=0 (2) 

ca 

Elin inating rt between (I) and (2), we have the equation 
of the envelope, r*=0 or y=±r. 

Thus the envelope is iwo parallel lines. 

Ex. 2. Find the envelope of the family of concentric circles 
for different values of r. 

f = x-+f~r^=0 (1) ^I=0+0-2r=0. (2) 

dr 

Equation (2) does not enable us to solve for the parameter 
r in terms of x and y. 

Hence there is no envelope, r=0 obtained from (2) gives 
only a particular member of the family and no envelope. 

Ex. 3- Find the envelope of the family of circles 

(a:-Q-)2+y2=a2 

Here/ = .x^+^^—2ax=0 (1) ^-=:0+0—2x=0 (2) 

da 


Equation (2) does not enable us to solve for a in terms 
of X or y or both. There is no envelope. 

Note. From Ex. (2) and (3) we infer that a family of 
curves with a single parameter may not have an envelope, 
i e , there may not be any curve which touches each member 
and is touched at every point by a member of the family. 

Ex. 4- Find the envelope of chords joining the extremities 


of conjugate 


diameters of the ellipse 




The equation of the chord of the ellipse joining the points 
whose eccentric angles are ^ and is 


— cos*^—-f--^3in^i^=cos 
a ^ 0 ^ 

If the points arn the extremities of conjugate diameters* then 
= Trj'^, tf} being the smaller of the two angles ^ and ^ » 
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(1) becomes 

a 2 2 ■/2 

~H^ + l)+lH'^ + lhv2- <-) 

We are lo find the envelope of for different values 
of j), the parameter. 

Differentiating (2; with respect to regarding a:, yas 
constants, - isin( ^ + ^ )+ ^ cos( ^ + | ^=0. (3) 

To eliminate ^ between (2) and (3), square and add f21 

21/2 ' ' 

and (3) and we get -f. =1 as the envelope. 

Ex. 5. Find the envelope of normals to the cllipso 

ai+ M"*’ 

The equation of the normal to the ellipse at the point 
whose eccentric angle is <f> is axjcos ^-fcy/sin 6®. 

We have to find the envelopz of ih^s line for different 
values of the parameter 4>- 

Hero y _/a2_/,2)^0. /n 




ar bv 

(») 

^ 17 cos <l> . 

oo4- + ‘^ sinV=«- 

(2) 


in II). 


From (2) tan^^^-^i^ t^n 

ax ^ 


(ax) ^ 




__ -(M 


(ax) 


i. 


Hence sin <f>— 


J {ax) '^+ 


288 


DTFFEBENTIAL CALCULUS 


1 

, ^ (ax)'^ 

and cos <p— i --— 

^ {axf[by)^ 

Srbstituting these values in (I), we get 

_ =a«-62 

(aa)^ 

i.e., (a.r)S+ {by)^={a^-b^)^ which is the required 
envelope. 

Ex. 6. Find the envelope of Ax^+Bx+C=0, where 
A, B, C, are functions of it and y and \ is the parameter. 

Differentiating, we get 2 Aa+B= 0, from whicli 

__ B 

2A- 

Substituting this in the original equation we get 

B8—4AC=0. 

It may be noticed that the condition that 

axhbah-c=o 

may have equal roots is also B®—4AC=0. 

3. Envelope of family of curves involving ’parameters 
connected by an equation oj condition. 

Let/fx, y, a, 6)=0 (1) be the family containing the para^ 
meters (a, 6) which are connected by the relation 

<A(a, 6)=0. 

First Method. If possible, solve b in terms of a from (2). 

Suppose b=Ma). Substituting for l6) m (1) we get 

f{x, y, a, ,p(a))=0. 

This is A family involving a single parameter. 1*3 
may, therefore, be obtained by the method already exp ai 

' Second Method. Differentiate (1) and (2) with ^ 

a, regarding 6 as a function of a by virtue of equation ^-1 , 


axj 


• » 


(dr) ’'+{b,j) 


• 9 

3 


J_ 


by S 


we get 

BnVbLopes 

269 

9a'*~a6 da 

(3) 


and 

. ~=o 

da ^ 36 da 

(4) 

Eliminate ^ from (3) and (4), we get 



?/ df _3<l> 

da db 36 3a 

(6) 


Eliminate a and b between (1), (2) and (6) ; the resulting 
equation is the equation of the envelope. 

Ex. J. Find the envelope of the family of lines whose 
intercepts on the axes have a constant sum k. 


If a and 6 be the intercepts, then 


( 1 ) 


is the family of lines where a and b are two paramtUra subject 
to the relation a+6=i. 

First solution. Since h=k~a from (2), (1) becomes 

, . . . /=*/«+y/(^-a)-l=0 (3) 

contamiDS a single parameter a, A being an absolute constant. 


I • ' 

9 

• • 


3/ - 


aa 


= «)*x -i-o 


( 4 ) 


i.e., 


{k—a)*la^=aylx 

k^a y/y 

a takmg the positive sign for the 


radical 


a 


__ y/x. k 


Substituting in (3), we get. x, ^4-v 

y/'x ^ 

i.e., ^ ^ 


—(fc—o)*0 




0. 


(V*4-Vy)= 




I 
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V^’ + V-V—V'^* (Envelope) which is & parabola touch¬ 
ing the co-ordinate axes at distances k from the origin. 

Second solution. We differentiate (1) and(^) with respect 
to a regarding 6 as a function of a : 


- } 


X y db 
a2 h~ da 

1 


•..(3) 


Eliminating =- 

da 6* 0 “ 

Solving fora and h from (2) an! (^), we get. 

yJx.k , k\ y 
a= , - 7 -'/“. 0= , , • 

•\/x-\-yJy 

Substituting for a and h in (1). we obtain V^'t 
the equation of the envelope. 

Ex. 2. Find the envelope of the co-uxial tllipse 


2“r 1,2 


...(1) 


a- • 1/2 

the sum of whose semi-axes is constant. 

Here a and h are the parameters subject to the condition 
o4-6=c (an absolute constant). 

Differentiating (1) and (2) with respect to a regarding 6 as 
a function of a, we have 


t/2 dh__ 


da 


-=:0 


and 


db ^ 
1+-, =0 
da 




..(4) 


dl) 


To find the envelope we eliminate a, b, equation 


(1), (2). (3) and (4). 


To do this, we 


first eliminate ~ from (3) and (D ; we get 

da 

..( 6 ) 


X* 

a' 


V' 
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From (2) and (5)» solving for a and b 

C2/5 


2 'A 

X^+T/3 


2 

CX^ 

we get a= 

Substituting these values of a and b in (1), the equation of 

2 2 2 

the envelope is 

4. To prove that the envelope is, in general, the locus of the 
ultimate points of intersection oj neighbouring curves. 

Let f{x.y,a)^^, (1) 

f{x, y, a:+8a)=0 (2) 

be two neighbouring curves of tlie family. These curves inter¬ 
sect ia one or more points. Let T bo one of the points of inter, 
section. 

The co-ordinates of the points of intersection (such as T) 
satisfy equation (1) and (2i : therefore, they also satisfy their 
difference/(x, y, a + 8a)-/(x, y, a)^0 ( 3 ) 


Dividing (3) by 8a, we obtain 

fix, yfa+Sa)~f{x, y, a) 
8o 


=0 


Taking the limit when 8a“>0, (4) becomes ^=0 

8o 


(4) 


(5) 


The equation must be satisBed by the co-ordinates of the 
common points of intersection of (1) and ;(2) as these curves 
tend to coincidence with each other. 

If we eliminate a between (1) and (6) we get the locus of 
the ultimate points of intersection for all sets of neighbouring 
curvM of the family. But wc have already seen (Art. 2) that this 
ehminaiion leads to the equation of the envelope, Thus we 
have established the theorem. * * 

It may be remarked that by the ultimate point (or points) 

Of intersection of a selected curve of the family with a neieh. 
bourmg curve IS understood the limiting position of the point 

(or points) of intersection as the neighbouring curve tend^a to 
comoidence with the selected curve. 
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*5. Modem Definition of Envelope. An ordinary pomt 
on the curve f{x,y,a)=0 whose shortest distance from the 
curve/(.r, y, a-|-8a)=0 is an infinitesimal of the second order 
at least is called a characteristic point of the curve (a). It can 

be shown that such points are ordinary points at which 

and are in general isolated. The envelope of the family f{x^ y, a) 
=0 is the locus of its isolated cha'.acteristic points. 

If there is an envelope, its points satisfy the equations 

The limit of a point of intersection of neighbouring curves, 

is an isolated characteristic point or a singular point. 


The converse of this is not always true. 

The locus of tlie ultimate intersection of neighbouring curves 
provided they intersect is in general the envelope, but i naay 
be a locus of singular points. Conversely, the envelop is in 
general the locus of the ultimate intersections, but there may 
be an envelope when neighbouring curves do not intersec . 

The envelope touches the curve (o) at all its isolated ch - 

racteristic points that are ordinary poiute of the . . 

Conversely, a curve which touches just one memb 

family at every point is in general the envelope or apart oi id. 

but may be a locus of singular points. 

We took this as our definition. Kpvnnd 

The rigorous discussion of the theory of envelope .s beyond 

the scope of this book and we will not therefore go bejond what 
is given above. 

L 7° MTte'ssJr .f .w. d»,w.. ito 

""“.Tr: 1 17S7 dS'ir v, .b. 

cardioid, then J=a(l+cos a) and the 
equation of the circle on / as diameter 

is cos (^-or) 

or (1) r=a(H-cos a) cos (0-a). 
I- Differentiating (1) w. r. t. para- 

0 =—sin a co8(0—<it)+(l + co® «)» 




EKVBLOPES 


O=:sin(0-2a)+8iii (tf-a) 
sm(0-2a)=-8in (^—a) 


( 2 ) a- 

SubstitutiDg 



this value of a in (1), we get 


a(l + 


2 \ ^ 
cos ^ ^ 009 — 


or 


r=!2o cos® 



i. e,, 



as the reqd. equation of the envelope. 

Ex. 2. Find the envelope of the 
straight lines at right angles to the radii 
vectors of the equiangular spiral 


mB . 
rs=ae * 

Let {I, a) be the polar co*ordinate8 


of any point on r=ae Then 
the equation of the line through {I, a) 
perpendicular to the radius vector to 
{I, a) is 


r cos a)=/=ae”*“ 

Differentiating (1) w. r. t. parameter a we ge 

r sin a)=cme”^“ 

We have to eliminate a between (1) and (2). 
From (1) and (2) by division, we have 

tan {B—a)=nL 

a=tan”%. 
a=^—tan*%. 
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Substituting this value of a in (1), we get as the required 
envelope 

r oos {«-(S-tan-‘m} »(«-tan-'/«) 

i. e., 

r=a.vT+^^.a'”‘ 

which is another equiangular spiral of the same type. 


EXAMPLES XXXVIII 

1 . Find the envelope of 

(t) y=mx-\-a!m (n) y=?wa:+VoV+F, 
m being the parameter. 

2 . Find the envelope of ® being the 

parameter. 



Find the envelope of y=x* tana— 


X‘ 


coa* a 


, a being 


the parameter. 

4 . Find the envelope of y=mx+cm”, m being the para¬ 
meter. 

5. Find the envelope of x cos” 0-\-y sin”0=c, B being the 
parameter. Examine the case when n=2. 

6. Show that the envelope of the family of straight lines 
ax sec a—^y cosec a=o®—is the curve 


{ax'^ +[by)^ =(a2—62)^ . 

7. Find the curve of which the straight line 

x cos^^+y sin2^=c 
is always a tangent, whatever $ may be. 

8. Find the envelope of the curves 

cos0_62 gin ^ 

X y a ’ 

B being the parameter. 
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9r Find the envelope of the straight line 

xla-\-ylb = l 

where (t) a+6=:c {ii) (m) ab^c\ 

10. A straight line of given length slides between two 
given perpendicular straight lines. Find the envelope of the 
line. 

11. Prove that the envelope of the family of ellipses 
(i) when a^=c* is 2xy—c\ 


(it) when a+6=c is a:* ~\-y^ . 

12. Find the envelope of the parabola 

= A where aH-6=c. 

13. Find the envelope of normals to the parabola 

14. ^'Find the envelope of normals to the hyperbola 

xy~c^. 

15. Show that the envelope of the family of the curves 

Ax3+3BA24_3c^_j_D_,0^ vvhere A is the parameter and A, B C 

and D are functions of z and y is * 

(BC-AD)«=4(BD-C2)(AC- B2). 

16. Find Ihe envelope of a circle whose centre lies on a 

the dis. 

tance of its centre from a given point in that line. 

the "’■o’® PM^' through 

ine origin and have their centres on the hyperbola ^ 

a:*— 

envelope of the family of circles 

M diamll ordinates of the parabola - 

as Oiameters is an equal parabola whose equation is 

2/*=4a(a:+a). 

described It.!,*'®* **‘® the cirolos 

diameters is (a:Hj/*)=a=»a:H6y. ^ 
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20. Find tbe envelope of straight lioes at right angles to 
the radii vectors of the following curves drawn through their 
extremities 

(i) 008 nB. («) f=aH-6 cob B. 


(u$) f=ae 


B cot 


21. A circle always passes through the origin and its centre 
lies on the parabola y*c*i4aa; ; show that the envelope of the 
straight line joining the feet of these perpendiculars is 


(x/o)^ +(#)^ =1. 

22. Find the envelope of the circle described on the radius 
vector of the following curves as diameters . 

(i) y^=iax. (ii) y*;62=l. (tii) r=o(l+cos0). 

(tv) Ijr^l+e cos^. (v) r»=a'* cos n$. 


2 

23, Prove that the value of (1 +y]*)®/y 2 for the envelope of 
the straight line where I and m are functions of the 

arbitrary parameter t, is 




dm 

dt 


dt 


dhn V 

w) 


( 




dm 

~dt 


dl 

m-r) 

dt' 


*CHAPTKR XII 

PEDALS INVERSES AND POLAR RECIPROCALS 

1. Definition. If Y be the foot of the perpendicular OY 
on a variable tangent of a curve from a fixed point 0, the locus 
of Y is called the first positive pedal (or more briefly, the 
pedal) of the curve with respect to 0. Reciprocally, the original 
curve is called the negative pedal of its pedal. Thus, the 
auxiliary circle of an ellipse or hyperbola being the locus of the 
foot of the perpendicular from a focus on a variable tangent, is 
the first positive pedal of the ellipse or hyperbola with respect to 
the focus ; similarly the pedal of a hyperbola with respect to the 
focus is the tangent at the vertex of the parabola. 

Reciprocally, the first negative pedal of a circle is an 
ellipse or hyperbola according as the pole is inside or out¬ 
side the circle ; the first negative pedal of a straight line is a 
parabola. 

2. Given the Cartesian equation of a curve, show how to 
find the equation of its pedal- 

Let/(*, y)=0 (i) be the equation of the curve and let 
^ ?//9a;+y dfl^y—ix cf!dx-\-y 5//3X)=0(n) be the tangent at 

Ky)- 

Put (it) in the form X cos a+ Y sin a—p=0 (iti) 

Comparing (it) with (iti), we get 

cos a ^sin a ^ p 

M ~lL 

33! 3y ^ dy 

If Xf y be eliminated between the two equations (iv) and 
equation (i), an equation between p and a [which is the 
condition that (tii) should touch (i)] is obtained. Since p 
and a are the polar co-ordinates of Y, this condition (rela¬ 
tion betweenp and «) itself is the polar equation of the first 
positive pedal. To put the polar equation in the cus¬ 
tomary form, change p into r and « into 6. We thus 
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deduce tlie following rule for finding Ike first positive pedal of 
(x, y)=0. 

(а) Find the condition {in the form of a relation between p 
and a) that x cos a-{-y sin a~p^0 may touch ike curve f{x, y)—0. 

{h) In this relation 'put p=r and a-Q and we gel the polar 
equation of the curve. 

Ex. Find the first positive pedal of the parabola x*—i.ax 
with respect to its vertex. 

Tangent to the parabola at {x\ y) is 

(fl) yy'—2a{x-{-x')i.e.,2a.x—y'.y-\-2ax'—{) (i) 

(б) Comparing this with x cos a \-y sin a—p=0 (ii) 

we get cos a/2a=8in a/{—?/')=:—p/2aj;' 

?/'=—2a tan a and x'= — p sec a, 

(c) since y'^=iax\ we have, on substitution 

4o* tan^o—^ax —p sec a, 

i.d , a tan’^ o=—p sec a [condition that (u) may touch 

Changing p into r and a into $, we get 
a tan^^ = —r sec 6 {polar equation of pedal). 

Again, putting r=y/x^-\-y^> tan d=yix, we get 




-y/x'‘ + y^ x 


i.e., ay^+x{x^-\-}/)~0 {Cartesian equation of pedal.) 

Note- To find the pedal with respect to the focus {a, 0), 
we transfer the origin to (a, 0) ; then 

i .5 the transformed equation of the parabola. 

The tangent at [x, y) is yy'—2a{x-\-x'+2a) 

Comparing with x cos a+y sin a—p=0, we have 

cos a/2a=sin aj{—y') = “p/2a(.'i:'+2a) 

7 /'=—2a tan a and .r'-|-2a= -p sec a 

since 2 /'^ = 4a(x'+a), we have, on substitution 

4a^ tan* a= —4a{p sec a-fa) 
a tan* $=—{r sec $-\-a) 
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'• a sco^ 6^ — r aeG 0 {polar equation of pedal referred to 
focus as pole). 

HtTiGG i^G cartesian equation, {roiQned to focus as origin) 
of the pedal is 

2 =—a (which is the tangent at the vertex). 

3. Given the Polar equation of a curve : Show how to 
find the equation of the pedal curve. 


Let /(r, (i) be 

the equation of the curve. 
Let (r, 0) be the co-ordi¬ 
nates of P and (r', 0') those 
of Y, the foot of the per¬ 
pendicular from 0 to the 
tangent at (r, 0). Then, 
from the figure 

r'=r sin ^ ...(w) 


where tan jt—r 


d0 

dr 



also 0'—0—{Trl2—<f>) 

If r, 0, ^ be eliminated from (i), (n), (Hi) and (tv), the 
resulting equation in (r', 0), will be the equation of the pedal. The 
equation may then be put in the customary form by removing 
the dashes. 


Note. Sometimes it is more convenient to replace equation 
(*i) by the equation 'I 4 -^ . The rest of the pro¬ 

cess is the same. 

Ex. Find the first positive pedal of the curve cos n$. 

Taking logarithm Ttlog r=n log a+log cos n0. 

(a) Differentiating ^ ntann^. 


cot ^=—tan 710 ^'/tan^=f^j 


^=7r/2-fn^, 

{b) Hence, d'=d+^-,r/2=^+«^=^(7t+l) 

t.e., 0=^'/(n-l)- 


L 
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(c) Now 7-'=r sin ^=r cos n0=a{cos 7*0)"'^°® 

— ( fl' \~ 

=a(cos n0) ” =a\cos ” 

71-fl/ 

n yi _ 

a'»+i. cos— -r0'. 
n-i-l 

Removing the dashes, the equation of the pedal is 


cos —^0, 
n-fl 

a curve whose equation is of the same form as the original. 
Note 1. Observe that the first positive pedal of 


cos 71^ is r ^ =a ^ cos n 0 where 7ij=7i/(7i4-l). 

Thus, putting n=“2 in equation (1), we get the equation 
of the first positive pedal of the curve cot (— 2]0. {the 

rectangular hyperbola r- cos 2^—o^) in the form 



i.e., r^=a^ cos 20 {Lemniscate). 

Note 2. If the first negative pedal of r"—a" cos n0 be 
cos we have 7i=t/(l+/j) k^nl\{—n). 

Hence, the first negative pedal of r*^=a'’ cos n0 is 

oos k0 where ^= 7 i/(l— ti). 

If perpendiculars are drawn to the tangent to the pedal 
from the origin we get a ?i€w curve passing through the feet ot 
these perpendiculars, which is called the second pedal of the 
curve Mith respect to the origin. 

In general, we may take the pedal of the pedal, positive or 
negative, with respect to the origin, any number of times. e 
then obtain a curve called the 5^*^ pedal, positive or negative. 

Ex. 1. Find the positive pedal of r’*=a** cos n0. 


The first positive pedal is cos n^0 where 

7ii=7i/(n-|-l). 
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The second positive pedal is cos where 

+ „=^|^^^=nf,l+2n). 

The third positive pedal Ur® =« ® cos where 


«3 = »2/K+ 1 )= 'I 1 -” + 

Proceeding in this manner, the a*** positive pedal is 
riis—diit cos UeO where n8=»|{l-1-sn). 

Ex. 2. Find the s‘** negafitye pedal of r"=a'‘ cos nQ. 

Let the s'** negative pedal of rP=aP cos pO. 

Then the s’*’ positive pedal of rPsap co.s p0 is the original 
curve cos v$. 

n=p/(l fsp), whence p=n/(I—sn) 


*.* the sth negative pedal of r"=a” cos n$ is rP=aP cos p$, 
where p=n/il—sn). 

4. Let OY, OY', be the perpendiculars from the origin 0 
on the tangents at two neighbouring 
points P and Q on the given curve and 
let T be the intersection of these tangents; 
join YY'. 

Now iiOYT=^OY'T=right angle, 
the quadrilateral OYY'T is inscrib- 
able in a circle. 

Hence. zOTY'=zOYZ (i) 

Therefore, in the limit when P tends 
to coincidence with Q, T aUo coincides 
with P and Y'Y becomes the tangent at Y 
to the pedal curve (locus of Y) and 



Lt ^OTY'= Lt ^OYZfrom(i) 

Q-^P Q-^P 
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But the limit of Ike left hand betweau the 



Corollary. Let OV' be 

YY', the tangent at Y to 
OY'—p' we have Bm<f>=ph 
from AOYY'. 


tangent and radius vector at any 
point P of the curve and the 
limit of the right-hand side—/.j> 
between the tangent and radius 
vector at the corresponding point 
Y of the pedal. 

Hence, the curve and Us first 
positive pedal have the same radial 
angle (f) at corre8pond^ng points. 

the perpendicular from 0 on 
the pedal curve; then calling 
■ from A OPY, and sin -p’!v 


But we have just proved that v'lp—p!^' 

Hence p\ the length of perpendicular on the tangent at any 
'point of the pedal of a given curve is given by 

p'=p^/r- . - 

This relation determines at once the ped^l equation ot 
the pedal of a given curve whose pedal equation/{r,p)=0 
is given. We simply change p into r and r into p p 


f(r. p)=0. 

Further, TR sin 5^=RY' (from the 6gure.) 

In the limit PY=dp/d^^'. 

Thus the projection of the radius vector to any point on 
a curve on the tangent at that point— 

5. Pedals regarded as envelopes . 

To show that (i) the first positive pedal of a 
is the envelope of circles described on radii vec ors 


diameters. . .c _ 

(ti) that the first negative pedal is the envelope 
straight line drawn through any point ot the curve an 

right angles to the radius vector to the point. . 

(i) Draw a circle on OT as diameter (Fig- Art 4). 1 

circle passes through both Y’ and Y', since z Y = Z Y 

But Y and Y' are ultimately coincident points on 
pedal as well as on the circle, .'.the line YY^ is ultima ey 
a tangent to both the circle and the pedal. Hence the peflW 
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may be regarded as the envelope of circles drawn on radii 
vectors as diameters. 

(it) It is evidtiit from the figure in Art. 4 that the first 
negative pedal is the envelope of a variable line PV which is 
drawn through Y perpendicular to the radius vector. 

EXAMPLES XXXIX 

1. Show that the first positive pedal of the ellipse 

with regard to the origin is r^=a^ cos^^d- 

bhin^O. 

2. Show that the pedal of a parabola with respect to its 
vertex is the curve x2d-?/2(ard-a)=0. 

3. Show that the first positive pedal of a rectangular 
hyperbola t^~y^=a^ with respect to its centre is r^—a^ cos 2fl, 

4. Show that the first ])ositive pedal of the curve 
a:«+y«=c« with regard to the origin is 

« n / n n \ 

(3:^+)" ~ > = a" ~ IV" ~ t + 7/" -y. 

5. Show that the first positive pedal of the curve 

a'" 


_ _ tip 

with regard to the origin is r™"' = {a cos0y*’^ + {b sin(?T^''t 
Examine the case when r/j—2. 

6. Find the first positive pedal of the curve r«=a« cos n9 
with respect to the pole and deduce the H\\ i>ositive pedal. 

r« *n negative jiedal of the curve 

f«sO” CO8«0. 

the first positive pedal of a circle with 
respect to aiy point is of the form r=a +6 cos $. 

Examine the ca^e when the point is on the circumference. 

bv positive pedal mav be obtain**d 

eL Jinn of th *'1® P®**®* 

equation of the original curve. ^ 

Show that the first positive ])edal of the curve 

p2=^Ar2+B is r2=Ar«/p2+B. 

10- Show that the nth pedal of the curve fto r) —0 in 
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Find in this manner the pedal equation of the nth positive 
pedal of the curve r'"—a"' cos m$. 

11 . Show that the negative pedal of the parabola y®=4aa; 
with respect to the vertex is the curve 21ay^—{x^^a)^. 


Inverse Curves 


6 Definition. Let 0 be a fixed point and P any point 
on the curve C. Take a point Q on OP or OP produced such 
that OP.OQ—constant=K*. Then, the locus of Q (the curve 
C', suppose) as P moves on the curve C is called the inverse 
of the curve C with respect to the origin 0. 

C and C' are inverse r,urves, each being the inverse curve 
of the other; P and Q are inverse points, each being the 
inverse of the other. The process by which we pass from C to 
C' {or from C' to 0) is called inversion. 0 being the centre of 
inversion and K is called the C 07 istant of inversion. C and C' 
are sometimes said to be inverse with respect to a circle of a 
radius K and centre 0, 

7. Polar equation of the inverse. 

Let/(r, be the polar equation of the locus of P, Let 
{r, 0) be the co-ordinates of P and (r', 0) those of Q. The 0 
CO ordinates of the two corresponding points P and Q must 
be the same since P and Q lie on the same radius vector 


through 0 

Nowrr'sssK'^ (definHion) 

r=K^'r'; substituting for r in f{r, 0), we get, 
f{K^’r\ 0)=O, a relation between any r' and corrseponding 
Q, the polar co-ordinates of Q. This, therefore, represents 
the locus of Q. We put in the customary form by removing 
the dash from r', and obtain /(KV, 5)=0 {polar equation inverse 

of /(r, ^)=0. , t, • j t 

The equation of the inverse curve is, thus obta\ned^ oy 

writing K^/r for every r in the polar equation of the given 


curve. 


For example, the inverse of the curve cos m0 

with respect to a circle whose radius is K and centre is 

pole is 

(K2/r)"*=o'" cos m0, i.e., r" cos 

Again, the inverse of the parabola Z/r=l-|-cos 0 with regard 
to a circlo of radius K and whose centre is the focus is the 
cardioid r = a' (1 cos 0) where 
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8. Cartesian equation of the inverse. 

Let origin be the centre and K the rndiiia of inversion ; 
let the co-ordinates of a point P bo {T,y) and those of its 
inverse be (X, Y\. Then drawing perpendiculars P^f and 
QN on the x-axis, we observe from similar triangles 0PM, 
OQN, that x/X=y/Y=OP/OQ=OP.OQ/OQ2=K2/(X2+Y2) 

x=K*X/(X2+Ya) ; y=K^Y/(XHY2). 

If/(x, y)=0 be the equation of the locus of P, then X, 
y, will satisfy /(x,q;Y-8. 


This is, then, the equation of the locus of Q, the curve 
inverse to C. Denoting the current co-ordinates by (x, y), 
we get by changing the capital letters into email letters the 
equation in the customary form. 





{equation to the inverse off{x, y) — 0. 


.Kf The equation of the inverse curve is. therefore, 

obtamed by wnting K*x/(x*+y*) for every x and K=«/(x®4-i/*) 

for every y m the equation of the original curve. 

^ '’® ‘"".""ghbouring points on a curve 
Thtn^iL^OKOQrK^Vor i-erse curve, 

the points P, Q, j, p are con- \t' 

oyclio. /\ 

--(O 

In the limit when p tends to \ 

coincidence with P and q with Q, ^_X 

the chords Pp, Qy ultimately ^ P Q 

ecome tangents at corresponding points of the curve and 
Jtsmverseand Lt ^TTO=Lt iTqO from ft) 

I 9=Q ' 

A ButtheKmif of the left-hand side 

/ \ =radial angle ^ at P and the of 

V?' ^hi-hand side 
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This shows that the tangents at corresponding points P and Q 
form an isosceles triangle with the common radius vector passing 
through these points. 

If p and p' be the perpendiculars from the origin 0 on the 
tangents PT and QT and OP=r, OQ=r', then 


V 

V 


9 * 


XT 

Hence Tg 


This relation yields at once the pedal equation of the 
inverse of the curve f\r, p)=0 ; we have simply to replace 

p by and r by y in/(r, p)=0. 

Ex. ]. Find the inverse of the straight line Aa:+By+C=0 
with respect to a circle of radius K. 

Putting for x and for y, we get 


A. 


K^x 


+B. 


K2y 


+c=o 


i.e., Cx 2 -l-Ci/ 2 +AK 2 a:+BK ^=0 -W 

This is the equation of a circle which passes through the 


origin. 


Special cam. TfC=0, (i) becomes Ai+By=0 which is 
identical with the given straight line. 

The inverse of a straight line U the line itself 
according as it does or does not pass through the ctn re f 
sion, provided that the slope of the line is not ih V. 

Ex. 2. Find the inverse of the circle 

3.2 q. ^2 ax+ 4 " c=0 

with respect to a circle of radius k and centre at the or’g* 

^ for s: and for j/, weget the equa- 


Substituting « , , 

° x^+y- 


x^-\-y 


tion as 


( 


kh: 


*2+2/' 


\2 / k^y \2 , k^X 

)+Cm-V 




4.6 -^X_-+c- 0 . 
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i.c., k^-\-ak‘^x-\-hk'^'\-c{x^-\-y'^)~^f 

i.c., cx® 4 -c^ 24 -afe*x+ 6 i*y+A:*=» 0 , which is a circle. 

Special Case. If c~0, the equation of the inverse becomes 
ax-\-hy'\-l^=0 which is a straight line. 

Thus, the inverse of a circle is, in general a circle ; but the 
inverse of a circle which passes through the origin is a straight 
line. 


EXAMPLES XL 

1 . Show that the inverse of the curve o(a;-fy)=xy with 
regard to the origin is a{x^-\-y^){x-\‘y)=zk?xy. 

2. Show that the inverse of the ellipse ^=1 with 
regard to the origin is 

3. Show that the inverse of the curve x*—y*=fl* "with 
Kjt to the origin is a*(x*+y 2 )«—* 


respect 


4. Prove that the inverse of the curve r=ae^ ® with 

regard to the pole is a curve of the same species. 

5. Show that the inverse of the parabola — = 1 -|- cos 
with respect to the focus is 2ar=:jfc2(l-f cos 0). 

6. Show that the inverse of a curve /(p, r) =0 with regard 
to the pole w/ hijr ^=0. 
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Polar Reciprocals 

10. DefioitioD. The inverse of the pedal of a curve with 

respect to the same pole is called 
the polar reciprocal of the curve. 

If OY be drawn perpendicular 
from the pole on the tangent and 
if Q be taken on OY (or OY pro¬ 
duced) such that OY. OQ=A:*, 
(constant), then the curve O', the 
locus of Q, being the inverse of the 
locus of Y, the pedal of 0, is the 
polar reciprocal of the curve C with regard to the circle of 
radius k and centre 0. 

Q is evidently the pole of the tangent PY with respect to 
this circle ; hence the curve G\ the polar reciprocal of G is the 
locus of the tangents to O' 

11. To show that if G' be the polar reciprocal of a curve 0, 

then C is the polar reciprocal of C'. 

We know that the point of inttr- 
section of any two lines is the pole of 
the line joining their poles. Hence P 
is the pole of the line Q 1 Q 2 where Qi 

and Q 2 are the poles of the tangent 

to the curve C at Pj and Pj. Now, 
let Qi tend to coincidence with Qj, 
the line QjQg will ultimately become 
a tangent to at ; but as Q, approaches to ^ 

O the two tangents to the curve C at P, and Pg will become 
the tangent at P, and the limiting position of P i8 

Pg. Hence Pg is the pole of the tangent to C at Qg. Thus, 0 
is the locus of the poles of tangents to G . 

It is easy to show that the polar reciprocal of a our^® ^ 
also be regarded as the envelope of the polars of the p 
with respect to the circle. 

Ex. t Find the polar reciprocal of the parabola y —4ax, 

with reepect to the circle 

Firstlmethod. Regarding the polar reciprocal as the m- 
verse of pedal* 
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(t) We find the condition that x cos a+y sin a—p= 
touches y^=^ax ; we deduce that the equation of the pedal C; 
parabola is 

(a) To find the inverse of the pedal =0, w' 

substitute ^ ^ equation, sine; 

jfc>=4. We thus get 

, ^ . 1%^ \ ft 

t.c., o. (a:*+y*)16j/»-f-16x4x(a^-hj/*)=0 
f.e., oy^+4x=0 or i/*=—— x {a parabola). 


161 * 


16y* v_ 


The polar reciprocal is another parabola turned to the left. 

Second method* We regard the polar reciprocal as t 
heus of voles of tanaents to the narabola iA=4nT 


Tangent at (z’t y‘) on the parabola is yy’—2a{x~\'X') 
t.c., 2oj—yy'-f^aaj'=0. i 


If (or, be the poles of this tangent with respect to t 
circle x*+y*=4, we have Xa+y/i-^=0 as polar o/ («, fi). 

Identifying (o) and (6), we have 

2a -y' —2«;' 


I 


whence x'=-- and y 




Since («', y') is on the parabola y'*=:4o»'. 
Hence 4a‘ ^ =4o. (- i.e., j8»=-A 


Changing p into y and c into x, we get y*=—i- 

met^d. Let P (ai* 2o^) be any point on the para 

^ respect to a*+v*=4 ii 
atx+2a(y—4=0. The envelope of this line is eWdentb 


ay*+4««0, ♦,e., y*=—1 ®, 

a 


, Ex. Zt Find tiie polar reciprocal of the curve 

... f«s=a*^ cos in0, 

with respect to a oirde of radius k. 


' 
















V 
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(i) The pedal of r”*=a”‘ cos mO is 


rm+i = cog g 

m-j -1 


(Ex. Page 274) 


Z.2 Z. W+1 

(it) Putting " for r, we get 

yW+l 


cos-- g . 

m-f-1 


i.c.,r.*'+i cos 0— equation of the 


polar reciprocal. 


EXAMPLES XLI 


Find the polar reciprocals with i espect to a circle of radius 

k and centre at the origin of the curves 
2 2 

I. 2. z^-\-y^—ax. 3. r=all+coB0). 

4. Z/r=l+eoo8^. 5, f”=a” cos n$. 6> 

g cot a 

7. Show that the polar reciprocal of the curve, r=ae 
is a curve of the same species. 

8. Prove that the polar reciprocal of the curve 

{6w)S=l with respect to the circle described on the line 

_ .a® 1 

joining the points (±: ^2 0) as diameter is "2 

9 . Show that the polar reciprocal of the curve p=/(^) 
with respect to a circle of radius k and centre at the pole i9 

T<iy 

10 . Show that a node on a curve corresponds to a double 
tangent on the reciprocal curve and vice versa. 

II. Show that a cusp on a curve corresponds to an inflex¬ 
ional tangent on the reciprocal curve and vice versa. 

12, Show that the polar reciprocal of an equiangular spiral 
with respect to a rectangular hyperbola having its centre at 
the pole and touching the spiral is the curve itself, 


CHAPTER XIII 

CURVATURE OF PLANE CURVES 


1. So far wo have considered the direction of the tan¬ 
gent at various points of a curve. We will now study the 
problem: "How does the direction vary from point to point, 
i.e., what is its rate at the point of contact f’ This problem 
falls within the realm of what is called curvature. The 
notion of curvature was suggested to us by dynamical con¬ 
siderations. A curve may be regarded as the locus of a point 
or as the envelope of a straight line. It may also be regarded 
as generated simultaneously by a point P and a straight line 
PT. Then at any instant P is moving along P C and PT is 
rotating about P. The curvature expresses the relation bet¬ 
ween these two motions. 


Let P move a distance 8s along the curve and PT turn 
through an angle 8 i/' in time 8L The curvature of the curve 


at P is define! to be the ratio of the angular velocity- 

ds 

of PT to the velocity of P. If we think of P as describing 

the curve with unit velocity the curvature at P will be the 
angular velocity of PT. Thus if we denote the curvature at P 


by I then i=| 




But this result, which is independent of goes to point 
out that there is nothing dynamical in the notion itself. The 
curvature of a curve can be defined without any reference to 
dynamics, and the theory of curvature can be developed from 
various independent stand-points which though logically 
distinct, yield identically the same formulas. 


2. Let P and Q be two points on a curve which has 

a tangent at every point of the arc PQ, Let 8s be the length 

of the arc PQ and the angle between the taneenta at P 
and Q. 
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The angle g through 
which the tangent PT turns 
as the point of contact P 
moves along the arc from P 
to Q is defined to be the total 
or integral curvature of the 
arc PQ. 8^ is also called the 
angle Of corUingence of the arc 

PQ; ^ is called the average 
or mean curvature of the arc PQ. 

And Lt when Q-»P is defined as the curvature of the 

curve^ at P, provided such limit exists. Denoting this limit 

by we have p- = '£- Curvature thus measures the rate 

of the bending of the curve, i.e., the rate at which the tan¬ 
gent PT is turning, with respect of the arcAP= 5 , as the point of 
contact P me res along the curve. A being a fixed point 
on the curve, p is called the radivs of curvature at P, and 
ds 

If the curvature at P be zero, we may say that either 
no radius of curvature exists oh the radius of curvature 
is infinite. The choice is perfectly at 
our will. 

Sign of p. If two curves touch each 
other externally at P, the tangents rotate 
in opposite directions as the points of 
contact meve from P to Q' and Q'. One 
is therefore being described counter-clockwise and the other 
clock-wise. 

Having regard to this point, we define the average 

V'q p 

curvature of the arc PQ as —^-— and the curvature at 

\ -“p 
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P as Lt-, if this limit exists. 

Q-^P *Q p 

The radius of curvature, p, is the reciprocal of this 
limit. 

The centre of curvature at P is a point C on the normal 
at P such that PC=p, due regard being bad to the sign of p 
and the positive direction of the normal at P. 

The circle of curvature at P is a circle having its centre 
at C and its radius=p. 

Thus the Icircle of curvature has the same tangent, cur- 
vature and normal or concavity as the curve itself. 

(This notation is due to Fowler). 

Remarks. It may be remarked that the normal at P is 
drawn in the direction in which the curve turns its con¬ 
cavity. For example a normal to an ellipse at P is drawn 
inwards. This is the positive direction of the normal. It 
therefore follows that the curve is always concave to its 
centre of curvature, 

It follows that (i) a straight lint has no curvature and 
(n‘) ih£ curvature of a circle at evert/ point is equal to the 
reciprocal of its radius. 

If atP, -^=sO, then Pis an inflexional point unless the 

ou^eisast. line, for the rotation of the tangent is moment- 

and the curve has a stationary tangent. Here 
the direction of rotation is reversed after the stoppage. 

^ ousp, forthe motion of the point 

along the line is momentarily arrested. In such a case 
^ue direction of motion of the point is reversed after the 


EXAMPLES XLH 

1. Show that for the catenary s =c tan h,, the radius of 

on tlie normal terminated by 
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2. Show that in the cycloid s=ia sin the radius of 
curvature is double the normal terminated by the base. 


3< Show that in the parabola y^=4:ax, p=-: 


2a 


sm* ^ 


4. Show that for the tractrix 3=a log cosec ip, the curva* 
ture varies as the normal. 

5. Prove that p=-2a sec^ p for the curve 

log cot (-1-4) +a ^ 

'4 2/ cos* p- 

6. Prove that for the curve s=m (sec^ ^—1) 

p—37« tan p sec^ p. 

Hence show that .^^ = 1. 

[HiTil : Diflfere.itiate tan 
ds 

3. p is not always the most convenient formula 

to use. This must, therefore, be transformed so as to suit 
each system of co-ordinates. And this can easily be trans¬ 
lated into various forms, in what follows we assume the 
existence of all derivatives that occur, 

(o) When x and y are given as functions of s- 

Let x^fis); y=^(5);co3 


Differentiate eacli ajjain and we have 


. dip dKx 

'I' dV ^d? 


dp 

cos P r = 


ds 


dy 

ds* 


1_ 

P 


'^dsydsy 
dy ~ dx 
ds ds 

d^x , /d*y 


.( 1 ) 


■ .(';)■+a? > 


...( 2 ) 
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(6) Cartesian Form. To find the radiue of curvature of the 
curve y^f{z). 

dy 


From tan ^='/~ =y'> we have 

(ICC 

^ds ds \dx/^dx^ ' ds ^ di* 


» 4 


ds 

dr^ 


_9ec¥ Qj. d+y'^) ^ 


d^y 

dx^ 


(3) 


Note. We make the convention that the radical 
in the numerator should be taken positively so that p 

will be positive or negative according as ^ is positive or 

cue 

negative. 

(c) To find the radius of curvature of the curve f{x, y)=0 
/r+/,/-o. t, e., 

i^=ifxx fy^ ^fxySx\!y\'fyyfx^)lfy^’ 

Substitution in (3) gives 


3 

•) 


<■" ®"g“-‘ude).(4) 

Besides the existence of partial derivatives, we also assume 
ixy^fyx’ 

(e) Parametric Form. To find the radius of curvature of the 
curve x==f{t),y^^{t). 

dx f[t) 

^=A. ril'> T -A r^LWn * =:/V-<^7' 
dx^ dx Lf (0 J dt [./'(/) J dx^ ~p * 

Substituting in (3), we get 




/# — 


dx ^_dy ^x 

dt dt* dt di^ 


....( 6 ) 
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Ex. 1. Show that the radius of curvature at any point of 
the parabola is 


ft 

Tt 


2(®-fo)l! 




We have, 


,=2ay 


a 


\ 


dx J dx* 


2a;? 


• • 


P= 




dx^ 


I ^ 

-a^l2x^ 




I 

Hence, (in magnitude.) 

o 


If P (x, y) be any point on the parabola, focus S, then 
SP=a:-ha. Thus, the above formula becomes 


p^_2(SP) 


I 


a 


i 


E*. 2. Find the radius of curvature at any point P(a;, i/) 
of the ellipse 


w 


+ 1 *• c., (6V+aV=®*^*)* 

6* 


Differentiating, 


2a: , —0 ■ 

6 * dx 


a 


dy _ hh 

lx~ a*y 


_ 






6«a;^ 


a^‘ 




6“(oV+^')^_^ 

oy 
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of 


• • 



^ yi 


a*6* 


(6) 


Note 1. y being considered positive, the negative sign for 
Ms due to the sign of 0 . This implies that in the first and 
the second quadrants, the curve is convex upwards. The curve 
concave upwards when 0 is positive in the 3rd and the 4th 


quadrants where y is negativ®. 


Note 2. 18 the tangent at P. The perpen- 


a 


iicu?ar p from the centre C upon the tangent is, therefore, 
given by 

=.: =(6*2*+a«3/*)^ 


p*= 




he; 


6* 


Hence from Ex. I, 




magnitude) 


2 1 

, Ex. 3. Find p at any point of the o urve + 2 /* 
’, (four cusped hypocycloid). 

Differentiating, we have 

3 ^ 3 ^ da: 

dy 


=a« 


dx 


y 


-i 


I 
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Alternative method. 

Let x—a cos® y ~a sin® ^ then 

^ =—3a cos® t sin t, ^ =3a sin® t cos t 
dt dt 


dH 

dt^ 


=3a cos t (2 sin® cos® t) 


=3a8in f(2 cos® (—sin® () 
dt^ 

* * ax dt I dt 

dt d^u dy d®x 

, d'^y ^ ' W dt ' dt^ —9a® si n® ( cos® ( 
d^ - /dx^ “ -27a® cos® ( 8in®< 

Kdf) ^ 

3a iin^ooi^ r 
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=_f.3^sinicos l^%{axy)^' 

I/3a 8in t cos’ / 

4 • 

Note. If we determine p, by formula (o) p. 315, 
we get p =—3a sin t cos t {noJ-f-3a sin t cos i). 


EXAMPLES XLUI 

1. Find p for^tho parabola //- = H/;; .t*—2aL if=at^. 

2. Find p for the circle x“-\-y'^=2ax. 

3. Prove that for the ellipse x=sa cos <^, sin 

p_{a2 sin^ cos^ (CDi^ , 

^ '---^—, where C is the 

centre 'of the ellipse and CD is the diameter conjugate to 
CP, P being the point (a cos 6 sin ^). 

4. Prove that the radius of curvature of the catenary 

^ cc 

of uniform strength y=c log — is c sec 


5. Show that the radius of curvature of the catenary 
varies directly as the square of the ordinate, its equation 

being given in the form 7/=c cos h - or w-issc®+ 5 ®. 

c 

6. 'Obtain p for the cycloid .r=a (p-fsin $), v=a (I—cos 0)\ 
3=4a sin 8ay=s2 and show that it is twice the intercept oil 
the normal between the curve and the line ys=2a. 





Show that for the curve 

2P\3 




ax 

a-\-x 

2 


Find the radius of the hyperbola 
a:® 

I; »=a cosA tt, y^h sinA «. 
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9. Find the co-ordinates’of the points on the parabola 
t/*=4aaj for which radius of curvature is equal to the latus 
rectum. 

10. Find p for the curve V^+Vv—1 (i> i)- 

11. Show that the circles of curvature of the parabola 

y^^iaz for the ends of the latus rectum have for their equa¬ 
tions that they cut the curve 

again in the points (9a, ^6a). 

12. Find p for each of the following curves : 

(i) x^+i/=2 at (1, 1). (u) y=x-\-3z^-3^ at (0, 0). 

13. Find p for the curve z=a cos* y=a sin*^; 

<5 2 2 

x^-\-v^=a^. 


14- Find p for (i) c*=sin y. (iij where 

they—axis. 

15. Show that for any curve 



dx d^y dy d^x . 

dft, 



crosses 


16. Prove that if at every point of a curve 

X. _ then the curve must be a circle. 

p4 “ 'dfiV ^W/ 

17. If N denotes the length of the normal PG, show that 


P^ _ 1+yi^ 

N” yyz 

4. fay Polar Form. To find ihe ralius of curvature of 
the curve r=f{$ ) or/(r, 0)=O. 

diu d\p do / . I d^\ do 


. do r 
Now tan <p=r^-—^ 



differentiating, we get 


OTTBVATITBB OF PLaNA OUBVES 


dfil 





Ex. Prove that for the curve r”—a” cos m$ 

p _ 

Examine the particular oases of the rectangular hyperbola 
‘Qn?PWC.^>.pftrabpIa, pardioid ; strojight line and circle.' 

DifiFerentiating r'^=a'” cos logarithmically, we get 
w dr sin m0 . dr 

r;dS~~”^ 6^9^ 

. dV dr ^ 

' • m9-mr&eQ*m$= r tan*m^— mr BtohnO 


r •' 

• % 




{r*-f r* tan? 


r*+2r* tan*m^—r* tan*m^+wr* sec* 'fn$ 
f * sec* mff r 


(m-fl) r* sec* m$ 


(m+l) cos rn$^^ ,, r*” 

or* 


HenQe„/)= 






•na Chile" *Hf>lcle,l.irpH(a 1 e, r»i«>t)c'.tsTaioid effM£ht line 
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(6) Pedal Form. To find the radius of curvature of the 
cum r=/{p) or/(r, p)=0 ; i.e., to find p for a curve whose 
pedal equation is given. 


p=r sin ^ and 

dp . , d(h p , d4> 


• • 


dr 

cos . 


And “^= 


do ^ d^ p 

r 


1 dp 


_4-^'''_-i ^ — 

ds ds 'ds r^'rdr r dr 


1 dp 


I »■ 


P=r 


dr 


dp 


1 


Note. If u=—,p= 


1 du 


u* dp 


...( 8 ) 


5. Polar Tangential Form. To find the radius of curi a- 
ture of the curve p=/(f). 

If w be the angle which the perpendicular from the pole on 
the tangent makes with the x-axis, u?==— 

m 

The equation of the tangent is x cos w-\-y sin «J=p, *■«•» 
p=x sin ^— y cos 

^ = z cos ^f+sin 1 ^—cos 




dij/ 


and 


dx dx ds , 

_ —_ • . —p cos y 

d^ da d^ 

^ =p sin « 
d^ ds dy 

^=a; cos sin ^ 


^_‘?5cos sin sin ^+y cos ^ 

=p(co3^ ^-|-®i*i* 0—P=P""P* 


• • 


Hence P=pH- 


d*p 

dif* 


-.(9) 
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EXAMPLES XLIV 

I. Obtain p for the cardioid r=a(l—cos P), 2ap*s=r® J for 
the Lemniscate r^—a^ sin 2$ or pa®=r*. 

2> Show that at any point on the equiangular spiral 

r=ae« 

psf cosec a and that it subtends a right angle at the pole. 

Find p for each of the following curves : 

3- r=a cos mp at p=30. 4. r*=a* siu 2^. 

5. pa*=f* [lemniscate]. 6. cos mp. 

7. r*+3p®=4*, 8. p*=o* cos® 6* sin* 

9. r*=-^+a*—6* (hyperbola). 

10. Find p for the circle r®=2ap and show that Its polar- 
tangential equation is p=sa(l-}-8in ^). 

Obtain p from this equation also. 

II. Find p for the parabola p*=or, p sin 

12. ' Find p for the ellipse (i) a®“l-6*—r*=** ^ 

(*0 p®=o* cos* ^+6* sin* 

13. ^ Show that the radius of curvature of the curve 
r=a sin n p at the origin is y • 

14* Deduce the formula (7) from the formula (3) or (6). 
[Hinf. x=r 008 $ and sin $,] 

15. Deduce the formula (7) &om the formula (8). 

[H%nL ^ =u*+ where ti=-i. Differentiatew.r.t. u. 

16. Deduce the formula (8) from the formula (8). 

[Hint. Tangent Y-y=y'(X^x),p=-^^ and 



324 


DlITERENTtAt CALCULUS 


17. 

18. 

fir, e)= 


Deduce the formula (3) from the formula (8) or (7). 

Show that the radius of curvature of the curve 
f. r cosec 6 . , , 

^ *:--Appiy this result to show that the 

O+g) 


radius of curvature of the circle r~a cos 0 is - * 

2 

19. Show that for the curve the curvature is given 

r /d^U . . \ , 1 

hy where M — 

Deduce that the curvature is given by 

r dr 

20. Prove that for a plane curve, . 

* ds^ r 9 

Discuss the conditions for maximum or minimum value of 
the radius vector. 

[Hint. At such a point, ^—O- The point must He at the 

ds 

feet of the normals.] 

21. Prove that for the curve r=o (1-f-cos ^), P^/r is 
constant. 

22. In the curve —, show that the radius of curva- 

^ Of 

ture varies inversely as the (n—l)th power of the radius vector. 

23. Show that in the Archiraedian spiral p^=r*/(r*-|-'i*), 


P = 


24- In the curve B — 


ra+2a2 


-1 ^ 
cos-1 


prove 


tha" 


=Vf*- 


dK 


' 


CUBVATOEE OF PLANE CURVES 326 

9 

\ • • ' ‘.rfir 

6. Co-ordinates of Centre of Curvature. 

. 

Let {z, y) be the co*ordinates of any point P on the curve 

and (^, fj) those of the centre ’ of curva- y 

ture, C. Draw CN, PL 1 OX and PH I -v , 

CN. . f\ \ 

ZPCH=:^ X l/^ 

| = ON=:OL—HPsssar—p ein V u \/ 

>■ j=NC=LP+HC=y+P cos J V! ^ P 

{ip being zero when the tangent is ^ 

parallel to the x^aris). /\ _ 


\^P 


Since tan tp 




0 M N L 


v-y+'-^. 


for any 

We have 

y=2jj -J <JV' i -S 


Hence, ( 1 ) |=:a;- 




dx* 


i -i' 

^_ a X (I+oar.^) 


=«+2(®+a)=3aj-|-2a 

^ 1 i -i 

—ia X 2 

■i ■ f •> v» ) . :i, 

a*a? tr 
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Corollary. Eliminating x between (1) and (2), we get 

2 ^ (I—2a)^= ~ The equation of the locus of the 

centre of curvature of the points on the parabola y^=4ax is 
21ay^~4t{x~2a)^. {Evolute of the parabola). \ ^ 

Ex. 2.^ Find the co-ordinates of the centre of curvature at 

x^ y* 

any point (a:, y) of the ellipse ^ 

We have 

(1) t^^+ay^a^b\ 


d‘y 6» " ~dx —b‘/ b‘x‘ 
dx'^~ a* “oy o*j/ 

-5‘y 


^ ^x —b^/ \ — 6 * 

a* “"aV /“aV * 


( 2 ) 


X aWb^ - 6V) -f a*{a^—3^}±^ 

-- 

=*-*+-V 

/ox _L {oV±^y 

(3)7=y-f- -y y- *2^4 

/aY \°'V i/i ^Mv 


o»-63 


/• 


we 


CoroUary. Eliminating x and y between (1). (2) and (% 
Sn the locus described by {i. ,) m the form 

(„|)9+ (6,)U(a2-6»)l of 
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Alternative solution. 

We have, x=a cos y^b sin ^ ; 

dz . dy t d^x 

4= d^»=-“ df* 

=—6 sin 

dy b 

Hence, ^ — -cot A 

* dx a ^ 


jdx ^ dy d^xs. 
d^y d^ dijt d^ f 


ah 


da^ 


Q 


—a* Bin*A 


Hence ^=x— ^ (^+2/ j—j— 

y 


-|oot^( 1+^ootv) 


ab 




M., i 


a* sin’^ 

__ 6 003 ^ (g^ sin^^-fft* oos^^) 

^ y ab 

•*-b» . a*-b» 

co.V=-j;r-^ 




..( 1 ) 


»=»+-^=y+—^ 

—a* sin’^ 

=68in i+ l"* °°°V) X (-Bin 

i*—sin®A—6* oo8*A 
-- A- -XBinA 


or 




«?=—g—sm*^ 

IVom (1), we have 

a| V® x* 


b* 


y* 


•«« *#« 


(2) 


(^=yi) =;^ : BimUarly from (2), ^ 


i 
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Hence the locus of the centre of curvature of tie ellipse 
{cfdled Evolute of the ellipse) is (a|)3+(6,]#=(aa_j8)e‘ 

EXAMPLES XLIV (A) 

Show that co-ordinates of the centre of ourVkture of the 
following curves are as given below : 

1. The semicubical parabola 

■.-(*+ 

2. The four cusped hypocycloid 

y=y+3(a;2y)i=y -f- 3x^yi, 

c / - -1\ 

3* The catenary y=t—\e e~ c/ 

’?=%• 

4. The equilateral hyperbola 

2|=3*+i. 2,=3j+^ 

and deduce that 

)'■ -I) 

Sy^how that in the parabola 
/ V^+Vy=V'a, ^H-y=3(3:+y). 

(6) Length of Chord of Cu^atdre. 

Any chord through P of thk cir'cle of curvature at P is called 
a chord of curvature of the curve. 

1. If the chord of curvature PR passes through the origin, 
PR=:2p sin j,, 

=2'’f =2p I • 


y 


2 


OTTRVATORE OF PLANE OT7RVES 


329 


2. If the equation of the curve be p=f (r), 

PR=2/(r)/f (r). 

3. If the equation of the curve be r=:f{$), 

do j ds / / dr > ^ 
and;^^= /(^- 




as do 

• T>p _o„ . <^9 2r (r‘+r-‘) 

■ ■ ^^=2'’ ■ 

4. If the equation of the curve be y =/(x), 

^=0+<^ and tan f 

. . PR=2p sin (^~0]—-~ (z sin cos 

' « * * ' I 

If the chord does not pass through the origin 

PR=2p sin 

where a is the angle made by the chord with the tangent at P. 

Ex. 1. Prove that the points on the curve f=/(p) the 

circles of ourvAfcura at which pass through the origin are given 
by the equation ° 

/(0)+/W=o, 

Let P be such a point. OP=r=chord of curvature, 
f-. r=2f(f*-fr'a)/(rH2r'2-rr') 

».e., rH«‘*=0. i.c., rH-r'=0, 

wh 6 nbe/(P)+/'(^)= 0 . 

curw*(«rc is the limiHng 

pomon of the point of intersection of two consecutive normaU. 

y+ay) be two consecutive points 

(ij {X—a:)+(Y—y) ^=0 is the normal at P(a:, y). 

(2) (X—a;—8a:)-f.(Y—y—sy )_q 

, ^dx/z+Bz, y+Sy 

Wthftndi-inarat Q(s*-|-sar, y+8y). 
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Put | = /(.); then (,+ 8 , =/(*+«-)• 

Ml of the-Dormala 

(1) and (2) is given by 

Sa:4-5y/(a:+Si)=(Y-y) [/(a:+Sa:)-/(j)] 

r. Y 8 »+ 5 y/(g +gx) 

• • " “/T^rTTZi 773 — 


/(!+«*]-/(*) /(i+8a;)-/(*) 


8* 


Proceeding to the limit, we get 


n-y^ 

and.'.I—a: 


—{ri-yW) 


where /(a:)=^ and /'(*)=^ 

and I, is the limiting position of 
X and Y the point of intersection of 
the normals. 



The expressions on the right are the co-ordinates of 
the centre of curvature and those on the left are comordinates 
of the limiting position of the point of intersection of 
normals. 


*8. A curve whose equation can be put in the form 
x=f{t) y=(fi{t) is touched at a point P and cut at a neighbouring 
point Q by a circle with centre 0. Show that if C, the centre 
of curvature at P, exists, then 0“»C as Q^P. 

Since C exists, f{t) and i{{t) exist and are not both 


zero. 


PQ. 


If 0 be (a, fi) and R any point on the infinitesimal are 

OR2=[/tO-a]»+[^(()~ie]‘“-E’(0. 


/, F{t) is continuous and possesses a derivative at 
point of the are and since F{i) at P=F(<) at Q, by RoUei 
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Theorem F'{^)=0 at some point R of the aro between P 
and Q. 


Hence/'(O [/(0-a] + ^'(0W0-i8]=O* 

And a8/"(0 and are not both zero 
at any point of the arc PQ, OR is therefore 
normal to the curve at R. 

Now R-^P as Q-^P and by Art. 7, 

Or^p as R—>P, 

9. Curvature at Origin. Newlon's Method. 

(a) This method leads to a single formula for the^radius of 
curvature and needs no differentiation. 

In this method the axes chosen are the tangent and the 
normal at the point at which the curvature is required. 

Taking the tangent and the normal at P as axes and 
assuming the existence of p at P, we will prove that 



0- I-t ^ or P= ^ 

2y ^ 2a:* 


Y 



Proof (t) If the tangent and the normal 
at P be the axes of a: and y and Q be (a:, y), 
draw a circle to touch the curve at P and to 
pass through Q, 

By Art. 7, this circle tends to the circle 
of curvature at P as Q -^P. 

Now NP*=NQ.NR, i.e., r2=y(2r-y)where 
r is the radius of this circle. 



which tends to 


P when a:-»0. 


Hence p= 


Lt 

a ;^0 


A 

2y' 
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{n} Similarly if the tangent and the normal at P be the 

T i. .ft 


axes of 2 /and x, thenp=^^^Q ^ 

Lt 


It Z 

In polar co-ordinates p= ^ — =Lt 

2y 

({-,)■ 


Lt 


cos^g 
2y 


lb) The same method may be applied when the tangent to 
the curve does not coincide with one of the axes. We have 
to calculate the length of the perpendicular QN from a point 
Q {z, y) on the curve in the vicinity of the origin to the tangent 
at the origin and the distance ON of the foot N of this perpendi¬ 
cular from the origin and then to find the limit of . 

If this limit exists, then it is equal to p at 0. p is ultimately 

J- '{fi 

Lt -—;-where tan a is the tangent at the 

J(xsina —y 003a) ® 

origin. 

10. The ordinary Cartesian formula gives the radius of 
curvature at the origin, for we have to calculate (~ \ 

/ X —u* 

(^2 )a:—0 following method is easy and simple in 

comparison with this method as well as with Newton’s method 
when the tangent at the origin is not an axis. 

Let it be possible to expand y easily in powers of x, so that 
y=px-\-q I -h_,where we know from Maclaurin’s Theorem 


that 


'’=(IX=o. ,=o ?=(3)*=0, y=0. 


rc* 


Substitute for y the expression px-\-q , - --f 

/ z 


and 


^uate co-efficients of like powers in the identity so obtained. 
This gives p and q. 
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The rai^ius of curvature at the origin will then be 

(1+pV . 

p=± - ^ at any point. 

To find the curvature at any point by this method, shift 
the origin to that point. 

This method will also give the radii of curvature at a double 
point when it is taken as the origin. 

Ex. 1. Show that the radii of curvature at the origin for 
the curve are each equal to ^ . 

The origin is a real node, the axes being the tangents 
thereat. 

and Pn=Lt ^ 
zy • 2x‘ 

To find Pj, replace y by « - I*' the equation. Then 

^Pi 

*^^8p^ approximately ; 

■ 1 _L ^ - 3a „7. ^ ^ 3a 

•• When *^0, 

To find p„ replace x by in the equation. Then 




4 

8p3+^=3a2^ . y approximately 

4 + 1 ='“ ’ 


♦ • 




When »->0, p,= 


3a 


as 


h^?w‘ (4) cannot be used in this case 

origin wKich is a double poi^ 


and p becomes indeterminate. 


curvature of the curve 
»-axii. >c Paiall^l to the 
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dx 


Since the tangents have to be parallel to the x-axis 
=0, i. e., 6x=0 which gives x=0, x=2. 

A the tangents at (0, 0) and {2,—4) are parallel to the 


x*axis. 


The x-axis is a tangent to the curve at the origin ; 
the radius of curvature at the origin 

= Jl Lt 

2 a:->0 y 2 x—Z 6 * 

In order to find the radius of curvature at (2, —4) shift the 
origin to the point and the equation of the curve takes the 
form : 


7/-4=(x4-2)2(x- 1) or 3/=x*(x-f3). 

The tangent at the origin is now the new x-axis 
■ the radius of curvature there 


1 

2 


Lt-f 

y 


1 


1 


Lt - - = 


1 


^ 2 ' x-l-3 6 

Ex. 3. Find the radii of curvature at the origin of the 
curve 


xr^‘j-az^^—a3^y—2a^xy^-\-a^—0. 

The tangents at the origin which is double point are given 
by the equation 


y—0 is a cuspidal tangent, y~2x is a tangent to the 3rd branch 
of the curve. 

Put y=px-\- .. in the equation of the curve. 

Then 

+ ax2^ px-\-q 1 ^+*' ) -ax*(pa:+g® ) 

—a«x ^ px+q j2+*** Y 
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Equating the co-efficients of x^, ar* on both sides, we get 

—2a*p2_^a2p3=() y2-_Q Qj. p=;2, 


3 

and ap^—ap~-2a?-pq-\- 


(i) When p~0, this relation does not give q. 

(u) But when p=2, 4-2—2a. 2g+4^=0, 


i.e., 2a^4-2=0, t.c., j= 


1 


The radius of curvature corresponding to the values p=2, 
? = -iis equal to*l±^LL-6?a. 

(I q 

Note 1. In order to find the radii of curvature corres¬ 
ponding to p2_o, put the co-officients ofp®=0. We get 

1 +apg- ^ _ lV+3 |-V9'=0 

•X-f ««-f+l=0; 


• . ?= 


J^V(?+2a>) 


—a* 


J ___2 

2a "^20 


a 


a. 


o 

The radii of curvature are given by ‘1+^ and hence they 
are o,- 

Note 2. Newton’s method gives the radii of curvature 
corresponding to the tangent y=0 if we replace y by 


Thus we get 


*“+“ pt-»’ ^ +»*^=o. 


P2 


*5 

2p* 
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ap a a^x 

4p2 + Sp3 


Let a;-»0; 


a 

2p3 +2 p 




a 


showing that one branch touching ^he 
a;-axis and the other below it, / 

EXAMPLES XLV 


ic-axis lies above the 


Find by Newton’s method the radius of curvature .at. the 
origin for each of the following curves: 

1 .. 2z^+y^=2y. 2, y^a^-x^)^a^x. 

3. ■ a:=a{^+ 3 in 0 ), y = o(l —cosfi). 

4* Find the radii of curvature at the origin of the two 
branches of the curve given by the equations x~ 1 

5 . ’ 2x^'- 5ax^y - 2axy^~{-2a^y^=0. 

6 . a3^~2b^xy+cy^=x^^yi^ 7 . x*-^y^^2a{x-\-y). 

8 . • 2 a:^+y 2 — 2 (z—y). 9 . r=a sin 

Find the radius of curvature at the origin of the curves. 

10. ■a(a:*-y2)=2a:3+y*. H. yi-3xy-4xHj^-\-xy-\-f=0, 

12.. Show that the radius of curvature of the general curve 
az-\-by-^{a^z^-{-2b^xy-\-bjy^)+{a^^. .)-\-=0 is 

__ 

ajb*^2bjab-\-b^a^ • 


[Hint. 


Puty=?>a;+^4—I 



13* Show that the chord of curvature through the polo 
J^or the curve p=f{r) is 2 /(r)//' (r) or 2p drjdp. 

i \ I4.'y Prove* ihat[fhe' ctord^of cuivalure through the origin 
of the equiangular spiral r=ae^ ^ is equal to 2 f. 
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15. • Show that the chord of curvature of the curve 

2f 

rw=a"*cos mO through the polo is —— 7 -. 


Examine the cases when m— — \, 1. 

16. * Show that the cliord of curvature through the pole 
of the cardioicl r—a(l—cos 0)* r’= 2 ap* is Jr. 


17., Find the chord of curvature through the polo of the 
equiangular spiral r=:ae^^* 

18.. If C^, bo the chords of curvaturs parallel to the 

f. u j 

axes at any point of the curve '* , prove that 

-L 4. .L__L. 

C/^C/“2aCx 

19. If the angle between the radius vector and the normal 
to a curve has a maximum or a minimum value, prove that 
the chord of curvature through the pole is 2 r. 


20. Show that in the curve y — 6 =c log sec ^the chord 

® • 

of curvature parallel to the axis of y is 2 c and find the radius 
of curvature at the point (a, 6 ). 


21.^ If the conics 3r^-|-8y*=24, a:*—4y=4 have P as one 
of their points ot intersection, find the radius of curvature 
of each of the curves at P, and show that the distance 
between the two centres of curvature is the square root 
of the sum of the squares of the radii of curvature. 

Q(^+Sr, p+ 8 p) are two neighbouring 

R and radius k 

ORa ^ through Q. Show that 


Deduce that the radius of curvature at P«r — 

dp' 

23. Prove that the radius of curvature of the curve 
V-*” at the origion U 0 , - 1 , oo according to oiroumstancea. 
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24. Find the radius of curvature at the origin in the 
curve 

3^=4a:-15a;2-3x^ 

Find also at what points the radius of curvature is infinite. 

25. Find the radii of curvature at the points at which 
tangents are parallel to the ar-asis in each of the curves: 

fi) y=2a:-l-3.7:^—2j:y+^“ (u*) 

26. Find the radius of curvature of the curve: 

—3^:-//+ Txy -—2 r*—+6.r=0, 

at the points at which the tangents are parallel to either axis. 

27. Find the radius of curvature at the origin in each 

of the curves (i) (it) 1-//)“. 

28- Show by Newton’s method that the radius of curva* 

02 

ture of the ellipse at P is where p is the perpendicular 

P 

from the centre C to the tangent at P and /? is the semi* 
diameter conjugate to CP. 

29. Find the curvature at (0, a} of the curve {x^-\-y^? 

30. ‘ Show that the radii of curvature of the curve 

—for the origin are ±a/2 and for the point (—a, 0) 

. a 

IS — 

4 • 

31. Find the points on the parabola y2=8.r at which the 
radius of curvature is 

32. Begarding the centre of curvature of a curve as the 
ultimate intersection of the normils at two neighbouring points 
find the co-ordinates of the centre of curvature of the curves 
(i) x—at^, y=2at (iV) x=a cos y=h sin 

Show that the circle of curvature in the latter case cuts 
the curve again at the point {a cos —6 sin 3^). 

33. Show that the circle of curvature at the origin for 
the curve x-\-y=ax^-{-by'-{-c:i^ is fa+6){.c^+y^)=2.r4-2y. 

34. Show that the circle of curvature at the point {al^, 2at) 
of the parabola y-=4az has for its equation 

and find the point where it meets the curve again. 
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35. Show that the centre of curvature {«, oftheoutve 
_| yB =a^iQ given by o:=a:-f-3x^y ^ =y 7 / 

36 Prove that the centres of curvature at points of 
cycloid x=a(<+sin t), y=a(ld-cos /) lie on an equal cycloid. 

37. Find the radii of curvature at the intersections of 

the hyperbolas-^2—-p" .ry=c* and deduce the con¬ 

dition that the curves may intersect each other orthogonally. 
What further condition must be satsihed if these radii are 
equal in length ? 

38. A curve touches the x-axis 'at the origin 0 and P 
is the point (x, y). If lh> length of the chord OP is c, prove 

Xj^ C X I 

that - —j;.!- where p is the radius of curvature at O 
x-^0 ar op 

39 . Provethatfor the curvft5=m(sec®^—1). p=:3m tan^ seo®^ 
and hence that 


du d^y 

=!• Also that this .differ' 


ential equation is satisfied by the curve 27 my*=58r\ 

40. Prove that for the curves=a log cot 

sin 6 ] 

P=2o aeo’^ and hence that ^ . and that this 

differential equation is satisfied by the curve x®=4ay. 

41. Show that the equation of a normal to the curve 

Y Y 

y^f{x) can be put in the form whore tnn 0 

=—cot,^. Hence deduce that (X, Y) the co-ordinates of the 

centre of curvature are given by 

X=x+yi^^-^Wd Y=yd- 

Vi y* • 

42. Show that the co-ordinates of the centre of curvature 

dy^* 2 dx*| da^ 


C i 

01 any curve are— - 

2 dy* 
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Evolutes and Involutes 

^ cur.ye may be regarded as the 

J I s centres of curvature or as the envelope of its normals. 

has a given curve for evolute is called an 
involute of the given curve. 

Thus a given curve is an involute of its evolute. 

(a) Assuming the evolute of a given curve y=^{x) to he the 

ocus of its centres of curvature, ihow that it is the envelope of its 
normals. ^ ^ 

If fl, jj) be the centre of curvature at fa, of the given 
curve, then i • 9^ 'J e 


^ ® a»7~T- — . n=0fnrH-:»/—V — 


...( 1 ) 


^ . . ^'(a) 

This gives a the locus of (f, «) which is obtained by elimi¬ 
nating a. 

The equation of the normal at a is 

The envelope of (2) is found by the usual method, a being 
a variable parameter. 

-1- [<^'(a)]‘ + {y-,t>f<’)),j,’{a) = 0 - (3) 

• -y—9(®)+ — ,»/'\ -■ 2ina x=a -•••nl 

9 (a) 9 Iff/ 

Elimination of a from (4) is the same as the elimination of 
a from (1). Hence the result. 


Otherwise :—If a normal to a given curve touches a curve 
at C, then 0 is the limit of the point of intersection of neigh¬ 
bouring normals and therefore a centre of curvature of the given 
curve. All points on a are therefore centres of curvature of 
the given curve. 

(6) Regarding the evolute of a given vurve y=^{x) 
envelope of its normals, show that it is the locus of its centres of 
curvature. 


The normal at [x, y) of the given curve is 

X-x+{Y-y)y'=0 

i.e., X~x-\-{Y~d,{x)}fl>'{x)^0 -W 
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Let the envelope of (5) be given. 

(I. J?) centre of curvature at (x, y) of the curve 

y=<j)(x)t sin cos rjf 

dt . dp . dd/ 

tt—p cos ^ ; 
dc dx ^ ^ dx 

ds dx d^ dp dy 

dx~~ dx d^ 


f • • 

« • 


= 1 — ^ ^ 
dx ds 


ddf ds 


Similarly ^-=:^ • 


dx 

_• 

dx dx ds 

dn dx 


...( 6 ) 

the equation to the tangent of the centre locus (^, 
at (I. ,) is Y-,=^ (X-f) 

f.c., (X—^)4-(Y—j^) tan ^~0. 

Evidently this line passes through (x, y). 

the equation to the tangent of the centre locus At 
I?, rj) may be written in the form :— * ^ 

X-a:+{Y-^(a:))^'(.r)=0 .. i7j 

(5) and (7) are identical. 

Hence the tangent at every point of the centre-loous coin- 
cides with the normal at the corresponding point of the ffiven 
curve. But a curve is the envelop e of its tangents. ^ 

^e^tre-locus coincides with the envelope of the 
We have proved the following 

+ JThe norma,! at any point of a given curve is a tangent 
to the evolute at the corresponding centre of the curvature- 
nd any tangent to the evolute is a normal to the curve. * 

the centre of 

given to a 

being regarded ae the of it^'^^nSI of 0^54.“ 
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J2. To show that the arc of the evolute, corresponding to an 
ore of a given curve for which p constantly increases or decreases, 
is equal to ike difference of the radii of curvature touching its 
eitremities. 

Let (x, y) be any point on the arc 5 of a given curve and 
(^, );) the corresponding centre of curvature and a the arc of the 
evolute corresponding to s. Then 

p sin ri=y-\-p cos ^ 

di dy dp d-q dp ^ dz 

dx~~ ds dx dx ~dx ds 

Squaring and adding 

dffs=dp as dp does not change sign, we can choose 
a suitable direction in which to measure o or the positive or 

negative sign being taken as a increases or decreases when p 

increases. 

Plence < 7 “P 4 -c where c is a constant. 

When a=0, p=Po and c——Pq. 



Hence a—p-Po- 

Cor. Every plane curve whose curvature is constant is a 

circle. 


For da=0, the centre of curvature at one point is the 
centre of curvature at any point of the curve. Hence every 
point of the curve lies on a fixed circle. 

Cor. The radius of curvature of the evolute is equal to 
dp 


d^' 

If p'be the radius of curvature of the evolute and f the 

angle made by the normal with the y-axis, 


eZrr , dp dh dp 

p'=and 

13.^ A given curve possesses an infinity of involutes. 
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Let P(x, y) be a point on 
a given curve and Qll» i)) a 
point on the tangent at P such 
thatPQ=—(5+X), X being con¬ 
stant. 

The equation to the tangent 
at P is 

x-:c 

cos ^ sin ^ 

r-J|=a:-(5+X) coa^ 

iy=y—(«+X) sin ^ 



ds 

and 

ds 


dx 

ds 

dy 

ds 


cos ^+(5+X) sin ^ =(s+X) sin ^ 

d^ 

-sin ^-(5-fX) COB ^ =-(5-|-X) cos 



the tangent at Q to the Q Iocus is parallel to the normal 

at P. 


Hence QP is normal to the Q-locus at Q and consequently 
the given curve touches all the normals to the Q-loous, and 
every point of the curve is a point of contact with some normal. 
The given curve is therefore the evoluto of the Q-locus. Hence 
the Q-locus is an involute of the given curve. But since X is 
arbitrary, the given curve has an infinity of involutes. 

Mechanical Description of an InvolaXe, 

Regard a given curve as a rigid curve. Let a thin 
inextensible, perfectly flexible thread be wound tightly 
round an arc OP of the curve and be stretched tightly 
along the tangent QQ^. Then, as the thread is unwrapped, 
a ^int on it coincident with Qo will trace out the involute 
QoQ.^ For when the thread leaves the arc at P and the 
end is at Q along the tangent at P, we have QoO=arc 
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OP and Q is still on the involute through Q.. Hence the 
end describes the involute Qo Q. 

The naires evolute and involute are given in consequence 
ot this property. 

Every point in OQo (produced or not) describes an 
involute of the curve. The method of generating involutes 
shows that the involutes of a given curve cut the tangents 
at right angles, i.e., they are orthogonal trajectories of thes« 
tangents. Hence any two of these involutes are curves 
having common normals such that the portions of the 
normals intercepted between them are equal. Curves thus 
treated are called parallel curves. Thus the involutes of a 
given curve are parallel curves. 

Conversely, parallel curves are involutes of the same 
curve, for they have tho same normals and, therefore, the same 
evolute. vju 

Ex- iTVind the evolute of the parabola i/=4ac and 
show that the length of the evolute from the cusp to the 
point in which the evolute intersects the parabola is 

:;a(3V3—1). 

y^mx—2am—a7n^ .( 1 ) 

is normal to the parabola at a point (am*, —2m) for all values 
of m. 

Its envelope is the evolute required. 

0 =a:—2a—3am* .(2) 

Eliminating m between (1) and (2) we get 

27 ay^=4{x—2af. 

Ihis equation has already been 
obtained for the locus of the centres 
of curvature of the parabola. 

The cusp C corresponds to the 
vertex, tho minimum point. 

Let E and E' bo the points of 
intersection of the curves. Then 
the abscissa of E or E' is given by 
27 a. 4ax==i{x—2a)^ 

or x^^6ax^—]5a^x-8a^^0 
the real root of which is Sa. 
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Thus E is the point (8a, ^y/2a). 

The abscissa of the point R whose centre of curvature 
is E is C=am*=J (a:—2a)=2a by (2), 

2(SR)^ 

The radius of curvature at R=- — 

\/a 


2(g+o) 

\/a 
.2 


=6v3 a. 


y 

The radius of curvature at A=Lt ^ =2a. 

2 a; 

length of the arc CE=radiu8 of curvature at R—radius 
of curvature at A=2a(3V3 —1). 

Ex. evolute of the ellipse and show 


that its length is 4^™ 

The line ax sec ^—by cosec <f>=a^^h“ 
is normal to the ellipse for all values of 
Differentiate (1) with respect to <j}. 
ax sec if> tan ^^by cosec <j> cot ^=0 
Eliminate ^ between (i) and (2). 


( 1 ) 


( 2 ) 


From (2) 


ax 


by 


t.c.. 




cos®^ sin®^ 
^ (“^1^ 


{ax)^ 4- (6y) 




cos ^ sin <i> 


[ 


sec 


(aa;)^ +(6y) 


[ 

V (cos®^ 4- sin®^) 


i 


[ 


(aa:)^ 

Substituting in (1) we get 

The evolute has four cusps 
on the axes corresponding to the 
vertices, the maximum and mini¬ 
mum points. 

The radius of curvature at 
any point of the ellipse=-^. 

pS 


L (ax)^ 4“(^’2/)^J 

cosec ^=-=-1 —L -* 




4 
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The radius of curvature at A'= 


a® 


[•/ p3=a3atA'] 


“ a 

Q2h2 q2 

and that at = y [-.• at B'J 

Since the curve is symmstrical about the axes, the length 
of the evolute is therefore 

p» \b a / 

Ex. 3. Find the length of the evolute corresponding to 
the loop of the curve 9ay^—z{x —Sa)^. 

The curve is symmetrical about the 
x-axis. 

The x-axis cuts it in points (0, 0), 
(3a, 0). 

A (3a, 0) is a node on the curve. 
The required leDgth=2(PA —Po)’ 
Since the y-axis touches the curve 

at tha origin. 

• • ■2 T=^ 18o “ 2 

Shift the origin to A and the equation takes the form 
9ai/—{x-\-‘6a)x^. 

2 

Put .and we have 

JU 


9a 



+.) =a:2(x+8a). 


Comx)aring the co-efficients : 

9ap“=3a, i.e., p=±i ; 9apq=h ie., q 

Vo 


3V3a 
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3V3a 



The required lengbh=15a. ^ 

EXAMPLES XLVl 





1. Find the evolubo of the hyperbola x=a cosA u, 
y=sb sinA u. 


2. Show the at centre of curvature of the curve 
z=at^, y=at^ is ^ ~at^— ^ 4ai^+ ^ at /. 

Deduce the equation of the evoluto and prove that the 

radius of curvature of the evoluto at the origin is «. 

y 


3« Show that the equation of the evolute of the rectan¬ 
gular hyperbola xy=c^ is {a:—=( 4 c)^. 

4. Show by finding the equation of the tangent to the 

evolute of the parabola that it is identical with the 

equation of the normal to the parabola. 

5. Show that the pedal equation of the involute of a circle 

(radius a) is and the intrinsic equation is 5 = ® 

2 

6 . Show chat the evolute of the curve r*—a^=;np® has 

for its equation 

7. Prove ^that the pedal equation of the four cusped 

hypocycloid a:^ + is r^-h3p^=16aK 

Hence or otherwise show that its evolute is the hypocycloid 
+ {x —i/)3=2a^. 

8 . Prove that the centre of curvature at any point of 

the equiangular spiral r=a€^^ is the extremity of the polar 
subnormal. ^ 
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Hence show that the first evolute and all subsequent 
evolutes are equiangular spirals. 

^ Find the equation which X must satisfy if the given curve 
be its own evolute. 

9. Prove that the evolute of the cardioid f=a(l—cos 0) 
is the cardioid {I—cos $). 

10. If a curve passes through tha origin, show that its 

radius of curvature at the origin is ^ - where 

X sin a—y cos a 

y=^z tan a is the tangent at the origin. 

Hence show that radius of curvature of the curve 
x^-\-y^=2a{x+y) at the origin is 2 a\/2. 

11. The radius of curvature of a plane curve always 
subtends a right-angle at the origin. Show that the curve cuts 
the radius vector at a constant angle. 

12. Prove that the equation of the normal to the curve 

S * 2 

2-3 be written in the form y cos tp—x sin 

a cos 2 <p. 

Hence show that the evolute of the curve is 

ix-^y)^-^{z-y)^=2J. 



ellipse 


Prove that the envelope of the common chord of the 

-- -L Vi =1 and its circle of curvature is the curve 
a* ' 0 ^ 



14- Show that an ellipse is 
curvature. 


a 6 / 

the envelope of its circles of 


15. If Pi. P 2 be the radii of curvature at the extremities 
of two conjugate diameters of an ellipse (semi-axes a, o), 
prove that 


PiV P 
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16. If r, p be the radius vector and radius of curvature of 
a curve and r\ />' the corresponding quantities of its inverse, 
prove that 

r a ■ 

—. —-=2 8 in </>. 

P P 


17. If p'be the radius of curvature of the first positive 

» 1 d / p \ 

pedal of the curve r—f{p), show that ~p' ~ ^ " 


18. Find the length of the evoluto corresponding to the 
loop of the curve 

19. Prove that the locus of the focus of a parabola which 
has a contact of the 2nd order with a given curve at a given 
point is a circle. 

20. A tangent to the evolute of a parabola at the point 
where it meets the parabola is also a nornaal to the evolute at 
the point where it again meets the evolute. 

21. If P and p' be the radii of curvature at corresponding 
points of curve and its evolute, prove that 

22. If P and p' be the radii of curvature of the curve 
'■=/(?) *^nd its reciprocal polar at the corresponding points, 

prove that p'=~~- where P is the constant of reciprocation. 

23. Show that the radius of curvature of the envelope of 
the line x cos a+?/ sin a=/(ff) is/(«)+/''(«). 

24. Show that the radius of curvature p* of the inverse 

with regard to the origin of the curve r=f(p) is ^ 

where p and p' are radii of curvature a', the corrospondine 
points of the curve and its inverse. ^ 

^25. Ifp bo the radius of curvature of the curve = 
a sm m9 at the point whoae diatiuoe measured along the curve 
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from a fixed point is s, prove that 

{to— l)(m-l-l)V y=TO(TO—I)l 


26. For a curve defined by the equation a:=/(^), 
that the projection of the radius vector on the tangent is 

and the radius of curvature is p4- ^ ^ . 

27. Find the radius and the centre of curvature of a curve 
given by x=^ {t), y=f{t). 

28. If the circle of curvature at the point of the parabola 
y^~4ax touches the directrix, prove that the point lies at the 

inUrsection of the parabola with the line 4a:—5a=0. 

29. If the circle of curvature at a point of the hyperbola 
4a‘^ - a^-f 6^ touches one of the asymptotes, prove that the point 
lies at the intersection of the hyperbola with one of the curves, 


prove 

dp 

df 


3z*-2{a^-b-)x^-\-6xy-y*^0 

3i/^-2(a2-62)y2-j-hry-.'i^=0. 


CHAPTER XIV 

CURVE TRACING 

1. In the present chapter we shall show how the results 
obtained in the preceding chapters can be used for tracing cui vos 
from their Cartesian or Polar equations ; for this purpose wo 
shall lay down certain rules which are quite sufficient for 
tracing most of the curves that usually occur. Also wo 
shall give the principal properties of some of the woll-knov^n 
curves. 

It may be remarked that if wo tabulate the corresponding 
values of a; an:i y which satisfy/{r, y) =0 or of r and 0 which 
satisfy 0(r, ^.)==s0, we obtain a group of points which lie on the 
curve ; but it is only in ^very particular cases that wo arc able 
to draw the corresponding graphs completely. 

Rules fok' Cartesian Equations* 

Symmetry. 

(i) If the equation of the curve remains unchanged when 
X is changed into —x, then there is symmstry about the y axis. 
In the case of algebraic curves this implies that only even 
powers of x occur in its equation. 

For example a;'^=4ai/and y=oo3 x are symmetrical with 
respect to the y*axis. 

(it) If the equation of the curve remains unchanged when 

y is changed into —y, then there is symmetry about the 
a;-axis. 


For example y®=4ar is symmetrical about the a;*axis while 
® is symmetrical about both the axes. 

equation of the curve remains unchanged 
wnen both a; and y are changed into -a; and -y. then there 
If symmetry m opposite quadrants. 

oppo!Hrquad&.='" 

It may be noticed that if a curve is symmetrical with ree- 
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pect to both the axes then it aUo possesses symmetry in opposite 
quadrants. But the converse is not true. 

{iv) If the equation, of the curve remains unchanged when 
X and y are interchanged, then the curve is symmetrical 
about the line y=x. Find in this case where the curve cuts this 
line. 

It may be remarked that sometimes an obvious tranaforma* 
tion introduces symmetry in the curve. 

For example '—^ 2 —+ --^ 2 — =1 does not possess any of 
the above symmetries but if we shift the origin to the point {d, c) 
the equation becomes ^hich is .symmetrical 

about both the new axes. 

II. Notice whether the curve passes through the origin, 
and if it does, find the tangent or tangents at that point. Incase 
there are more than one tangents, find the nature of the 
singularity at the origin. 

III. Find the points where the curve crosses the co-ordinate 
axes and the tangents at those points. 

If necessary, as is sometimes the case, find a few other 
particular points which obviously lie on the curve, 

IV. Find the asymptotes, if any,’and determine if, necessary 

from which side the curve approaches any particular asymp¬ 
tote. 

V Find if convenient, and see where it is zero or 

dx 

infinite. 

Vr. Find points of inflexion, and other singular points 1 
any, and in the case of the latter examine their nature. 

VIE. Find, if possible, the region or regions in which the 

curve does not e-^ist This is usually done by solv.og f®” ^ 
for y separately. Consider botl. positive as well as negative 

values of x and y. 

« j* 

For example, in the curve we havey*= 2 ^. 

If a; U negative, then is negative so that y is imaginary 
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no parfc of the curve therefore lies to the left of the 
y-axis. Also when x is positive, it must he less than 2a. 
The curve, therefore, lies entirely between the linos ar=»0 and 
x==2a. 

In this connection it may also be sometimes useful to put 
the equation of the curve in the form when 

possible. For example, the curve -\-y^ can bo put in 

the form x~a cosV, y—a sin^i, which shows that the curve lies 
wholly within the circle 

Ex. 1. Trace the curve y=x^ 

I. (a) If .T I-; chanf^ed into —r, thi ni iitioi changes, bo 
that there is no symmetry about the v^xis. 

(6) There is no symmetry about the x-axis, 

(c) Ifx is changed into —.rand y into — y, the equation 
remains unchanged ; so that there is symmetry in opposite 
quadrants. 

(rf) Ifx and y are interchanged, the equation changes ; 
therefore there is no symmetry about the line y=x. 

ir. The curve passes through the origin, tangent thereat 
being 7/=0. 


III. 

IV. 

V. 


The curve crosses the axes only at the origin. 
The curve has no asymptotes. 

dy 

and vanishes at the origin.. 


VI. 


^ =Bx which vanishes when x=0 and changes sign. 

The origin therefore is a point of inflexion. 

„ . ® and y are both 

positive or both negative ; also as 

numerically, so does y 
here is no limit to this increase. 

to inanUy."^^ quadrant and extends 
»ow draw““ 
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This is known as cubical parabola. 

Ex. 2. Trace the curve y^=:x^. 

I. fa) There is no .symmetry about the y-axie- 

(6) There is svmmetrv about the a;-axia. 

(c) There is no symmetry in opposite quadrants. 

((/) Thers is no symmetry about the line y=a:. 

TT. The curve passes through the origin, tangents 
thereat being y=0 and ;/=() ; the origin therefore is a cusp. Also 
the two valuer of y are of opposite ^^ign ; so that the cusp is of 
the first spec’es. 


XXL 

IV. 

V. 

Vf. 


The curve crosses the axes only at the origin. 

The curve has no as 'mptotes- 

which vanishes at the origin. 

dx “ 

-and therefore there is no point of 
dx^ 


inflexion. 


Vfl. If a; is negative, y is imaginary ; so that x 

is not negative. The curve does not 
lie to the left of the y-axis. When 
X is positive and increases so does y and 
there is no limit to the increase ; the 
curve therefore extends to infinity. 

This is known as semicubical 
parabola. 

It may be remarked that the 
envelope of normals of the parabola 
y2-.^ax is the semicubical parabola. 



Ex. 3. Trace the curve ;/*=3oxy. 

I. There is symmetry about the line x=y and no other 
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eymmctry. The line .r=7/cuts the curve at the points (0,0), 
(O, 0) and {3a/2, 32/2). 

IT. The curve coes throush the origin, tangents thereat 
being xi/=^0, t.g. x=0 and i/^0\ the origin is therefore a node. 

ITT. The curve crosses each of the axes at (0, 0). 

IV. r«f 7/d-a=s:0 is an asymptote and the curve appro¬ 
aches the asymptote from above in the second and the fourth 
quadrants. 


V. 


dv 


y 

v. 

0 

X' \ 0 

/ 

\/ 

r 


is equal to 0 as well as 

infinity at the origin. 

Vf. It has no points of inflexion. 
VII, Wo cannot solve for x ot y 
conveniently. But from the equation of 
the curve it follows that x and y cannot 
both be negative. The curve therefore 
does not lie in the third quadrant. 


The shape of the curve can now be drawn. 
This is known as Folium of Descartes. 

£z. 4. Trace the curve 

1. There is symmetry about the axis of a:. 
If The curve passes through the origin, 
tangents as the origin being y= 0 , y=0; origin is 

therefore a cusp. 

III, The curve crosses the axes only at the 
origin. 

IV. 



V, 


a:=2a is an asymptote. 

dy . , 

^ is zero at the origin. 

yi. There is no point of inflexion and no 
other singular point except the origin. 

VII. y*=3^l{2a—x). If a: is negative, is 

If* ^ so that no part of the curve lies on the 

left side of the y axis. Also when a; is positive, it is not greater 
vuBii 2a. ® 


The curve can now be easily traced. 
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It is called Cissoid of Diodes- The duplication of a 
cube can be effected by means of this curve. 

Ex- 5- Trace the curve (.r—a). 

I. There is symmetry about the a;-axis and no other 
symmetry. 

II. The curve does not pass through the origin. 

III. The curve cuts the .r-axis at the point f a, 0) and the 
y*axis at an in6nite distance. 

IV. .T=0, y—-±a are asym¬ 
ptotes. 

V, is infinite at (a, 0). 

dx 

VI. It has no point of inflex¬ 
ion and no singular points. 

VII. if=a^{x-i:g^z=a^-a?\z; 
■when X is positive, it must be 
greater than a, in which case y 

is less than a numerically) and when x is negative there is 
no restriction on it. 



Also x=a^j{a^-~y^. When y is 
numerically less than o, x is positive 
otherv’ise z is negative. 

Ex. 6. Trace the curve yH^—^) 

==a:2(a:+a). 

I. There is symmetry about the .r-axis 
and no other symmetry. 

II. The curve goes through the origin, 
the tangents there-at being x^-]-y^—0, which 
are imaginary so that origin is an isolated 
point on the curve. 



III. The curve cuts the ar-axifl at (-«. 0) and does not 

cut the y-axis. Also when x^a, y is infinite. 

IV. The lines y = are asymptotes. 

V. is infinite at (—o, 0). 
dx 
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VI. No points of inflexion and no singular points. 

VII. y^=x^x~]-a)j{x—a). 

When z is positive it must be greater than a ; when x is 
negative it must be greater than a numerically. 

Ex. 7. Trace the curve ahf=x\2a~x) (x—a). 

I. There is symmetry about the ar.axis and no other 
symmetry. 

II. The curve paBses through the origin, tangents tliere-at 

being imaginary, y^+2x^ =Q. The origin is therefore an 
isolated point. 

III. When .r=0, y=0 ; and when j,=0, x=n, a and 2a. 

IV. No asymptotes. s, 


^ is infinite at x=a 


and 2 a. . _ / \ 

VI. ^ No point of inflexion ^ ~7d~k 

and no singular points. 

VII. aY=x‘(z-a){2a~~x). 

When X is positive, it must be ^ 

greater than a and less than 2 a ; when x is negative u* is nega¬ 
tive so that X is not negative. 


Ex. 8 . Trace the curve a;*-j-y<5=4a2xy. 

There is symmetry about the line x=y as well as in oppo- 

at the points 

(0, 0), (V.2a, a) and (—\/2a,—^ 


The curve goes through the origin, 
the tangents at the origin being 
*=0 and y=0 ; the origin is a node. 


The curve crosses the axes at the 
origin. 


y^l Tliere are no asymptotes. No 

^ singular points except the origin. 

or indicates that a: and y are both positive 

tbird^quadfanir 


ZO/ 


1 



358 


uiffebbntial oalcdlus 


3. Rules for Polar Co-ordinates. The rules of the pre¬ 
vious section are also applicable to the case of polar co ordi¬ 
nates. with slight and corresponding modifications. 

For example, there is symmetry about the initial line if 
the equation remains unaltered when 0 is changed into —0 ; 
also there is s^'mmetry about the origin if the equation remains 
imohatiged when r is changed into —r. Again if r is regarded 
as essentially positive, the curve is non-existent in the region 
bounded by the lines and if r ia negative or imagi¬ 
nary when 6 lies between Oi and 

It may be remarked that sometimes it is more convenient 
to change Polar co-ordinates to Cartesian co-ordinates or con¬ 
versely. 

The following examples will illustrate the points more 
fully : 

Ex. 1. Trace the curve r=a(l-f-cos ^). 

The following facts hold true : 

I. There is symmetry about the initial line, 

II. The curve passes through the origin, tangent at that 

point being the initial line 0=0. 

III. The curve crosses the initial line at (2a, 0). 

IV. There are no asymptotes. 

V. The curve has no points of inflexion. 

VI. r is never greater than 2a. As 

0 increases from 0 to tt, r decreases 
from 2a to 0. 

VII. When «=0, and t,, r=2a, 

X a, 0 respectively. 

The curve can now be easily 

traced. 

This is known as a cardioid. 


Ex. 2. Trace the curve r“=a2 cos 20. 

I. There is symmetry about the initial line as well as the 

origin or pole. ... • * 

If. The curve passes through the pole, tangents at that point 

being 0~± 

4 

III. The curve crosses the initial line at the points (±a, 0). 
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because r* becomes 



IV. No asymptotes. 

V. No points of inflexion. 

VI. r id never greater than a so that the curve lies wholly 
within the circle r=a. Also the curve is non-existent in the 
inteivals (7r/4, 37r/4) and { 5 ;r/ 4 , 77r/4) 

negative. 

VII. When ^= 0 , 7r/4, 

3 'a’/ 4 , 57 , 057/4, 777/4 and 257, f=a, 

0,0, o. 0,0, a resj)ectively. 

The curve can now be 
easily traced. 

This is known as Lemni- ^ 
scate of Bomoulli. 

Ex. 3 . Trace the curve 
r—a sin 3 ^. 

1 . There is no symmetry about the initial' line. 

II. The curve passes through the origin, the tangents at 

the origin being and 

Wr* through the pole only 

IV. There is no asymptote. o i j 

V. There is no point of inflexion. 

VI. No other singular point except the origin. 

VII. Sin 3 ^=r/a ; r is never greater than a, so that the 
curve lies wholly within the circle r=a. 

As $ increases from 0 to 57/6, r increases from 0 to a ; as 
increases from 57/6 to 5r/3, r decreases from a to 0. 

Further, as $ increases from ,r /3 to 77/2, r is negative and 

numerically increases from 0 to 
a \ 3 lS e increases from 77/2 to 
277/3, r increases from —a to 0. 

Further, as $ increases from 277/3 

to 677/6, r increases from 0 to a 
and as $ increases from 677/6 to 77, 
r decreases from a to 0. 

As 0 increases further we get 
no new points on the curve. 

The curve consists of three 
loops described in the order 

OABCO, ODEFO and OGHIO. 
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It may be remarked that the curve r=a sin (27i-f-I) Q is of 
a similar shape consisting of 2 w-fl loops, and the curve 
r—a sin 2 n$ consists of An similar loops. 

Ex. 4. Trace the curve r=h cos $zta. 

I. There is symmetry about the initial line and no other 
symmetry. 

11. The curve passes through the origin. If we convert 
to Cartesian co-ordinates, the equation becomes 

This shows that the curve passes through the origin, the 
tangents at the origin being which are 

imaginary if a > 6 , real and distinct if a <6 and coincident if 
a—b. Hence the origin is a conjugate point, a node or a cusp 
according as (i) a >6 liij a <6 {in) a= 6 . We shall take up 
these three cases separately ; but it may be observed that in 
all the three cases r is never greater than 6 -f-a and therefore 
the curve is a closed one, 

(i) a> 6 . Let us first take the upper sign, that is 
r=b cos 0 -j-a. 

When ^=0, r=:a-b 6 and as y increases r decreases till 
when 0 = 7 r, r^a^b which is its minimum value. 

We get the same curve when we take the lower sign, that 
is, r =6 cos e—a, 

{ii) a<6, In this case we get two different branches 
according as we take r=h cos 0 -\-a (*0 (®) 

or r=:6co8 0—a {**) (^) 

But if we admit negative values of r, both the equations 
^=6 cos give the same curve which will now consist of 
two parts, one which is a loop within the other. In this case 
there is, as Already noted, a deuble point at the origin. When 
negative valueti of r are admitted, then Q will necessarily vary 
from 0 to TT and not 0 to 27 r. 
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(itt) a=6. This cau be traced as 
in example 1 above. We ^et only one 
curve from both the equations 

r=za (cos ^±1). 

The particular form of the Limacon 
r=h cos i9-l-a, is the Trisectrix 

r=a(2 cos tf-fl) 

by means of which a given angle can bo 
trisected. 

Wo shall now give a very brief 
account of some of the well known 
curves. 



Some Well-known Curves 

The Cycloid- The cycloid is described by a point P on 
the circumference of a circle of radius a which rolls without 
sliding on a fixed straight line OX. The fixed straight line is 
called the base. 

Take this line as tho axis of x and for axis of y tho line 
drawn perpendicular to it at tho point where at some instant 
P is in contact with the line OX. 



Consider any other position of the generating circle From 

<5efinition of roUing, it follows that OA is equal to the arc 

AP. Let B be the angle between CA and CP. We shall express 
« and y in terms of $, Wo have OA== AP=a0 ; therefore 

a:=OA-MA=OA-PQ=a{ 0 - 8 in 

y=AC~QC=a—o cos B~a (1—cos B). 
the oy^Pd*^^ equations furnish a parajuotrio representation cf 
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It is obvious that the cycloid is composed of an 
unlimited succession of arches situated above OX, having 2a 
for their height and for their base. 

-- =a 1—cos 6 V, 

de 

j dv . - xu ^ d« a sin 0 

and =a sm B ; so that =-- • 

do dx ij 

Therefore subnormal=a sin ^=PQ or MA. 

Therefore it follows that the normal at P passes through 
A, the point of contact of the generating circle with a*-axis. 
The point A is called the inslantaneous cenlre of rotation. 

Points like F are called vertices and lines like FG called its 
axes. 



Sometimes the equation of the cycloid is put in a slightly 
different form as follows : 

Let AB be the line on which the circle rolls. It is con¬ 
venient to use the circle described on axis AO as diameter as 

the circle of reference. Let BPD be any other position of the 
rolling circle, B the point of contact with the base, O tne 
ccDtre, D the extremity of the diameter through B and e 
be the iiosition of the tracing point. Draw PMN parallel to 
the base, meeting DB and OA in M and N respectively and 
the circle of reference in Q. If OD and OA be taken as axis 
of X and y, the co-ordinates of P will be given by 

a-=NP.=:AB+MP, y=ON=DC —MG'. 
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If a be the radius of the rolling circle and 0 the angle 
PCD through which it turns as the tracing point P travels 
from 0 to P, then we have AB==o $ and PM=a sin C'M = 
a cos 0 and therefore 

x=a 0)‘ 

y=a (1—cos B). 

The curve traced out by a point of the rolling circle which 
is not on the circumference is called a trochoid. 

If in the above figure the tracing point be in the radius 
CP at a distance h from the centre, its co-ordinates x and y are 
given by the equations: 

x—a 0-\-h sin 0 
Acos $. 

When 4>a the curve has got loops, which in the particular 
case A=a (of the cycloid) degenerate into cusps. When h<,a 
the curve does not meet the base. The figure shows the three 
cases when A=a/2, /t=a and A=3a/2. 


$ \ 



5. Catenary : Tractrix. The catenary is the curve in 
which a uniform heavy chain bangs freely under gravity. From 
elementary statical principles it follows that if s be the arc of 
the curve measured from the lowest point, say A, up to auy 
point P, and ^ the inclination to the horizontal of the tangent 
at P, then s = a tan where o is a constant. 

H®, y be the co-ordinates of P w ith respect to some hori¬ 
zontal and vertical co-ordinate axes, w'e have 

dxld^ss=.dxjds.dsjd^^C(^3 ^.a secV=tf see ^ and 
dy}d^^dylds.dsld^=sm ^.a sec^^~a tan ^ sec 
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From these two equations it follows that 

log tan (7r/4-h^/2)+Ci, and eec ^q-Cg, where Cj and 
Cg are any arbitrary constants. 



If the origin is so determined that a:=0, y=a, for ^=0, 
that is, at a distance a vertically below A, then Ci=0, C2=0. 

Now we have xh^log tan (7r/4+^/2) 

=log (sec 0-j-tan ^), 

whence sec \l'-|-tan^=e ^ 


X 

and therefore sec tan^=e~ ** * 

Hence y=a eosh xja. 

A well known property of this curve is that NZ is constant 
and equal to a. 

The curve can be easily traced from the equation 

i/=a Gosh a*/a. 

The locus of the point Z is called the tractrix or Traclory- 



It is easy to verify that its simplest parametric equations 
are x=a (cos t+log tan </2), y~a sin U 
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Tt can also be easily seen that the portion of the tangent 
intercepted between the curve and the .r-axis is of constant 
length a. 

The envelope of normals of the tractrix is the catenary 
itself. 

It may be remarked that the name Tractrix is derived 
from the fact that it is the path of a heavy particle dragged 
along a rough horizontal plane by a string, the other end N 
of which is made to describe a straight line OX. 

6. Epicycloids and Hypocycloids- 

The curve traced out by a point on the circumference of 
a circle which rolls in contact with a fixed circle is called iin 
epicycloid or a hypocycloid according as the roiling circle is 
outside or inside the fixed circle. Those epicycloids in which 
the rolling circle surrounds the fixed circle may bo called as 
pericycloids when a distinction is desired. 

Let 0 be the centre of the fixed circle, C that of the 

rolling circle in any position, L the point of contact and P 

the tracing point. Suppose lurther that initially the other 

extremity Q of the diameter PCQ is in contact with A. 

Let us take the case in which the two circles are external 
to each other* 
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Then x=Projection of OP on OX 

=Projection of OC on OX+Projection of CP on OX 
=(a+ 6 ) cos d-\-b cos 
Similarly 7j 

= Projection of OC on OY+Projection of CP on OY 
=(a+ 6 ) sin sin 
But since arc AL=arc QL=^, 


therefore .r={a+ 6 ) cos 3-\-b cos 



2 /=(a+ 6 ) sin 04-6 sin .(u') 

The epicycloid traced by Q can be found by changing the 
sign of the last terms in the expressions for x and y because 
the projections of CP and CQ are equal and opposite in sign. 

The equations therefore for the locus of Q are 


a; = (o 4 - 6 ) cos 0—6 cos 




y={a-\-b) sin 0—6 sin 0 

6 


.(m) 


This has a cusp at every point where the tracing point 
comes into contact with the fixed circle 

In the above case the circles lie on the opposite 

sides of the tangent at L* 

If they lie on the same side, 

as is the case in pericy- 

cloids and hypocycloids, we 

have only to change the 

sign of 6 throughout in (ii) 

and then we get for this 

case x=ta—b) cos 0 

, a —6 ^ 

- 6 cos 0 , 

y—(a~b) sin 0 

-f 6 8 in —^—0 .(»v) 

which can be verified 
directly by a figure. 
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In the hypocycloids rr> h and in the peri jycloids a</j. 
Similarly for the locus of Q we get from (m) 

x—{a—b) cofl 0-\-h cos 0 


y={(i—h) sin {0—b) sin 


a~b 


0 - 



The pedal eqmtion of the epicycloid is 

and that of the hypocycloid can be obtained by changing the 
sign of b. 

Special Cases, (a) If the radius of the fixed circle be 
infinitely great, we uo back to the case of a cycloid. The 
corresponding equations may be obtained from equations {») 
above by writing x+a for x and aO—beft and then finally 0=0. 

(6) If the radius of the rolling circle is infinite, we get the 

locus of a point P of a straight line 
which rolls on a fixed circle. The 
corresponding equations may be 
obtaired as limiting forms of 
equations (Hi) above or may be 
directly obtained from a figure. 

Thev are 

V 

x=o cos /7+a 0 sin 0 
y=a sin(?— aO cos 
(c) If the radius of the rolling 
CTcIe be taken equal to that of the fixed circle we get a 
curdioid ; for setting a=b in equation (2) above, we get 

x=2a cos tf+a cos 2fl, i/=2a sin (J+a sin 20 ; 

tbatis, x+a=:2a(ld.co3fl)cos/?, y=2G(l+oos^)sin 0, which 
shows that the radius vector drawn from the point I—a 01 as 

pole is given by r=2a{l -f cos 0). * 



This fact can be easily verified from a figure. 

‘hat if the radii a and b be commen. 
“f*®® ®“'“® ®*»“‘ number of revolutions the traoing 

.lit/-P®"®h cases th- curve is 
algebraio because the ttigonometri., funotiona eon be eliminated 
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between the two equations for x and y. The following 
figures sh'^w the opi- and hypocycloids in which the ratio of 
the rolling circle to that of the fixed circle has the values 1, J 
respectively. 

@ . . 

The curve traced out by a point of the rolling circle which 

is not on the circumference is called an epitrocoid or a 

hypotrocoid as the case may be. If h be distance of the tracing 

point from the centre of the rolling circle the equations 

for X and y in the various cases can be obtained by writing 

k instead of b is only the co-efficients of the second terms. 

For example corresponding to equations {U) above we get 

a: = (a-p6) cos O+b cos (a+b) Ojb 
y={a-\-b) b'in d+h sin {a-\-b)0lb. 

Ex. If in the equations (w) above we take 6=a/4, we get 
a:=fa cos ^+«/4 cos oos^^ 
y=\ a sin 0~al^ sin 30=a sin®^. 

Eliminating $ from these equations, we get 

This curve can be easily traced from its parametric 
tions .T=a cos^^, y^a sin»0. It has got four cusps and is called 

the fouf.cusped hypooycloid, 
also sometimes called astroid. 
Its well known property is that 
the portion of the tangent 
intercepted between the co¬ 
ordinate axes is constant. 

7. Polar co-ordinates. The 

Limacon. . * ^ 

Let 0 be a fixed point on 

a circle and Q any other 

on it, If on OQ points P| * 
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be taken such that P, P' are at equal constant distance 6 from 
Q, the locus of these points is called a limacon. 

Take 0 as pole and the diameter through 0 as the initial 
line ; also let the radius of the circle be a/2. 

The equation of the limacon is evidently 

cos ^±6. 

If 6<a, the curve passes 
through 0 when ^=cos“^ {—bfa), 
and forms a loop. See the curve 
traced out by the points P'j in 
the above figure. If 6>a. r cannot 
vanish ; see the curve traced out 
by the points P^ and P',. 

If b^a, we get a cusp at the 
pole. The locus is now called a 
cardiod and its equation is r= 
afcos ^:4:1) ; see the curve traced 
out by the points Pg and P'g. 

The Spirals 

The equiangular spiral i^ 

defin^ by jbe property 

that Ibe curve makes a 
constant angle with the 
radius vector. 

If the constant angle 
19 a, we have 

fdtf/dr=tan a or drV 
=cot a d$, troni which it 
follows that Ir.g r =0 cot 
a+c, wherecisan arbitrary 
constant. 

Hence f=e.^ 




■''Or' -''* *•—/i ® ’ ■ '• ■» n 

/i»i , ® increases from 0 to co r rIsh 

Bhai» of the curve ie as sh^;: L L figuT “ “ 
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The Spiral of 
Archimedes. The 
curve T=a() is called 
the Spiral of Archi¬ 
medes. 

w As /? increases, r 
al.so increases. The 
curve is shown in the 
adjacent figure. The 
dotted curve corres¬ 
ponds ot negative values 
of(9. 

This curve can be generated in several ways. For exampleitis 
described by a point which travels along a 
straight line with constant veloJty, whil.st 
the line rotates with constant aiignlar>clo- 
city abnil a lived ))oint in it. Or, again, 
it is the locus of tlje point F lelatiyely 
fixed with regard to a line which roils on 
a fixed circle, as .^hown in the* figure. 

('•) The Reciprocal Spiral is dofin-^d by the equation 
r^a>$. 

As ^ approaches 0, r approache.s infinity and r sin <?=c is 
an asymptote to the curve. 

The dotted branch corresponds to negative values of f). 





id) The Sine Spiral is defined by the equation 
r*‘^a** cos nO. This includes as special cases a large number of 
well known curves. - •; 
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For example, if n^±:l, we get the circle r—a cos 0 ^vnd 
the straight line r cos $—a. 

If ?i=±2, we get the Lemniscate of Bernoulli r^=a‘^ cos 2$ 
and the rectangular hyperbola H cos 

If n=±\f2, we get the cardioid r=o/2 (l-f cos e) and the 
parabola r=2a/(l+co8 $) 

The curves r" cos n^—a" and cos nO are inverse of 

each other. 


The pedal eqaation of cos n ^ isp a"=r'*+*. 


9. Conchoid of Nicomedes. 
This curve is defined by the 
equation r=a coseo 0 :tb. 

The curve consists of two 
branches. The Cartesian equation 
is (a:2+y2)(y_a)2=hy. and 
includes both the branches. 
There ■ >is symmetry abbutvthe 
y-axis or the line 0 =ttI2 . 
Tangents at the origin are 



Thus the origin is a node, a cusp or a coniucrUe noint 

loop below the x-axis. Also, the line v=a or r 8ia^=7 is an 

Y asymptote, the two branches lyinff on 

its oppposite sides. There are "'two 
y / or four points of inflexion according as 

f / o>o or h <ff.. ® 

4 -c^--can be trisected bv 

^ V ^ \ X means of this curve. ^ 

^v\ a Parabola. The 

ovolute of 4fla? 

I 27ay2s:4(x_2a)«. 

curve outs the parabola "Tt “ ““ ‘'>® 
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Evolute of Ellipse- 




- + 

^ 62 


The evolute of 
= 1 



is (a/1 ^ +(6yl^ . 

There is a cusp at each point 
where the curve meets the co-ordinate 
axes. 

liauii of curvature at A and Bare 

, o2 , 

— rtnd-™ respectively. 
a b 


Thus 



Lengtli of evolute is 



EXAMPLES XLVI 


'race the following curves ^ 
l^yh'.-aHa—x). 


2 .^au^—x{a—x), 


2y* y^{a—x)=x^a pa:). ^ 


5. ' 

7 . ay=a:’( 2 a—.r). 

9. -9/a:2 = l. 

11. l/x — X^-\-l. 

13.yV=a:2+l. 

15. i/2(a2_a:2)=a3a:. 

i:. x^-\-y^==5ax^t/. 

19. yHa^x)=x’^{3a-x). 

21. 3rt/=a:(.r-a)2 

23. x2(y+l)=/(a:-4). 

2j {x^.^y^)-=^4axy^. 


U4. 

6. a2^‘=ar*(o2—a;2). 

8 ; y'i=2az^-xK 

10. a:2(l-y)y=l- 

12. yH = x^--\- 

14. 1. 

16. a-H2/"=2o2xy. 

18. a:2{a2-a:2j=8a2/. 

20. x\x-\-y)==y^- 

22, 7/2{a2+x2)=a:2(a*-^’’)- 

24. a:^P/=4axY 
26. x^=a\x^-y^)- 

28. 
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29. i/={x^\){x-2){x-3). 

30 y^~{x — a){x—b){x -c) where 0<a<i<c. 

considering the form when (i) a—b (ti) 6=c (iii) a=6=c. 


31. 

32. y\x-ia)=x\ 33. (xja)^ +(y/6)^ =1. 

34. x^a sin 2t, y=a sin t. 

35> Show that the curve 1 has only one point of 
inOexion and that it is situated at the intersection with the 
y-axis. Trace the curve. 

36. 2/=2a:3-3a^-I2a:+6. 

37. a:*—:cV+j^=0. 38- y\a^~x^)=aH. 

39. showing that no curve lies 

between a:=-4, 1 • x=0, a;=3. 

40. 2%-3)*=3y(r-l)*. 41. 

42. r2 cos sin ZQ. 43. r=a sin 1$. 

44. r=o cos 3^. 45. r cos tf=a cos 20 . 

46. ' r cos 0 =a sin 30. 47. r=a{8ec 0+cos 0). 

48. r = 34-2cos0). 49. ,r=2+3 cos 0. 

50. f=a0oo8 0. a 


51. Trace the curves f=a sin 3 0 and 
regard to the same axes. 


a=r sin 30 with 


52. r=2a oos*0. 





ANSWERS 

EXAMPLES I 


1. 5,3; not attained. 2. 8 (attained), 2 (not attained.) 

3. l’ (not attained), ^ (attained). 4. I(attamed), 0 (not 
attained). 5. 2 ; not attained. 

EXAMPLES 11 


1 . 

6 . 

7. 




2 . 

3. 

6 . 

7. 

8 

1 . 

4. 



4. 2. 


r> 


3. al 


4. 


n 


a 




5. 0. 


m 

ooif n>w, a/di if n=m ; 0 if ?J<m,n being supposed to be 
positive. 

^^.5, g. {{) cos X {ii) seo x tan x. 
log b 

EXAMPLES III 


(i) Single-valued, implicit, algebraic, (n) many-valued, 
explicit, transcendent al. 

(») y= + ya:^—4, —; jxj <2. 

(ii) y=cos'“M^+2a:),(—i-—§)- 

(i) a:= 3 /^ [— 00,00 ], three 

(ii) 8in-V*/2//< unlimited. 

(i) Yes. (ii) No. Not for a:=—1 and a:=2. 

(i) Discontinuous. (ii) Discontinuous. 
a:=l, 4, 


EXAMPLES IV 


3 « '/l+a:2+a: „ 

a^-i (1—a;)«“i{m—(m+«)x}. 

2 i-« __ 

— ” • 6- ■ 
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(2x-l)(l—x+a:2) i ® 8. 


2ab 


Va^-\-a^ ■ 
1 —log 2x 


14 a:* 

0 2x4-4“2x-f3 x*-5' 

12. 2x5*^-^log 5. 


13. (i) a^x"(log a+ ^ ). 

(n) a* nx'* ' log(m) a:„-ie‘*^log .T(»-{-ax-|* ,-■). 

' log X' 

tA 1^ I - ^+2X 

2(H-x)2 (l+x+a:*)log(l +x+x^). 

EXAMPLES V 

1. 2 sin X cos X. 2. —m sin mx. 

3. 2x sin x+x* cos x. 4. • 5. —sin x. 

6. ~m 008 *®-^ X sin x. 

7. sin"*-^- xco5"+i X—noos"-i xsm’''-*'i x. 

8 . Tix'*"! cosx”. 

9. -sin (ain i) 003 *. 10. 11. sin (log i). 

12. 2 cos 2xesin 2x,. 13. sec x. 

14. —sec X. 15. cosec X. 16. e*(tan x+8ee*x). 

17. e“^(a sin 6x+& cos fix). 18, 


a* 008 * X—fi* sin* x* 


19 ?0 ^ oi 1 

19 - 1 + 0 -- !+*»■ 21 . 


22 . 


o* cos*x+fi* 8in*x* 


23. 


1 +x*. 


24. 


2-xy 


y sec* x-sin y k tan»-i x sec* x 

X cos y - tan y sec* y 
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3. 


EXAMPLES VI 

—2(1+2 cos X cosh x) 3 2 


(sin^ x+sin a;)^ 1—x*’ 1—x* 

, sec^* X Bin}> x 

4- *• “ 

5. COSA^*,;^^—- 


cosA X, log a. 


6* ^ \ ..9 


X 


I 


yi-x*(i-\/i-x* 


X 


(l+Vl+x2)V(l+»*) a; 


1 


7 -,2 cosec h 2x. 

X ’ 


8. 


1 


V 


. Read log (x-\-V for log (xVx*+a*) 

EXAMPLES VII 


1 . 

3. 

4. 

5. 

6 . 


y ?. 2. xJ^Cl+x+x log x). 

log cos X 

20 180 . 420 _ 280 

(JHIjs (*-2)2'^ (*-3)“ (a:-4)’‘- 

Vsini-/logT [ -^+oot x+ Jgg ^ } 


(tan *) coseo* (1—log tan x). 

. tt SI log X /a:cot_£logjc+log sin a;) \ 

(sin x) ' ^ * 


7. 


X 


sin X 


X 


(sin x+x cos X log x). 


8. (sin-%)* I logsin->a.+ ;^—=^1 


9. (sec x) 


cosec X 


{sec X— cosec x cot x log sec x} 
sec X 


10. 


.^'l+(cosec x)®®® ^(sec x tan x log coseo x 
log tan y—y sec*x cot x 
log tan X—X sec^^ cot y‘ 


^ coseo x). 
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I **—1. n ch—ad 

{c+^r 

4. hnx*^~^ cos(a+6a:”). 

77 

m 




5- (*) rcA ®o® (‘0 sec z* tan x*>. 


TT 

180 


6. pqx^~^ sinP’"^ aj'Jcos 7. 


2 y 

Vr-a:< . 


8. (t) - 


1 

l+x* 

1 


(»‘i) 


o*4-x«* 




sm a 


l-2z cos a+x* 

10. secA 2x. 

12. (i) (it) —cot z. 

10 1+008 X 

14. 1. 15. i. 16 (i) i. (ii) 1. 

1 ^- 008 6. (ti) —^ tan 

® a 


(in) 

LfeSr^' 

11 - - 

6+a cos X* 


(iii) tan 


18 . 


20 . 


22 . 


24. 


-3 


'/l—X* * 
1 


19. I 


1 


2yx{l+x)* I+X* 

^ 23. 


. 21. i. 


1—2x 

2yiz:^ 


-'X 


X • 


yi-x*(i+Vi^ 

25. l±g ±gll^ ^^-y-T- 

«V 1 +X> v.i+x- 


26 . 


(cosec x+log sin x sec x tan x)(8in x) 

co8*x-8in2x log sin x. . nnq * 

■ --^(am x) ^ 


sec X. 


sin X 


008^ log oos x+sin* j 

^OOS M?) 


oos X 
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28. s-^-r 
2 ay-\-ab ' 


29 


30. 


sec* X 

2 f^ 


31. 


2 /* tan X 


. 32. 


***’ y log cos a:—I * —2/1^8^) 

logj/^ 
xy log x-\-xy^~^ 

35. c""* (l+x^)"® {*(1+2*=) tan-i *+1}. 

1 1 


36. 


aA_4 


37. 


(l-a;)Vx 


38. 


^•Va;+l’ 


39. oe"* cos (6 tan-' t)— ^ sin (6 tan”'i). 

1 -j-l 

41 -’L ► _ ^ . 42. Continuous but not diflferentiable. 
2 2 

43. (i) 2a: cos a'*, (u) ia: ^ . (tti) 2a:(x*-l-3) 


(iv) cot X, 


EXAMPLES VIII 


1. f. 3. [-00, 1], [2, 00]; [1, 2]. 13. -J, §• -|. O' 

14. [±(i)^’ ±(J)^J. 

ift . 18. Not applicable. 


EXAMPLES IX 


(-ir 1^ 

(i:{:x)«+i 


(l_a;)«+' 


[n 

(a-6x)"+^ * 


H 4-2 


4. (-1) 


(.r+c)«+®l L 




6. ^ cos 




cos 


(3*+»f) 
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7. i[6«cos (6x+~)+i'‘ cos 

+2’’^cos 2x+ 

8. J{4" cos Hx+inr)+2"*-‘ cos (2*+inir)). 

9 ” ] 

2 11+5“ cos (2 x+h tan-“ 2) > ' 

10. ^ [ 2 ^ C03 ( *+ —10"^ cos (3x+n tan-^ 3) ] 

11 . ^ I 2.6 * cos ^ x+n tan-i-^ ) 


— 13 * cos ^ 3x+Htan”^-|-^ —29 * cos ^6x+n tan-^~^^| 

12. a:^(3 log a:4-l)i *(6 log x+5), 6 log a:+ll» 

3(1—cos t) 


5 


20. - 


a(l—cos 0 j 


2(Bin 2i—sin ty 
EXAMPLES X 


1* ( {x-2)«+i“+3- (*+1)“+^ ) ■ 


21 



3. (-l)«lnlJ- 1 _ I _, 

—\ 3 (1—x)»+i ^ (x+2)'*+i J 

d. 3nf 1 1 

2 M3a:-l)«+i ~(3a:+l)«+i ^ * 

5. (-1)”| n[-7—^_ t ^ ^ 

— I (x—1)1+1 -r (x4-2)«+a 

6. (-1)" o« sin (n+l )0 ain«+>^, where cot O^ax. 
- (—1)" In r Bin (n+ll6 sm«*i A 

'* “a*-6* “L-- 

sin (n+l)^sm«+i^. 

-\j«+i- 1 where x=ra cot ^=6 cot 
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4a® 


^ r 1 1 2 


(X—(x+a)”+^ 

sin (n-j-l) $ sm"+^ where x—a cot Q 
I in ( — 1)** In 


1 (- 1)” hi J. L» ^ 

^(l+x)«+i'^4 (1—icj 


ein”+^ 0 where ^=tan-^ 


10. sin 

n+2 


where x=KV^ ^—!}■ 

II ("J)"* sin (n+1) e aia"+i $, where 

#i+2_ 

3 ® 

(\/3 cot ^+1). 

12 . !--{gin(n+l)0sin«+i5-8iQ (n+1) ^ 

3® 

gin«+i </>} where 2x=V3 cot + cot 4 >—^■ 

f_l)« n 1 (x-2) 2”+® Bin in-\-l)9 sin^+^g 

b J (a:+l)”+^ «+_2 

3 * 


ain n9 sin”'^ where 2x='/3 cot ^ + i 


P4-1 

3 * 


14. i (-1)" i_i*((iq:^+T -(*-1)<”+^> ^ ^ 


+Bin nfl sin”ff| where a;=oot 9 


,r (-1)”/i> ((«+l)(n+2) , h(n+l) _ 

4-+ (a:-l)“+2 + 2 (i—1)»+‘ 


2(*+l) 


1 

1-1)*« 


ANSWERS 


sal 


16 


(-U" / 


a«i-i 


- - cos (n-f-l) 0 $• 17. 


(-U” I » . 


2a"+^ 




[sin (n + l)5 —(n-|-1) cos (n-f-2) 0 sin 0]. 


(_!)«-! (n-l 

18. . ' - - sin no sin" 9 where x=a cot 0 
a" 

19. 2( —1)"-* '»-l 8in"0 sin where a;=cot 

(n-l 


20 


(sin 


— sin nO siu"^/ where ar=co3 a+sin a cot 9. 


EXAMPLES Xr 


1. {x'^-\-2nx-\‘n^ — n). 2. c'*-' 

3. .T® COB (*-|-n7r/2) + 3nx* cos fa:-f (n—1) ,r/2] 

->-3n(ft—I)a: cos [r-f (n—2) 7r/2]+nfn— l)(n—2) 

Xcos [a:4-{n-3) Tr/2]. 


4- 


5. 


.X" 


/, nz nz* (—\ 

\ ‘“«=T+(n^:2)T2--+ ■ +(-1)"'* log *) 

6. (—1)"'^ sin"-^ O ((n-2){n—1) sin n9 cos*^ 

-2n{n-2) sin ( 71 -I) $ cos ^-}-n{n-)) sin (n-2)i9}, 

where x=cot 

7. (a*+6*) 2 e"* sin ^ 6x-f n tan”^ +n(a*-h6*)^ 

Xe"sm[ta:+(n-I) 

9. i sin 2*-32 Bin 4*. 

11. (a:‘-l)y„+,+i(2n+l)y„+,=0. 

13. If n=2k, y„=0 ; if n=2fc+l. y„=(—l)'‘m(m>—1*) 

X (m»-3«).[m>- (21:- 1)«J. 

18. (n»»-(»-2)‘){m”-(n-4)>} ... (m»-2i>) m‘ n even : 

[TO»_(„_2)»j{m»-(n-4)‘}.(m‘-l>) m. n odd. 

23. 0=2. n=0. 1. 
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differential OALCtTLTTS 


EXAMPLES XIT 

I. _ ^ , __ y _ — • 

{xnf4 

y Jxy__ X ^ 

4. cos a:, —eJ' sin a:; sin x, e-»' sin x. 

V , y 2xy x*—y® 

II. 2xtan-i ^ -y, 2 tan' xHy^’ 

14. -3/2. 

EXAMPLES XTIT 


^ X a* 

(a2-.T*)5 

.r’-ov 

sin B cos C+sin A cos C-si n C cos A—co s A sm B 
sin“C cos B-sin B cos C-sin A cos C+sin A cos B 

V\//Lt 3/_V_ LfY 

° ?X ?2 ^x'l\dz iy 3 « iy ' 

„ 3(1-22*2) 1 - 62 * , ,^-y. 

*■ ^(2-3) ' 2(2-3) ' ■ 2^-* !/+* 


8. (i) -y. («) (“*) ”■ 

EXAAIPLES XIV 

2. cos Bsa+cos Asft+o sin B5c. 8 0 84 sq. in. 

EXAAIPLES XV 
a:+3K*+3n*2* ?«_ 3t)*+«x_ 

ax= xy ’ 3y~’ ^ ^ , 

?t; 3 xHi*', _L. 

?x""“ a: ' ay “a: 
EXAMPLES XVI 


a;+3t;*4-3v*a^* 
ax^ ^ xy ’ ay ■ 


u. 2*- 


2x3 2 x^ 


13. .+ 



awswbbs 
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fj 

17. x»cos nY)+ 


ft 


x-fa:2-|—,|_ 


*; 2 


.n 


ft 


sin ^ n J ) + .. 




18 - ^-+-1+-P+ . 


19. X 


f 

3"^ 6 


EXAMPLES XVII 


1. max. for x=4, min for x=8. 

2. min. for r=7 ; mnx. for xs=: I. 

3. max. for x== —1 ; min. for .r=J ; neil;hpr for r=3. 4. 6. 

}?' ^ II. max. at x= L min. at X =2. 

13. 2, —1. I, 2. give max. min. alternately, values being 
-U>,-38. 38, 16. 

14. for x=l, max. for x—ft min. 

5. max. at x=:2 ; min. at .r=2f:j.* *6. 2 max., -2 min. 

x2+a:“r* ^ hour 39 mts„ 4 miles from P. 

25. a/^,3a/4. 

30. (t) x=«;r4jr/6 gives a minima, x=n 7 r-f 57 r/b gives a 
minima; (n) x=—^-, where k is any integer gives 

maxima and minima alternately beginning with k^\; 
omitting when » is even the case when k^O or a multiple 

(m) (?=tan-i , 

2 2 

.-tan-Vi, ,+tan-. 2.-tan-.^8 


min. alternately. 

31. (iimal If°<*.>n«='=6.min.=a. 

(«) “a*-for 

33 . When AP Md PB m'k”°'”'?■ . 

and PB niake equal angles with OX 
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differential OALCDlDs 


EXAMPLES XIX 

1. max. 54, min. 50, greatest 70, least 0. 2. I, 21. 

EXAMPLES XX 

1. y=s2, max, 2. Neither. 3. y=L max. 

4. {4a, 4a). 9 . tt=6 max., «=], min. 

10. (0 ab\h. max. (it) ® .,,min. 13. 24 mts. ; 6 miles. 

a -|-o* 


14. 


15. 


tan e is (£) (£.) (?^)^ , (iii) J'*. 

' a?! 'Xj' 

,/o‘ 16- /i^_ft. in width and length and 
V 3 


10 


17. i 


20 . 


27rC* 


22 . 


I 


V30 


ft. in depth. 


27. 27r[l-V§l- 


9V3 * 3(a-6} 

31. (i) Length 2 ft., girth 4 ft. (ti) Length If ft. girth 4J ft * 

EXAMPLES XXr 








1 



log a 

1. 

4. 

2. 

1 3. 


. 4. 

V2’ 

b • 

6. 

log 6’ 

7. 

1 

8. 

a 

• 

Q 


9. 

1. 

10. -1. 

11. 

1-f-loga. 

12. 

h 

13. 

0 

00. 14. 

00. 

15. 

ir*/2e. 

16. 

i- « 

'• -i- 





EXAMPLES XXII 



1. 

1. 

2. 

0. 3. 

1. 

4. L 

5. 

0 6. a. 




EXAMPLES XXIII 



- 

2. 1. 3. e M . 4. 1. 5. 1/e. 6. 

8. 1 ; p~~ ; 0 or 00 according as x tends to ( 
ve or—ve values. . * 
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EXAMPLES XXI7 


2. 

1. 

3. 

1. 

t 

4. 

J. 5. 

1. 

6. 

0 . 

• 

7. 

iir*. 

8. 

i. 

9. 

1 

~Ve 

8 

10. 

0 . 

4 

11. 

0 . 

12. 

2 /7r. 

13. 

0 . 

14. 

h 


15. 

7r*/0. 



16. 

1. 

17. 

1 . 

18. 

2 

T- 

19. 

e 

2 • 


21 

4. 



22. 

1. 

23. 

3 

24. 

[Differentiate u;. 

r. to 

m 

Xf and 

n being 


-^ ' . f -- -o 

treated ad contsaots] seo* nx coseo 2nx. 


25. (») l+coswja;. (u) 00 . 26. 


2r'(a:) 

3/'(i) • 


« I 


27. If n>wi, 00 ; 7i=m; — ; n<m, 0. 

28- a=—2 ; limit= —1. 29. aj= —4; 0^=6 ; 

EXAMPLES XXV 

1. (1) X(2a:2/4-y*)4.Y(a:»+2a^)-36»;(X-®)(a:*-f-2xy) 

e=(Y—y)(y*4-2ajtf). 

(«) X2,H-Ya;=2A:* ; {X-x)x^{Y^y)y. 


(m) Y—y=BinA —-(X—*);’{Y—y)+(X—a:)co8ecA* 

® Ck 


0. 


{iv} X{2a:(a:*+s,*)-a*a:}+Y{2y(x»+y*)+a*y) 

—a*(a:* —y*j=sO ; 

(Y-j/)(2xS+2ij/‘-o'®) =i(X+a:)(2yi‘+2j^+o«y) 

(v) a:*X+j/*Y=o'>; (Y—y)a‘=(X-i)y‘. 

2* W <5os 0 4--^ sin ; ax aeo —6y coseo ^=a*—6*. 
(«) yt=xi-at*; y^-rfc54-2a4+ai». 


(m) a: Bin —y cos 7 |-=aflBin 


e 


^oos-^+ysiu 

(»c) y 003 0^x sin fl-f i^—O , sin 5^4-* ooa^tf—^ 

(v) y 003 2J—X sin 2^4-4 sin ^=0 ry aln 2^-x oos 2ff 

bb2 008 
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DliTEfiBNTlAL OALOtJLtJS 


1 


5. y=2±. 6. y=^aH,y=m{Zm-\-2a)x—%m{m~\-af 


y~m[Sm—2a)x+2m{m—a)^ ; (2a, 20 ^) 

{—2m, —2m,(2TO+a)*}, {2mt,2m(2m—a)*) 

±1. 9. Xa:24-Y2^*=c3,a:2(Y-2/)=i/2(X-*). 

• ft ft i ^ k . a* V ^ ^ 


8 . _ _ 

10. X{dy^~:^y) 4:Y(-3iVl)+(-3m/+2y-37=0. 

am^ ( 1 — ms) 


13. c= 


( l+ m^)i 

EXAMPLES XXVI 


17. 


JL 

4 • 




1- y=0. 2. a:=0. 3. y=0. 4. a:=0. 

5. 4y*+''a;*=0 the tangent^ are imaginary. 6- iC“0. 

7. dx-'2y=0. 8. y=0. 9. 3/±x=0. 10. x+v-^O. 

li. x~0, y=0> 12 X—0, 

EXAMPLES XXVII 

1. 2y=:2x-a7rf4a, 22/+2x=a7r ; V2o*V2fl- 

EXAMPLES XXVIII 


5. 


TT 

2 


6. pa”=r»+>. 12. {i) r‘=2ap ; 

13. (i) 4 =e 008 «+oo8 (e-fl.). 

+siii 

(if) r^=—ra sin sinC^g—^)4'''»'i.co8 
afi sin ^i=rri 8in(^i—tf)4-ra sin 0 i cos 
(ftii) ri*=ra* sin 20 ^ sin { 0 — 0 i)+rri* cos (tf—^ > v a 
a* sin 2^1 ri=rri* 0 in{^i—20iXco3 (^■' 

(ftv) r 2=2ar cos 2$i sin cos (^j—0)=^ 

2a cos 2^ri=rri sin (^i—fl)—2a cos 20i r cos (Pi pi¬ 
ll. 2ap:=r^. 

ft 4 ... 6* 2a , .... 6* 2a 

14. » — =:^—1. 

p* r 

EXAMPLES XXX 

1. X—y-f:l=??0, x+2/+2=o* 

2. y—;^:=0, y—2x=0, y—3x=s0. 

3* y--x+l=0, y+X"* l=ii. 

4, X—y=0, y+x4*l=0, 2y+xH-l«0. 


(K, ::__ ??+l (m) ?*=“'• 

' ' ®* r 



AK3WSBS 



is the only real asymptote, 
g. y —a;-I-1 =0, is the only real asymptote. 

7. Same asymptotes as in Q. 3 above. 

8. 9. y4* =0. 10. y=x-6/2, y=r—a:-6;2. 

11. y=-ar+2a/3. 12. y=2a;-|“l/2,y=*-2x-l 2. 

13. a:+y=2a/3. 

14. y=x, 2y=x, 3y=*a:. 15. y==^x-\-\. 

16. x+y + l=0,x-y+l=0, x+2y+3=0. 

17. y=x, x=±{2y-\). 

18. x+y-l=0,x+3y+l=0, 3x-y+2=0. 

19. y±a:=0, 2x+3y—0, 3r+2y=0. 

EXAMPLES XXXI 

« , 

I. X=0, i/=0. 2. i/=±a, a;=±a. 3. y=:ta, 

4- a;=±a« 5. y4*®=0. 6. None. 

7 . *****±1. 8 . None 

9. y=i:l, *+a=0. 10. x**0, y=0, 

II. The two real asymptotes are y—bj, x+o=b0. 

12. • 

EXAMPLES XXXII 


1. x=2y+l, x=:2y+2. 

2. y+a:=0, X—y=a0, x-y=*l. 

3 . y=x±l,y4-*=±l. 4. y=2x+l. p=2x+2. 

5. y« 2 xry-f- 2 x«± 2 . 6. y+»=0, y+x—l=0,x=O. 

7. y-x=0, y-x—1=0 : x=0. 

8. y—x=0, y=0 are the two real asymptotes at finite 
distances, . 

I 

»—y+a=0;x—y—^==0 ; a:-t o=0,x—a=0 ; 

*+y+-|- = 0 , 

EXAMPLES XXXIII 


1 . 

2 . 

4 . 

6. 


»=±a, y=0. 

y==±(x+a,) y=a. 3. x 
*~0, y=0, y=dtx. 5. x 
y+x=I, y+x=2, x+2y+14 


1. x»2» y=±l. 
0,.y=»0, ym^x, X 
0, x+3y.a^l34 


it3y, 
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DlFPERBNTtAL OALOTTLUS 


7. 3a:+62/=5. g. 

9. (t) 2z~3y=l, 2z—3y-h3=0. 

(it) a:+2y+2=0, p-hx±2V2^0. 

10. 2 /-a;= 2 , y~x=3. 11. a:=0, x^y, y=x-^l 

12. a:+y=±2V2, x+2y~\-2=0. a x=±a7y 

14. y^x. y+x+l=0, y=2x, y+2x-{-l=0. 

15. y+x=0, y=a:-3, y=x-{-2. 

16. a:=2y—14a, a;=3y+13a, x~-y=a, x^y^2a 

18. y=0, ar=±l, a;-.y+2=0. 

19. hxy{x^~y'^)~~a{d^~h^)\^J^y^-d?‘), 

EXAMPLES XXXV 

1. (i) 0=0, (in) 2r sin 0=d=a, 2r cos 0+a=O. 

2. rcos0=:a. 

3 ur sin {0—mTrjn)~a sec m 7 r, m being any integer. 
5. 20==7r, 2r sin e=a, 6. r cos 0=a. 

7. n0=»)-7r, m being any integer. 8. r8in0= 

9. T sin {0—mTrln)=bjn, 7n being any integer. 

10. o=2r{it cos 0—sin 0). . 12. r==a. 

13. The two asymptotes are— 

/tl ^ ' 

+ (1-e®) cos 0^ =(e*—1) sin*0. 

14. (i) rc=c. (») r—a. (m) f=a. (iu) r=l. 

EXAMPLES XXXVI 


=±x. 


a. 




4 . X 


=v 


^^ 28-6 


5. 


/I 4 ) 
13 '=^^ 


?•• • • 


3 V 3 f . 


6 . 

12 . 

19. 

20 . 
23. 


28 I i/3 

x=^, 7. *=3, —=;—, pt. of undulation at «=2. 


a- i> 


11 


17. (V2a, i). 


(0, 0) is a single cusp of the first species. 

{0, 0) is a node. 

(0, 0) is an isolated point if a, b have the same sign, 
otherwise a node. 


m 




25. 

26. 
28. 

31. 


33. 

42 


{a, 0) is a double point; 



(0, -1), (1, 0), (-1, 0). 27. (0. ±1). (±1, 

2ie=± 2. 2). 0, ±v/6/o. 



(i) (0, 0) single cusp, second species. 

(ii) (0, 0) single cusp, second species. 

U, 0 conju. 36. node at (1, 2), 


(—3, 3), (1, —1), are double points: ^ = ±1 for both. 

dx 




*+1=0, i/+l=0. 




EXAMPLES XJCXVn 

!• (0 f^>) y=mx; m. (6) y=ma:+c; c. 

(c) z cosa+y sin a=ap ; a. 

(it) (a) (a;_«)2+yi=,r*: a. (6) a:*+y*-2ax=0 ; a, 

(iiO y*=i(a:+<t) ; a- For parabolas, read equal parabolas. 

2. ft) Concentric circles ; r. (li) Circles passing through 

a;*axis ; a (tit) Family of straight 
lines touching ar*+y*=al ; m (tv) Family of straight lines 
touohmg the parabola y^^iax ; m. 

(v) Family of straight lines touching the ellipse or hyper¬ 
bola; m. o r 

(vi) System of co-axal circles ; g. 

(vit) Family of parabolas whose axis is a:-axis and whose 
directrix is the y-axis ; a. 

(viii) Family of oonfocal elUpaes ; c. 

. a 

examples xxxvin 


1 . 

3. 

5. 


(i)y‘=iax. («) j. 

" 2y’ (»—1)”*"^ cyn"-»=0. 

2 2 2 


7. cV+y*)=aV* 


nmVtMTlAL OiXOtTLtTd 



8 . 

9. 


10 . 

12 . 

14. 

17. 





7. 

1 . 

3 

5 

6 . 

1 . 



0^ 6* e* 

(t) V'^+'V^y=Vc. (») {Hi} 4xy=<^* 

3 2 2 

c being the given length 

13^ 27 ay*=x4(a:—2a)®. 

(x+i/)^— iz‘-y)^ = (4c)^. 16. Two st. lines. 

{iA^yt)i^iaHx^-y*). 


nO 


(i) cos . {ii) {x —(i**) An¬ 

ti— 1 

other spiral of the same type, 

(i) r cos^+a sin*^. (ii) r®=a* co8*^+h* sin*(9. 

(m) rc=.2a co8*^|. (iv) The fttjJtiliary circle. 


(v) cos 

EXAMPLES XXXIX 

r*^=:a” cos m$, where 


n 


r>‘=o’* cos where 

EXAMPLES XLI 

a***4-6V=^^* 2. A conic with focus at origin, 


2ar=k^ 

n 


4. A circle. 


r«+i=(A:i;a)«+i sec 


m 


= (^) 

EXAMPLES XLm 


m. 

m^l 


2(0+*)^^ 2o(l+<*)® • 


a 




2. a. 


0 


4a cos -y, 4a cos ^ 


4a /?^ 

* V 2a 


AMsWfift 


3 di 


8. 8inA*u-f6* cos A®«) / ab. 

% 

9. *=a (4^—1), y=±2a ^4^—1. 10. * 

2? 2^ 1 
12. (t)-g . (ii) -g . 13. —3o sin*/) cosc/), —3(oa:y)^ 

14. (t) e-^ (») V8. 

EXAMPLES XLIV 


?/ 


1 


ia^ . 6 4 ap o* 
3 2 ’ T "T’ 37- 


3. 


a 


a* 


1 +m' 


5- 


a? 


3r 


6. 


m 


•. 7. -3p. 


8 . - 


0*6* 


11 . 


{m+Or"*-! 

_at/)8 

- 9 19 ^ 

(ff* oosV—6*sin*^)* P 

2/w o.a‘6* r>6» 0(1 -e») 


, 2a coaecV- 12. 


» —■« » 


p* ap® 


1 


6. 


1 2 ~ 
6® fc* 


EXAMPLES XLV 

3. 4a. 


(1—c* sin* 


4. ±2^. 5. o. -? 

4 


7. CO. 8. ~ 


2y2 

.3 


9. 


an 


10 


2V2o. 11. 6V2.-^—. 14.2/2. 

17. 2r. 24. 2S. (») —(ti) «. 

26. .\t origin p-1. 27. (i) V2. M. (»i) 0. 

«• f 31. (|.3>(|.-3). 

:’2. «) (2a+3ot«. _2ot»); oo^^. ^ Bin»*V 

37. o.=6>; o*+2c*=0. “ b V 

examples xLvr 


